Applied Mathematical Sciences, Vol. 8, 2014, no. 161, 8007 - 8019
HIKARI Ltd, www.m-hikari.com
http://dx.doi.org/10.12988 /ams.2014.410814

Distribution of the Product of Independent
Extended Beta Variables

Daya K. Nagar, Edwin Zarrazola and Luz Estela Sanchez

Instituto de Matematicas, Universidad de Antioquia

Calle 67, No. 53-108, Medellin, Colombia (S.A.)

Copyright (© 2014 Daya K. Nagar, Edwin Zarrazola and Luz Estela Sanchez. This is an
open access article distributed under the Creative Commons Attribution License, which per-
mits unrestricted use, distribution, and reproduction in any medium, provided the original

work is properly cited.

Abstract

The extended beta type 1 distribution has the probability density
function proportional to z*~1(1—xz)?~lexp[—c/z(1—2),0 <z < 1. In
this article, we derive the probability density function of the product of
two independent random variables each having an extended beta type 1
distribution. We also consider several other products involving extended
beta type 1, beta type 1, beta type 2, beta type 3, Kummer-beta and
inverted gamma variables.
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1 Introduction

The random variable X is said to have an extended beta type 1 distribution,
denoted by X ~ EBI(«q, ;0), if its probability density function (p.d.f.) is
given by (Chaudhry et al. [1]),

e I L
B(a, B;0)

z(1—1x)

exp{— }, O<z<l, (1)



8008 Daya K. Nagar, Edwin Zarrazola and Luz Estela Sanchez

where o > 0 and B(p, g; o) is the extended beta function defined by (Chaudhry
et al. [1], Miller [7])

Blpaio) = [ o 0— e |- D] at 2)

where —0o < p,q¢ < oo and Re(o) > 0. For ¢ = 0 we must have p > 0, ¢ > 0
and in this case the extended beta function reduces to the Euler’s beta function.
Further, replacing ¢t by 1—t¢ in (2), one can see that B(a,b;0) = B(b,a;0). The
rationale and justification for introducing this function are given in Chaudhry
et al. [1] where several properties and a statistical application have also been
studied. Miller [7] further studied this function and has given several addi-
tional results. The extended beta function has been used by Moran-Vasquez
and Nagar [8] to express the density function of the product of two independent
Kummer-gamma variables. Recently, Nagar, Moran-Vasquez and Gupta [15]
have studied several properties of the extended beta distribution. A matrix
variate generalization of the extended beta function is available in Nagar,
Roldan-Correa and Gupta [14]. The extended matrix variate beta distribu-
tion has been studied by Nagar and Roldan-Correa [16].

In this article, we derive the density function of the product of two indepen-
dent random variables each having an extended beta type 1 distribution. We
also derive densities of several other products involving extended beta type 1,
beta type 1, beta type 2, beta type 3, Kummer-beta and inverted gamma
variables.

2 Some Definitions and Preliminary Results

In this section, we give some definitions and preliminary results which are
used in the subsequent section. The integral representations of the confluent
hypergeometric function ¢ and the Gauss hypergeometric function F' are given
as

b(a,c;z) = ﬁ?—a)/o t7H1 — ) Lexp(zt) dt (3)
and
F(a,b;c;2) = %/{) 1 — )N (1 — 2t) 0 de, (4)

respectively, where Re(a) > 0 and Re(c — a) > 0. Expanding exp(zt) and
(1 —2t)7% |zt] < 1, in (3) and (4) and integrating ¢, series expansions for ®
and F' can be obtained as

(ICZ i(z—z—

k=0
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and
o0 K
a)i(
F(a,b;c; z) E o Al <L
Ck /i)
k=0

respectively, where a, b and ¢ are complex numbers with suitable restrictions
and the pochhammer symbol (a),, is defined by (a), = a(a+1) - (a+n—1) =
(@)p—1(a+n—1)forn=1,2,..., and (a)y = 1.

The integral representations of the Appell’s first hypergeometric function
F} and the Humbert’s confluent hypergeometric function ®; are given by

Mo [
Fi(a, by, byi ¢; 21, ) =
1(@, 1 2;07217’22) I‘(a>r(c—a>/0' (1—U21>b1<1_1)22)b27
|21| < 1, |ZQ| < 17 <5)

and

@1[%1)1;0; 21722] =

['(c) Lo (1 —v) v L exp(vzy) dv
) /0 (1 —vz)n 7

|Zl| < 17 |22| < 00, (6)

where Re(a) > 0 and Re(c — a) > 0. Note that for b, = 0, F} and ®; reduce
to F' and ® functions, respectively. For properties and further results on these
functions the reader is referred to Luke [6] and Srivastava and Karlsson [20].

The Laguerre polynomials (Gradshteyn and Ryzhik [2, Sec. 8.97]) are given
by the sum

L= (1)

k=0

where (Z) is the binomial coefficient. The first few Laguerre polynomials are

Lo(z) =1, Ly(z) = —x+1, Ly(x) = (22 —4x+2)/2 and L3(z) = (—2® +92% —
18z 4 6)/6. The generating function for Laguerre polynomials is given by

exp[—ft_/(tl —t)] _ itnLn($)7 t] < 1.

n=0

Replacing exp(—o/t) and exp|—c /(1 —t)] by their respective series expan-
sions involving Laguerre polynomials (Miller [7, Eq. 3.4a, 3.4b]), namely,

exp (—%) = exp(— ZL =" |t <1,
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and

exp (—L> =exp(—o)(1—1t) ZLm it < 1,

1—t -

respectively, in (2) and integrating ¢ by using beta integral, Miller [7, Eq. 2.3]
has given an alternative representation for B(p, ¢; o) as

B(p,q;0) = exp(—20) > > Ly(0)Lu(0)B(p+m+1,q+n+1),
m=0 n=0

where Re(p) > —1 and Re(q) > —1.

Finally, we define the inverted gamma, beta type 1, beta type 2, beta
type 3 and Kummer-beta distributions. These definitions can be found in John-
son, Kotz and Balakrishnana [5], Nagar and Joshi [10], Nagar and Ramirez-
Vanegas [11,12], Nagar and Tabares-Herrera [13]|, Nagar and Zarrazola [17],
Ng and Kotz [18] and Sénchez and Nagar [19].

Definition 2.1. The random variable X is said to have an inverted gamma
distribution with parameters 6 (> 0),k (> 0), denoted by X ~ 1G(0, k), if its
p.d.f. is given by

{6°T(k)} 'z~ exp (—ei) , = >0.

X

Definition 2.2. The random variable X 1is said to have a beta type 1 dis-
tribution with parameters (a,b), a > 0, b > 0, denoted as X ~ Bl(a,b), if its
p.d.f. is given by

{B(a,b)} 2" 1 —2)"7', 0<az <1,
where B(a,b) is the beta function.

Definition 2.3. The random variable X s said to have a beta type 2 dis-
tribution with parameters (a,b), a > 0, b > 0, denoted as X ~ B2(a,b), if its
p.d.f. is given by

{B(a,b)} "2 11 + 2)" @) 2> 0.

Definition 2.4. The random variable X 1is said to have a beta type 3 dis-
tribution with parameters (a,b), a > 0, b > 0, denoted as X ~ B3(a,b), if its
p.d.f. is given by

2{B(a,b)} Lz (1 — )" Y1+ 2)"@ . o<z <1
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Definition 2.5. The random variable X is said to have a Kummer-beta
distribution, denoted by X ~ KB(«, 8, ), if its p.d.f. is given by

771 — 2)PLexp (—Az)
B(Oé, B)q)(aa Q-+ 6; _>‘) ’

where a > 0, B >0 and —o0 < A < 00.

0<z<l, (7)

Note that for A = 0 the above density simplifies to a beta type 1 density
with parameters « and 3. Further, using the Kummer’s relation, the Kummer-
beta density (7) can also be written as

7 11— 2)Lexp M1 — )]
B(o, B)@(B,a+ B;A)

The matrix variate generalizations of the inverted gamma, beta type 1,
beta type 2, beta type 3 and Kummer-beta distributions have been defined
and studied extensively. For example, see Gupta and Nagar [3,4], and Nagar
and Gupta [9].

0<z<l. (8)

3 Products of Two Independent
Random Variables

In this section, we derive distributions of products of two independent random
variables when at least one of them has extended beta type 1 distribution.
First, we re-write the extended beta type 1 density in series involving Laguerre
polynomials.

Replacing exp(—o/z) and exp|—o /(1 — )] by their respective series expan-
sions involving Laguerre polynomials (Miller [7, Eq. 3.4a, 3.4b]), namely,

00
o

exp (‘E) = exp(=0)e Y Lalo)(1—2)", el <1,
and
exp (—L) =exp(—o)(1 —x) f: Ly(o)z™, |z| <1,

1 —
x m=0

respectively, in (1), the extended beta type 1 density can also be written as

{B(a, 5:0) exp(20)} 37 3" Ln(0) (o)

m=0 n=0

x o tmHITl(p )AL g < < (9)
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where a > —1 and # > —1.
We will use the above representation of the extended beta type 1 density
in deriving a number of results.

Theorem 3.1. Let Xy and X, be independent, X, ~ EB1(ay, 51;01), aq >
=1, f1 > —1 and Xy ~ EB1(ay, fa;02), ag > —1, By > —1. Then, the p.d.f.
OfZ = XlXQ 18

Kyz%(1 — z)ﬁl*’@frl Z Z Z Z Ly(01)Ly(01) Ly (02) Ls(02)

m=0 n=0 r=0 s=0

X 2"(1—=2)""B(B+n+1,8+s+1)
XF(Bo+s+lLar+f+mtntl—ay—rpi+ft+nts+21-2),
where 0 < z < 1 and
K, = {B(ay, Bi;01)B(aa, Ba; 03) exp[2(o1 + 02)]} .
Proof. Using (9), the joint p.d.f. of X; and X5 is given by

oo 0 o 0

K1) Y )Y  Li(01)Lu(01) Li(02) Ly(02)

m=0 n=0 r=0 s=0
% x?1+m+171x32+r+171(1 . xl)ﬂﬁml’l(l _ x2)52+s+171’ (10)

where 0 < ;1 < 1 and 0 < x5 < 1. Making the transformation Z = X; X5,
Xy = X, with the Jacobian J(z1,xe — z,29) = 1/z5 in (10), the joint p.d.f.
of Z and X, is obtained as

oo 0 0o X

K1Y Y 3N Lin(01)L(01) Ly (02) La(02)

m=0 n=0 r=0 s=0
Zongerlfl 1— 2 Ba+s+1—1 To — 2 B1+n+1-—1
X (1= s) (22 = 2) L O<z<azy<l.  (11)

a1 +p1+m+4n+l—ag—r
Lo

To find the marginal p.d.f. of Z, we integrate (11) with respect to x5 to get

o0 0o X

K1) Y 30 Lin(01) Lu(01) Ly (02) La(02)

m=0 n=0 r=0 s=0

1 s+1—1 n+1-—1
a1+m+1—1/ (1 B x2)62+ + <x2 - Z)BH_ * de. (12)

a1 +Br+mtn+l—az—r
Lo

In (12) change of variable u = (1 — z3)/(1 — 2) yields

K1Y Y 3N Lin(01)L(01) Ly (02) La(0)

m=0 n=0 r=0 s=0

1
X za1+m+1—1(1 o z)ﬂ1+ﬁ2+n+s+2—1/
o |

Xz

yB2tsti-1 (1 _ u)51+n+171

1 — (1 _ Z)u]a1+61+m+n+l—a2—r

Finally, applying (4), we obtain the desired result. m
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Theorem 3.2. Let Xy and X5 be independent, X, ~ EBl(ay, f1;0), a; >
—1, /1 > —1 and Xo ~ KB(aw, 52, A). Then, the p.d.f. of Z = X1X, is

Kyz®1 (1 — z)Pr P2 Z Z Ly(o)Ln(0)2"(1 —2)"B(f1+n+1,0s)

m=0 n=0

X P[0, 1+ 51 —as+m+n+2;0+Fo+n+1;1— 2z A1 - 2)],

where 0 < z < 1 and

Ky = {exp(20) B(ay, B1;0) B(ag, Ba) P(Ba, vz + Ba; A)}_l-

Proof. Using (9) and (8), the joint p.d.f. of X; and X, is given by

K3 Y Lin(0) Ln(o)a 1 tage !

m=0 n=0

X (1= 2) 711 — 29)2 L exp A (1 — )], (13)

where 0 < 7 < 1 and 0 < x5 < 1. By transforming Z = X; X, and X, = X,
with the Jacobian J(xy,z2 — 2z,22) = 1/x9 in (13), the joint p.d.f. of Z and
X5 is obtained as

- — x9)P2 (g — )Pl oy — 2
K22 373 L) La(o) o L2202 —2) p[A(L — )]

xa1+51—&2+m+n+2 ’
m=0 n=0 2

(14)

where 0 < z < 25 < 1. Now, integrating xs in (14), the marginal p.d.f. of Z is
derived as

Kz Y > Li(0)Ly(0)2™
m=0 n=0
y /1 (1 — 29)2 7Y xg — 2)P1+ 1 Lexp[A(1 — 23]

a1 +p1—az+m+n+2
)

dz,. (15)

Now, substituting v = (1 — x2)/(1 — 2) in (15), the marginal p.d.f. of Z is
re-written as

Koz (1= 2)"%2 3 "N " Lo(0) Lu(0) 2™ (1 — 2)"

m=0 n=0

1 uﬁ2—1<1 _ u)ﬁ1+n+1—1 exp[)\(l . z)u]
% 0 [1 — (1 — z)u]al+51+m+n+2fa2

du. (16)

Finally, application of (6) yields the desired result. O
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Corollary 3.2.1. Let X; and X5 be independent, X; ~ EBl(ay, f1;0),
ay; > —1, f1 > —1 and Xs ~ Bl(aw, 53). Then, the p.d.f. of Z = X1 X5 is

oz1<1 _ Z ﬂ1+,32 )
eXp(20)Z Bl(au, Bi;0)Blag, B2) ZOZOL Z"(1=2)"B(fr+n+1,5)

X F(By,an +B1—aa+m+n+2;+F+n+11-2), 0<z<1

Corollary 3.2.2. Let the random variables X1 and X, be independent,
X1 ~ Bl(ay,B1) and Xs ~ KB(aw, B2, A). Then, the p.d.f. of Z = X1X5
18

Zoq(l _ z)51+52

B(ay, B1)B(a, B2)®(B, g + Ba; A) Z ZZ —2)"B(61+n+1,0)

m=0 n=0
X ®[Bo,on+ 51 —ag+m+n+2;6+ P +n+1;1—2, M1 —2)],

where 0 < z < 1.

Nagar and Zarrazola [17] have also derived the density of Z = X X5, where
X, and X, are independent, X; ~ Bl(ay,3;) and Xy ~ KB(ag, 52, A). The
form of the density derived by them is given by

F(ﬁl +041)F<52 —|—042) . -1 01-171 _ \B1+p2—1
o) Tlaa) Gy £ ) (20 02 F B 0711 = )

X Pi[Bo, 00 + B1 —ag; i+ Bas 1 —2, M1 —2)], 0<z<L1.

This expression can be obtained by substituting o = 0in (16), summing infinite

[ = 1" _1-(-2u
n;)[l—(l—z)ul T (1—2)(1—u) (17)

and

i[a—z)u—u)r: 1—(1—z)u’ a8)

| 1-(1-2)u z
and integrating the resulting expression by using (6),

Theorem 3.3. Let X; and X, be independent, Xy ~ EB1(ay, f1;0), a >
—1, 81 > =1 and X5 ~ B2(aw, B2). Then, the p.d.f. of Z = X1X5 is given by

2042—1(1 +z)—(a2+ﬂ2) e (042 _|_52)T
B(alaﬁl;U)B(OQ?BQ) -0 (1 + Z)rr'

T

B(f1+r a1+ fo;0), z>0.
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Proof. Since X; and X, are independent, their joint p.d.f. is given by

LR B L v o

(1 + l’g)aﬁ_ﬂQ

3 }, O<zi <1, 29>0,

o {‘m

where
K3 = {B(ay, B1;0)B(as, B2)} !

Now, transforming Z = X; X, and W = 1 — X with the Jacobian J(x,z —
w,z) =1/(1 —w), we obtain the joint p.d.f. of W and Z as

ZOthl wﬁlfl(l o w)a1+5271

Ky (1 + z)042+52 [1 - w/(l + Z)]oz2+ﬁ2 eXp [_M] , O0<w<L (19)

Now, expanding [1 — w/(1 + 2)]"®>") in series form and integrating w using

(1) and substituting for K3 in (19), we obtain the desired result. O

Corollary 3.3.1. Let X, and X, be independent random variables, Xy ~
Bl(ay,p1) and Xy ~ B2(aw, B2). Then, the p.d.f. of Z = X1X5 is given by

B(B1, a1 + () paa—1
B(ay, B1)B(ag, B2) (1 4 z)a2thz

where z > 0.

(51,042 + B2; a1 + By + Ba; j_ )

The above corollary is also available in Nagar and Zarrazola [17].

Theorem 3.4. Let Xy and X5 be independent, X, ~ EBl(ay, f1;0), a; >
—1, f1 > —1 and X5 ~ B3(«w, 5). Then, the p.d.f. of Z = X1 X5 is

1 _ Z /31+ﬁ2

K T ZZL 2"(1=2)"B(Bi+n+1,5)

m=0 n=0

1—=2
Fy (ﬁ27a1+ﬁ1—042+m+n+2,042+52;ﬁ1+ﬁ2+n+1;1—27 5 >;

where 0 < z < 1 and
Ky = 2°2{exp(20) B(a, B1;0) B, B2)}
Proof. Using the independence, the joint p.d.f. of X; and X5 is given by
oatmil=lyoo—l(] _ g ySibntlol(] _ g))f-

Ky Lin(0)Lu(o) = o Y. (20)

m=0 n=0
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where 0 < 7 < 1 and 0 < 25 < 1. Now, transforming 7 = X;Xs, X, =
X, with the Jacobian J(z1,x2 — 2,79) = 1/x9 in (20) and integrating the
resulting expression with respect to o, the density of Z is obtained as

e V(1= ap) 2 (g — 2)frtntit
42 Z Z Lm(U)Ln(g)z /Z x31+51+m+n+2—a2(1 + :EQ)O‘2+’82 dzs,

m=0 n=0

where 0 < z < z9 < 1. Now, substituting u = (1 — z2)/(1 — z) in the above
expression, we obtain

1 _ Z 51+52

K4 Qaz+pB2 Z Z L, <1 - Z)
m=0 n=0
1 Ba—1 1 o B1+n+1-—1
x / A Gk mdu. (21)
o [1— (1= zunthreminizzaz [l —y(l - z) /277
Finally, applying (5), we get the desired result. O

Corollary 3.4.1. Let the random wvariables X; and X, be independent,
X; ~ Bl(a, 51) and Xy ~ B3(ag, 52). Then, the p.d.f. of Z = X1 X3 is
Zal(l 514—52 X =

282 B(ay, 1) B(aa, f2) Z

m=0 n=0

ZM(1—2)"B(fi+n+1,5)

1—=2
X Fy (52,&1+51—a2+m+n+2,a2+5z;ﬁl+52+n+1;1—2’7 5 >,

where 0 < z < 1.

Substituting ¢ = 0 in (21), summing infinite series by using (17) and
(18), and integrating the resulting expression by applying (5), the density of
7Z = X1 X5, where X; and X, are independent, X; ~ Bl(ay, ) and Xy ~
B3(ag, f2), can also be derived as

F(Ozl + 61)P(a2 + B2> Zoqfl(l . 2)51%32*1
262 (i )T(B2)D(B1 + Ba)

1—2z
x Fy (527041+51—042,042-1—/32;51+52;1—Z,T), 0<z<l1.

The above result has also been obtained by Sanchez and Nagar [19].

Theorem 3.5. Let the random variables X1 and X be independent. Fur-
ther, X1 ~ EB(«, 8;0) and Xy ~ 1G(0,k). Then, the p.d.f. of Z = X1X5
18

exp (—1/02) 271 & 1 |
TR Bla. o) 2 Gy 20T mat o), 2>0
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Proof. The joint p.d.f. of X; and X5 is given by
1
Ko (1 — 7)1y D exp | —— T 29
5.%1 ( xl) x2 exp xl(]_ _ I1> Q.ZUQ ) ( )
where 0 < 21 < 1, x5 > 0 and
Ky = {0°T () B(a, # 0)} .

Now, transforming Z = X; X5, X; = X; with the Jacobian J(z1, 29 — 21,2) =
1/x1 in (22), we obtain the joint p.d.f. of of Z and X, as

Koo (54D potr—1 (] _ 5. yB-1 _ g _n
5 1 (1= )" exp r(l—x1) 6z]

where z > 0 and 0 < z; < 1. Now, integrating x,, we get the marginal density
of Z as

K5z () /1 vt (1 — ) exp SR
0 v(l—v) 6z
1 w

1
- K —k—1 o B—-1 1 — at+r—1 _L
52 exp( 92> /o w1 —w) exp [ ol =) + o

where the last line has been obtained by substituting w = 1 — v. Finally,
expanding exp (w/60z) in series form, integrating the resulting expression using
(2), substituting for K5 and simplifying, we obtain the desired result. O

| v

Corollary 3.5.1. Let the random variables X1 and X5 be independent. Fur-
ther, X1 ~ Bl(«, B) and Xy ~ 1G(0, k). Then, the p.d.f. of Z = X1 X5 is given
by

Fla+ B)N(a+ k) T exp (
T (k)(a) (o + B+ K)

where z > 0.

1 1
—%>®(ﬁ,a+ﬁ+ﬁ;%>,

4 Conclusion

In this article, we have derived the density function of the product of two
independent random variables each having extended beta type 1 distribution.
We have also derived densities of several other products involving extended
beta type 1, beta type 1, beta type 2, beta type 3, Kummer-beta and inverted
gamma variables. We applied the traditional method of transformation of
random variables to derive these results and used several special functions to
express density functions.
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