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ABSTRACT. We give a classification of flat affine left invariant metric geometric structures on
simply connected Lie groups of dimensions two and three. We give some examples of non flat
metrics in dimensions up to four.

1. REAL AFFINE SPACE

An affine space is a triple (A, V) ¢), where V' is a vector space and ¢ is a faithful and transitive
action of the additive group of V' on the set A. For instance, the classical real affine space is

%
the triple (R™,R™ +), where 4+ : R* x R” — R" is given by +(v,a) = v + a.

Definition 1.1. A real affine transformation is an inve_rt}z’ble map fR* - R" such that
fla+v)=T(v)+a for any v € R" and a € R", with T : R — R"™ a linear transformation (by
a transformation we mean an invertible map).

The space of affine transformations, denoted by Aff(R™), is a group isomorphic to
R" x9 GL,(R), where GL,(R"™) is the group of linear transformations and € is the action
of GL,(R) on R" defined by §(7,v) = T(v). That is, the product on Aff(R"™)is given by
(v, T)- (", T") = (v+ T ('), T oT"). Hence, the group Aff(R"™) is isomorphic to the matrix
group { {61 ﬂ : A€ Myyn, det(A) £ 0,v € Mnxl}.

There are special (and important) subgroups of Aff(R™). In particular, the Euclidean group
E(n) = R" xy9 O,(R) where O, (R) = {A: A’A = I} is the group of orthogonal matrices. This
group determines the Euclidean geometry.

Recall that a scalar product on R™ is a non-degenerate symmetric bilinear product
(,):R"xR" — R. The scalar product is positive definite if (v,v) > 0 for all v € R\ {0}.
Scalar products are in one to one correspondence with invertible symmetric matrices. If A is
the corresponding matrix to (, ), then (v, w) = v'Aw.

I, 0
0 —1,|’
with p + ¢ = n. The signature (p,q) is given by p number of 1’s and ¢ number of —1's, and
is an invariant of the scalar product. The ¢ number of —1’s is called the index of the scalar
product. We say that the metric is Euclidean if its signature is (n,0) (or (0,n)). That is, the
Euclidean space is isomorphic to (R", I,,). Hence, (v, w) = vTw.
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Invertible symmetric n X n matrices are diagonalizable to matrices of the form
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The real hyperbolic n-dimensional space (n even) is given by H,, = R" xy HI where HI is
the group of hyperbolic isometries, that is, HI = {A : A'SA = S} where S = {176/2 Y }
—4in/2
has signature (n/2,n/2).

The real Lorentz group is given by L,, = R"™ x4 LI where LI is the group of Lorentzian isome-
tries defined by LI = {A : A'"JA = J} where J = ]”0_1 1
Our purpose is to determine all flat and non-flat Euclidean and Lorentzian metric geometries
in dimensions two and three.

is a matrix of signature (n—1,1).

2. AFFINE CONNECTIONS

The study of metric geometries on manifolds is done through ”metric connections”, i.e., Levi-
Civita connections relative to a tensor metric or, in other words, connections compatible with
a metric. In this section we introduce all the terminology.

Recall that a linear connection V on a smooth manifold M is a map
V:X(M)x X(M)— X(M) such that

(1) VxY is C°°(M)-linear in the first component,
(2) VxY is R-linear in the second component,
(3) VxfY = X(f)Y + fVxY for f € C=(M).

Over R", with coordinates (xy, ..., x,), the usual linear connection VY is given by
0 - 0 . 0
VXYZZX(gj)a_’ for Y:Zgja—.
j=1 Ti im1 Ol

For vector fields X, Y, Z, the torsion and curvature tensors are given, respectively, by

T(X,Y)=VxY —VyX — [X,Y],
R(X,Y)Z =Vx(VyZ) = Vy(VxZ) — VixyZ.

Whenever a manifold M is endowed with a linear connection V whose torsion tensor and
curvature vanish identically, we say that V is a flat affine connection and that the pair (M, V)
is a flat affine manifold.

Let G be a Lie group. For each a € G, we denote by L, the left translation on G, given by
L.(x) = az, for all z € G. A vector field X € X(G) is said left-invariant if for each a,g € G,

(La)+g(X(9)) = X(La(9))-

The vector space of left-invariant vector fields is isomorphic to the Lie algebra of G, i.e., it is
isomorphic to T.G, where € is the identity element of G. For all x € T.G, the vector field ™
defined by 7 (g) := (Ly)+.x for all g € G is clearly left-invariant.

A linear connection V on G is said left-invariant if, for any X,Y € X(G),

(La)*vXY = V(La)*X(La)*Y (1)

Definition 2.1. A flat affine Lie group is a Lie group endowed with a flat left-invariant affine
connection.
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Let g be the Lie algebra of a Lie group GG. Recall that * is a left-symmetric product compatible
with the bracket if it satisfies

(z,y,2) = (y,,2), (2)
x*y—y*a::[m,y], (3)

where (x,y, z) is the associator of z,y and z and [z, y] is the bracket given in g.

For left invariant vector fields X, Y, defining VxY := (X, * Y.)T and extending it so that
VxfY =X(f)Y + fVxY, for f € C®(G), we have that a bilinear product on g determines a
left invariant linear connection on G. The connection is flat (respectively torsion free) if and
only if the bilinear product verifies (2) (respectively (3)). Indeed, having a flat left invariant
affine connection on G is equivalent to have a left symmetric product on g compatible with the
bracket. This is also equivalent to have an affine étale representation of G, i.e., a representation
with an open orbit and discrete isotropy (see [2]).

3. PSEUDO-RIEMANNIAN MANIFOLDS

Definition 3.1. A metric tensor g on a smooth manifold M is a symmetric nondegenerate
(0,2) tensor field of constant index. More precisely, a metric tensor g smoothly assigns to each
point p of M a symmetric nondegenerate bilinear form g, on the tangent space T,M such that
the index of g, is the same for all p. A metric tensor is also called pseudo-metric.

Definition 3.2. A pseudo-Riemannian manifold (M, g) is a smooth manifold M endowed with
a metric tensor g

Remark 3.1. (1) Two different metric tensors over the same smooth manifold determine

different pseudo-Riemannian manifolds.

(2) The common index v of g, on a pseudo-Riemannian manifold (M, g) is called the index
of (M, g). It’s verified that 0 < v < dim(M). Whenever v =0, we’ll say that (M, g) is
a Riemannian manifold; that is, each g, is then a (positive definite) inner product on
T,M and the signature of g is (n,0). If v =1 and n > 2, we’ll say that (M,g) is a
Lorentzian manifold; in this case the signature of g is (n—1,1). If v =n/2 with n even,
(M, g) is called a Hyperbolic manifold; the signature of g in this case is (n/2,n/2).

(3) For each X,Y € X(M), g(X,Y) defines a smooth function g(X,Y): M — R by

Q(Xv Y) <p> = gp(XIH Y;))

(4) Given a local coordinate system (x',22,... 2™) on U C M, the coordinates of the metric

tensor g on U are
o g 0
G =9\ 0zt 02

for 1 < i,j5 < n. For vector fields X = > fj% and Y = hj%, where fI b/ €
i=1 =1

J
C>®(U) for1 < j <mn, we have

g(X,Y) = giif'.

i.j=1

(5) Since g is nondegenerate, for each p € U the matriz (gi;(p)) is invertible, and its inverse
matriz is denoted by (g% (p)). Since g is symmetric, g;; = gj; and then g” = ¢**.
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(6) The pseudo-metric g can be represented on U by

g= Z gijdaci ® da’.

ij=1

On a pseudo-Riemannian manifold (M, (-,-)) there is a unique linear connection V such that
[(X,Y]=VyxY —VyX (4)

X(Y.Z) = (VxY. Z) + (V. Vx2) (5)

for all XY, Z € X(M) (see page 61 in [4]). Property (4) states that V has vanishing torsion

and property (5) means that V is compatible with the metric (, ). Such V is called the Levi-

Civita connection of (M, (, )).
A pseudo-Riemannian metric (, ) on a Lie group G is called left-invariant if

(U, v)a = ((La)sat; (Lo )sal)x

for all z,a € G and for all u,v € T,G. The compatibility condition (5) becomes, in the case of
a left invariant pseudo-Riemannian metric, into

<VXY,Z>+<Y,V)(Z> =0 (6)

Remark 3.2. If g is a left invariant pseudo-Riemannian metric on a Lie group G, then the
matriz representation of the bilinear form g, with respect to the basis {e; (z)} is the same for
every x € G .

A flat affine Lie group (G, V™) is Riemannian (respectively Lorentzian, Hyperbolic) if there
exists a left invariant Riemannian (respectively Lorentzian, Hyperbolic) metric (, ) such that
VT is the Levi-Civita connection of (G, (, )).

4. TwWO DIMENSIONAL METRIC GEOMETRIES

We want to classify flat and non-flat affine left invariant metric connections on two dimen-
sional simply connected Lie groups. It is known that, up to isomorphism, there are just two
simply connected Lie groups, namely (R?, +) and (Aff (R)y, ). Here, the subindex below Aff (R)
indicates that we are taking only the connected component which contains the identity. The

product on Aff(R), is given by (a,b) - (¢,d) = (ac, ad + b).

4.1. Flat affine left invariant metric connections. Up to isomorphism, R? admits six
flat left invariant affine connections given by the following left symmetric products on the Lie
algebra R? (see [1]):

Ry : er-ep =0, er-ex =0, Ry : er-ep =0, er ey =0,
ez - e =0, es - ey =0, ez e =0, €2 - €3 = €7,
R er-ep =0, er - ez =0, R, -4 €Gre=c €1 - €3 = €a, (7)
3 - 4 -
ex - e =0, €y €3 = €y, e - e] = ey, ey ey =0,
p.leaa=e, er-ex =0, Ry:d T €1 ey = e,
5 .
eg-e; =0, €2 - €2 = €9, €2 - €1 = €9, €2 €3 = —€1.

The Lie group Aff(R) admits, up to isomorphism, two 1-parameter families of flat left in-
variant affine connections and four other such connections (see [1]). These connections are
determined by the following two families and the four extra products on the Lie algebra aff (R):
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€1 €1 = ey €1 €y = €9
Fi(a) : e 4 a€eR,
62'61—07 62'62—07 (8)
| e1-er = ey, e1-es = (a+ 1)eg,
Fy(a) : - 0 a e R\ {0}
€2 €1 = €y, €2 €2 = U,
P, - e1-€ =€+ ey, €1 - ey = €9, P, e1:-ep = —ep + ey, er-ey =0,
1 - .
ex e =0, ey - ey =0, €2 - €1 = —€g, eg ey =0, (8)
P - €1-€1 = €1, €1 €2 = €9, P, : €1 €1 = €1, €1 €2 = €9,
3. .
ep e =0, €2+ €3 = €7, eg e =0, €y €2 = —€1.

4.1.1. Riemannian metric connections. The connection defined on R? by product Ry on (7) is
trivially compatible with any metric and, in particular, with any Riemannian metric.

4.1.2. Lorentzian metric connections. There is a unique flat affine left invariant metric connec-
tion on Aff (R) determined by product Fi(—1) on (8). This connection is compatible with the

Lorentzian metric determined by the matrix C' = {(1) (ﬂ .

4.2. Non-flat affine left invariant metric connections. Up to isomorphism, there is only

one non-flat affine left invariant metric connection in dimension two. This connection is given
by the product es-e; = —eg, €9+ €5 = €3 on Aff(R)y, and it’s the Levi-Civita connection of the

10
01

5. THREE DIMENSIONAL METRIC GEOMETRIES

left invariant metric given by matrix P =

If G is a three dimensional simply connected Lie group, then it is isomorphic to one of the
groups listed below:

(1) (R3 +)-

(2) Aff(R)p x R.

(3) Helsenberg group H3(R), given by product (z Y, 2 ) (', y,2) = (x—l—x’,y—i—y’, z+z’+xy’).
(4) G4 = (R?,-) with product given by (z,y, 2)-(2/,y/,2') = (z+2'e*+2y/e*, y+y'e*, z+2').
(5) G ( )= (R3 -) with product given by (z,y, 2 ) ( "y ) = (x+x 2y +yet z+z’).
(6) Gg(B) = (R3, ) with product given by

(,y,2) - (2,9, 2) = (x + 2'eP* cos 2 + y/ e sin 2,y — 2'eP%sin 2 + y/eP? cos 2, 2 + 7).
(7) The special linear group SL(2,R).
(8) The rotation group SO(3).
We give a complete classification of flat left invariant affine metric connection and we exhibit
some left invariant affine metric connections on each of the Lie groups above. For each of the Lie
groups, we present every left invariant connection in the form of the associated left symmetric
product on its Lie Algebra.

5.1. Flat affine left invariant metric connections.

5.1.1. (R3,+) with Lie Algebra R3. The trivial left symmetric product on R? defines a flat affine
connection compatible with every possible left invariant metric.



6 JUAN FELIPE BUITRAGO VELEZ

5.1.2. Aff(R) x R with Lie Algebra aff (R) x R. If % is a flat symmetric product on aff (R) x R
associated to a flat left invariant affine connection on Aff(R) x R, then it is isomorphic to the
product

€1 €] = —€1, €] + €2 = €9.

This product determines a left-invariant affine connection which is the Levi-Civita connection
010
of the Lorentzian metric given by matrix M = [1 0 0
0 01

5.1.3. H3(R) with Lie Algebra b3 given by [e1, es] = e3. Up to isomorphism, the only flat left
invariant affine connection on H3(R) is the one determined by the left symmetric product
€1+ €1 = —€9, €1 - €9 = €3.

The associated connection is the Levi-Civita connection of the Lorentzian left invariant metric
001

given by M= (0 1 0
1 00
5.1.4. G4 with Lie Algebra g4 given by [es, e1] = ey, [es, ea] = e1 + e5. The product
€€y = €1,63 €3 = —€2,63°-€] = €1,63 €63 = €1,63 €3 = —€3 — €3,

determines the only flat affine left invariant connection on (G4. This connection is the Levi-Civita
001

connection of the left invariant Lorentzian metric given by matrix M = [0 1 0
1 00

5.1.5. G5(A = 1) with Lie Algebra g5(1) given by [es, e1] = e1, [es, e2] = eo. Every flat affine left
invariant connection on G5(1) is isomorphic to the connection given by product
€2 €2 = €1,62 €3 = —€2,€3€] = €1,63"€3 = —€3.

This connection is the Levi-Civita connection of the left invariant Lorentzian metric given by

0 0 1
matrix M = (0 1 0
1 00

5.1.6. G5(\ = —1) with Lie Algebra g5(—1) given by [es, e1] = ey, [e3, €a] = —ea. Up to isomor-
phism, there is only one flat affine left invariant affine connection on G5(—1). This connection
is given by the product

€3 €1 = €1,€3 €2 = —€2,
which is the Levi-Civita connection of the left invariant Lorentzian metric given by matrix
010

M=1{1 00
0 01
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5.1.7. G¢( = 0) with Lie Algebra g¢(0) given by [es,e1] = —ea, [e3,e2] = e1. This group is
isomorphic to the Euclidean group F/(2). There is only one flat affine left invariant connection
on G(0) given by product

€3 €] = —€9,€3 €9 = €7.
This connection is the Levi-Civita connection of both of the Riemannian and Lorentzian metrics
100 1 0 0
given, respectively, by matrices M = [0 1 Of and P= [0 1 O
001 0 0 —1

To summarize this subsection, we classify the groups that admits a flat affine left invariant
metric connection in terms of the index of the metric.

The trivial left symmetric product on R? defines a connection compatible with every possible
left invariant metric. The group Gg¢(5 = 0) admits a flat left-invariant connection compatible
with the Riemannian metric g := dz? + dy? + dz?

The simply connected Lie groups that admit a flat left-invariant affine connection compatible
with a Lorentzian metric are listed below, together with the respective metric tensor:

Group Metric
(R3,+) g = da? + dy* — d2*
1
Aff(R) x R 9= —(dz®dy + dy @ dx) + d=*
T
H;3(R) g=—z(dr @ dy + dy ® dr) + dr @ dz + dz ® dx + dy*
Gy g=c¢ *(dr @ dz+ dz @ dz) + e Zdy* — ze *(dy @ dz + dz @ dy)
Gs(\=1) g=c¢*(dr ®dz+ dz @ dz) + e **dy?
Gs(\ = —1) g=dr®@dy+dy ®dr + dz?
Gs(B=0) g = dx?* + dy* — d2*

5.2. Some non-flat affine left invariant metric connections.

5.2.1. (R3,+). The trivial left symmetric product determines the only left invariant metric
connection on R?. This connection is Levi-Civita for every left invariant metric.

5.2.2. Aff(R)y x R. The following left symmetric products determine non-flat affine left invari-
ant connections on Aff(R), x R. Each of these connections is Levi-Civita of the left invariant
metric given by the respective matrix:

[1 0 0
€y €1 = —€9,69 - €y = €1, withg= [0 1 0] ;
_0 0 1
1 0 0
€y €] = —€9,69 - €9 = —eq, withg= {0 —1 0f;
_O 0 1
[0 0 1
€9 - €] = —€9,€2 €9 = €3, Wlthg: 010 ;
_1 00
1 1 1 1 00
€1-€3 = —€9-€] = —€9,01 €3 =E€3-€] = ——€3,60 €3 =E€3Cy = —€1 withg= [0 0 1
2 2 2 01 0
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5.2.3. H3(R). The group H3(R) admits the following non-flat affine left invariant metric con-

nections:

1 -1 1
€1 €y = —€9:€] = —€3,€61 €3 =€3°€1 = —€9,€9€3 = €3 €y = <€,

2 2 2

1 1 -1
€1:€p = —€9+€] = <€3,61°€3 = €3:€1] = —€9,62°€3 = €3°€3 = —€1,

2 2 2

1 1
61'62:—62'61:563761'63263'612562,62'63:63'622561,

with g =

with g =

o = O

5.2.4. G4. This group admits the following non-flat affine left invariant metric connections:

€1 €9 €3 r
e (& 16 (& e 10
1 2 — €1 7 562 .
T 3 23 T 2 with g = 0 1
€9 563 €3 —561 — €9 0 0
! T
€3 —562 561 0 -
€1 €2 €3 r
€1 —€3 —leg —€e1 — 162 10
T 2 T 2 Wlth g = 01
()] —563 —€3 —561 — €9 0 0
T T
€3 —562 561 0 -
€1 €2 €3 1 0
€1 | €3 l633 —e1 + 562
T s — with g = [0 —1
()] 563 —€3 | —5€1 — €9 0 0
I I
€3 562 561 0
€1 €2 €3 1
e1 | —es —%63 —e1 + %62 .
T T with g= | 0
€9 —563 €3 —5€1 — €9 0
1 1
€3 562 561 0
€1 | €2 €3 010
€1 0 €3 —€7 .
with g= (1 0 0
€2 €3|€3| —€1L— €2
0 0 1
es| 010 0
€1 €2 €3 1
T
€1 €9 5€2 —€1 — ;€3 .
T 2 T 2 with g = 0
€9 562 0 —561 0
I T
€3 | —3€3 | 3€1 + €2 —€3

e
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5.2.5. G5(\). For each A, the group G5(\) admits the following affine left invariant metric
connections:

1 00
61'61:63,61'63:—61,82'62:)\63,62'63:—)\62 Wlthg: 010 )
0 01
1 0 0
€1-€ = —e€3,61 €63 = —€1,63 3 = —Ne3,ea-3=—Aey withg=10 1 0 |;
00 -1
[1 0 0]
€1-€ =e3,61-63=—€1,63 €3 = —N\eg,e3-€3=—Aeg withg= |0 —1 0} ;
0 0 1
[—1 0 0]
€1-€1 = —€3,61 €3 = —€1,63-€3 = Neg,ea-€3=—Aeg withg=|0 1 0};
| 0 0 1
[0 0 1]
€y €y = Nej, 69 3= —Neg,€3-€] =e€1,63-€3=—e3 withg= {0 1 0];
1 0 0]
[1 0 0]
€1:€1 =€9,61 -3 = —€1,63 €3 = Neg,e3-€3=—Aeg withg= |0 0 1];
0 1 0]
e e e
o T o, 0 10
1@ 203 _ﬁl with g= (1 0 0
€9 B €3 5 (& 00 1
3 B 1 D) 2

5.2.6. Gg(f). For each 3, the group Gg(f) admits the following affine left invariant metric
connections:

. €1 €9 €3
1 0 0
a i§63 ig :gel with g= [0 1 0 |
€2 N 00 +1
e3 | —eo el 0
€1 €9 €3
1 0 O
e |fes| e | “erter with g = [0 —1 0]
er | ez | —fPes | —er — PBey 0 0 1
es| 0 0 0
€1 601 —61261 522 001
2 2 ith ¢g=10 1 0
€2 —%(31 ﬁel _ﬁ62+%€3 v g 1 0 0
T T
ez | Ber — 5ea | e1+ 5e3 | —ex — fes
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5.2.7. SL(2,R). This group does not admit flat affine left invariant metric connections. How-
ever, it admits the following affine left invariant metric connections:

e = 10 0
e1 | £2e3 %63 _261:F%€2 . .
T T with g= [0 1 0 |;
€2 | —5€3 F2es :|:§€1+262 00 =+1
1 1
€3 :F§€2 j:§€1 0
€1 €2 €3
1 0 0
I — I
€1 2163 5€3 1261+262 Wlthg— 0 -1 0 :
€9 —563 263 5614-262 0 0 1
1 1
€3 562 561 0
€1 ()] €3
€1 0 l63 —161 010
T 2 12 Wlth g = 1 0 O )
()] —563 0 562 00 1
3 3
€3 561 —561 0
AEARNN 001
1| —©2 3 : _
€9 0 —261 262 Wlthg— (]? (1) 8
es | 2e; 0 —2es

5.2.8. SO(3). The group SO(3) does not admit flat affine left invariant metric connections. It
admits the following non flat affine left invariant metric connections:

1 00
1 -1 1 )
€1°€g = —€9°€1 = —€3,€1°€3 = —€3:€1 = —€9,€62°€3 = —€3°-€2 = <€, Wlthg: 0 1 O )
2 2 2
0 0 1_
1 0 0]
€1:€y = —€9-€] = —€3,3€1-€3 = €3:€] = —€9,369-€3 = €3-€3 = ——€1, withg= [0 1 0
2 2 2 00 —1

APPENDIX A. FOUR DIMENSIONAL SIMPLY CONNECTED SOLVABLE LIE GROUPS

If GG is a non-abelian solvable Lie group, the Lie algebra g of G is not abelian and solvable.
Then, if G is a non-abelian solvable connected Lie group , it is isomorphic to the Lie group
(R*, ), where - is one of the following products:

Ry: (x,y,z,w) ) ('rlvylazlaw/) = (I +xlay +ylaz + 2/ —|—xy’,w +w/)7

Ry: (z,y,z,w) - (¢, 2/, w') = (x + 2/, y + ye* + x2'e” 2 + 2'e" w + '),

Rs: (z,y,z,w) - (2 ¢, 2/, w') = (z+ 2",y +ye’, 2+ e Ao ,w+w'), with A € [—1,1],

Ry (z,y, z,w)-(2,y, 2/ w') = (x+2', y+y e’ cosz+2 e sin x, z—y'e?” sin x+2'e’® cos x, w+
w'), with v > 0,

Rs: (z,y,z,w) - (2, ¢y, 2/, w') = (x + 2",y +y'e*, z + 2/, w + w'e?),

(

Rs: (z,y,z,w) - (' ¢, 2/, w') = (z + 2,y + ¢,z + Z/e*cosy — w'e"siny,w + 2'e"siny +
w'e” cos y)

Rz (z,y,z,w) - (2, ¢, w') = (v + 2" y+y +wa', 2+ 2" + ¥ :c +wy', w4 w'),

Rs: ( ) (2 Y, 2 w') = (x+ae” +a:yex+1x2’xy—|—ye +aZe 2+ e w+w),

)

x?y?'Z?w
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Ro: (z,y,z,w)- (', y, 2, w') = (x+2'e”, y+ et +wz'e!”, z+ /et w+w'), with p € R,
Yy
Riy: (z,y,z,w)- (2, ¢, 2, w') = (x+2'e”, y+ e z+ e w+w'), with—1<a <<
Yy
Laf#0or —1=a< <0,
Ri: (z,y,2z,w)- (2,9, 2", w') = (z+2'e?, y+y'e’™ cos(dw) + 2’ sin(dw), z —y'e? sin(dw) +
Z'e’ cos(ow), w +w'), withy € R, 4 >0,
RIQ: (x7yaz7w) ’ (xlaylu Z/,U)/) = (I’ + x,ewvy + y/e—w’z + 2 + xyle—w7w + w/>7
Ris: (z,y, z,w) - (2,9, 2, w') = (z+ 2/, y +1/e0V 24 e + xy/ e~ +w'), with

1
A>3,
Sw Sw . Sw dw
Ry (x,y,z,w)- (2, ¢, 2/ w') = (x+2'e2 cosw+y'ez sinw,y—z'e2 sinw+y'ez cosw,z+
sw sw .
2e® — ga'e sinw + xy'e? cosw,w +w'), with § >0,

Ris: (x,y,2,w) - (2, 2, w') = (x+ 2'ez +wy'e?, y+yer, 2+ e +ayer, w+ ).
For a complete classification of four dimensional solvable Lie algebras see [5]. From now on, G;
will denote the Lie group R* with the product R; from above.

A.1. Pseudo-Riemannian Structures. The Lie groups GG; and G3 with A\ = —1, admit flat
affine left invariant connections compatible with left invariant pseudo-Riemannian metrics. The
left symmetric products

. €1 | €2 | €3 |€g . €1 | €2 | €3 | €Eg
er| 01000 e1r| 01000
ea| 0les| 010 ea| 0le; | 010
es[ 01000 es[ 01000
es 0101010 es 0101010
defined on the Lie algebra g; of G, determine flat affine left invariant connections compatible
0001 10 00
with the left invariant metrics given respectively by the matrices 8 (1) (1) 8 and 8 (1) (1) 8
1000 0 001
In the case of G3, for A = —1, the left symmetric product
€1 | €2 €3 €4
€1 0 €y | —€3 0
es 00| 0 |0
e300 0 |0
esq 010 0 |0

defined on its Lie algebra gz, determines flat affine left invariant structures compatible with
both of the left invariant metrics given by the matrices above.
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