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The Farlie-Gumbel-Morgensten (FGM) family of bivariate distributions Received 18 January 2018
with given marginals, is frequently used in theory and applications Accepted 14 May 2019
and has been generalized in many ways. With the help of two auxil-
iary distributions, we propose another generalization and study its
properties. After defining the rank of a distribution as the cardinal of distribution: bivari

N . istribution; bivariate
the §et .of canonical co.rrelatlons, we prove that some wgll-known copulas; stochastic
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approximate any bivariate distribution to a simpler one belonging to rank of a distribution
this family.
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1. Introduction

The construction and study of dependence models have interest in statistics, probability,
econometrics, informatics, insurance, finance, physics, hydrology, etc. A copula function
is a bivariate cdf with uniform (0, 1) marginals that captures the dependence properties
of two r.v.’s defined on the same probability space. Many copulas and bivariate families
of distributions have been studied in Hutchinson and Lai (1991), Joe (1997), Drouet-
Mari and Kotz (2001), Kotz, Balakrishnan, and Johnson (2000), Nelsen (2006), Cuadras
(2006) and Balakrishnan and Lai (2009). Among others, the so-called Farlie-Gumbel-
Morgenstern (FGM) bivariate family is frequently used in theory and applications. This
motivated Huang and Kotz (1999), Lai and Xie (2000), Amblard and Girard (2002,
2009), Rodriguez-Lallena and Ubeda-Flores (2004), Cuadras and Cuadras (2008) and
Cuadras and Diaz (2012), to propose and study proper extensions.

Let 1=10,1]. Recall that a bivariate copula is a function C:1* —1 such that C(u,0)=
C(0,v) =0, C(u,1)=u, C(1,v) =v, and for 0 <u; <u, <1 and 0 <v; <v, <1 satisfies:

C(uz,VQ)—C(Mz, Vl)—C(ul,Vz) + C(ul,vl) 2 0

Copulas are important because Sklar’s theorem (Sklar 1959). Let H be a bivariate cdf
with univariate marginals F,G. Then H can be expressed as H(x,y) = C(F(x),G(y)),
where C is a copula related to H. Thus modeling copulas is an interesting task.
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This paper extends Cuadras, Fortiana, and Greenacre (2000), Cuadras (2015) and Cuadras
and Diaz (2012). For the sake of clarity, we repeat some concepts, definitions and results.

Section 2 studies a new generalized family of distributions, which is related to the
diagonal extension of a distribution, following Cuadras, Fortiana, and Greenacre (2000).
This family has a conjugate one, with similar dependence properties. Several aspects of
Section 3 appeared in Cuadras and Diaz (2012) and Cuadras (2015). Here we propose a
new terminology, clarify some geometrical concepts and obtain new results. For
instance, Theorem 2 is more general than the similar proposition in Cuadras (2015).
Once the concept of rank reduction of a cdf has been established, Section 4 proposes a
new extension of rank two. Section 5 contains another extension of rank two, already
studied in Cuadras and Diaz (2012), but some new results are added. Section 6 is also
new and studies the copulas associated to the families defined in Sections 4 and 5.
Section 7 proposes a new distance between bivariate distributions, which is related to
the diagonal expansion. Section 8 deals with the approximation of a cdf for another of
lower rank. It is based on Cuadras and Diaz (2012), but contains new results concerning
the quality of the approximation. Section 9 is devoted to illustrate the theoretical results
with examples, following the same structure as Cuadras and Diaz (2012), but adding the
bivariate normal distribution and the curved line characterizing a bivariate family in
terms of canonical correlations.

2. Generalized FGM family of distributions

Let H(x, y) be the bivariate cdf of the random vector (X,Y), with univariate marginal
cdf's F(x),G(y) and supports [a, b], [c, d], respectively. Throughout this paper, x and y
in H(x,y), F(x), G(y), as well as u and v, in C(u,v), where 0 < u,v < 1, will be sup-
pressed, unless it is strictly necessary. We write H € F(F, G), where F(F,G) is the so-
called Fréchet-Hoeffding class of bivariate cdf’s with fixed univariate marginals F, G, see
Nelsen (2006, Chapter 6).

As F(F,G) is too general, we must work with a sub-class. The FGM family is a para-
metric sub-class of F(F, G) defined by

Hy = FG[1+0(1-F)(1-G)], —-1<0<1
and the corresponding family of copulas is

Co=uwl+0(1-u)(1-v)], —-1<0<1

2.1. Definition and properties
We propose the following generalization.

Definition 1. Let ®,¥ be two univariate cdf's having the same supports [a, ], [c,d] as
those of F, G. We define the bivariate family

H = FG+ A(F-®)(G-Y) (1)

This family reduces to the bivariate FGM cdf when ® = F* and ¥ = G?, both uni-
variate cdf’s.
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Consider the Fréchet-Hoeftding class F(F, G) of bivariate cdf's with univariate mar-
ginals F and G. It is readily proved that H has marginals F and G and reaches the sto-
chastic independence cdf F x G when 4A=0 and/or F = ®. By continuity, in general H,
see (1), is also a cdf for 1 near to 0. Thus H € F(F, G) for some values of 4. The range
of 4 is obtained in the following theorem, where ® < F means that F is absolutely con-
tinuous with respect to (w.r.t.) . Then the Radon-Nikodym derivative d®/dF exists.

Theorem 1. Suppose ® < F, ¥ < G and that d®(x)/dF(x) # 1, d¥(x)/ dG(y) # 1 for
some x,y. Then H is a bivariate cdf for any A such that 2_ < 1 < ., where
_ -1
~ sup{[l — d®/dF|[1 — d¥/dG]}
-1

T inf{[1 — do/dF|[1 — d¥/dG]}

Proof. Write dH = dFdG + A(dF—d®)(dG—d¥) as
dH = dFdG[1 + A(1—d®/dF)(1—d¥ /dG)] (2)
We should find A such that 1+ A(1-d®/dF)(1—d¥/dG) > 0. This occurs when
2(1—d®/dF)(1—d¥/dG) > —1. Thus 4> —1/[(1—d®/dF)(1—d¥/dG)]. Hence A >
/. Similarly, if the denominator is positive, 4 < 1/[(1—d®/dF)(1—d¥/dG)]. Hence
A< Ay O

Let us suppose absolute continuity of the univariate marginal distributions, i.e., there
exist the probability density functions (pdfs), w.r.t. to the Lebesgue measure, f =
F,g=G,p = =V. Then the bivariate pdf is

h=fg+ Af—o)(g—V)
=1+ A(1—of ) (1-yg)]

where f~! = 1/f and g~! = 1/g. Then, if we replace d®/dF by ¢/f we get the follow-
ing result:

Corollary 1. H is a bivariate cdf for any 2 such that A_ < 4 < 4, where
—1
sup{ [1—p()f 1 (x)][1 - lﬁ(y)g*l(y)]}

inf{ (1= @@)f 1 (x)][1 - W)g‘l(y)]}

The generalized family (1) is more flexible than FGM and has some advantages. For
example, the maximum range of the correlation coefficient for the traditional FGM fam-
ily is [-1/3,1/3]. This range can be improved.

i_:

;L+:

Example 1. Consider the univariate cdfs ® = F—sin®(nF)/n, ¥ = G—sin*(nG)/x,
where 1 <a<2. From (1) we obtain H = FG + (1/7*)sin%(nF) sin?(nG). With
a=5/4 we have —1.1963 < A < 1.1963 (Corollary 1), and the range of the correlation
coefficient with H (uniform marginals) is [—0.5108, 0.5108]. For a=1 this family gives
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a copula appearing in Amblard and Girard (2002) and the range is [—48/n*,48/n"| =
[—0.4928,0.4928]. Both ranges are wider than [—1/3,1/3].

Lemma 1. Suppose ® < F and ¥ < G. Let o and [ be defined by

b d(l)>2 d [\ *
“—L<d—F aF, ﬁ‘L(%)dG
Then o> 1 and > 1.

Proof. The derivative d®/dF exists and fab (d®/dF—1)*dF = a—2 J;b db+1=0-1>0
and similarly . Note that o and f are divergence measures in the sense of Csiszar
(1975). 0
Define the functions a; = 1—-d®/dF, by = 1—d¥/dG. Then from (2)
dH = dFdG + /a,b,dFdG (3)
If the pdf's h, f, g exist, we have h = fg + Afa;gb,.
Lemma 2. E[a;(X)] = E[b;(Y)] = 0 and E[a?(X)] = a—1, E[b}(Y)] = p—1.

Proof. E[a1(X)] = f:(l — d®/dF)dF = 1-1 = 0. From Lemma 1 E[a}(X)] = a—1. O

2.2. Relation with the diagonal expansion

Suppose that H < FG, so the derivative dH/(dFdG) exists. A global measure of
dependence is the Pearson contingency coefficient ¢,*, defined by

b pd 2
dH
’= —— — 1] dFdG 4
o= | (o) @
We have ¢,> > 0 and ¢,> = 0 iff there is stochastic independence between X and Y.
Note that ¢,? is a divergence measure in the sense of Csiszar (1975).
If ¢, is finite, then the kernel K = dH/(dFdG)—1 is Hilbert-Schmidt. This means

that there exists a sequence Ky = Zle p,anb, converging to K as N — oco. Thus, if
¢, is finite, there exists the expansion (Lancaster 1958)

dH = dFdG + ) p,a,b,dFdG (5)

n>1

where a,, b, are unitary functions in L?([a, b]) and L*([c,d]) on F and G, respectively,
in the sense that E[a,(X)] = E[b,(Y)] =0 and E[a’(X)] = E[b%(Y)] = 1. Then a,(X)
and b,(Y) are the canonical variables. The sequence of canonical correlations is p, >
p, > -+->0. The canonical variables are functions with maximal correlations. Thus
p, =cor(a,(X),b,(Y)), where cor means correlation coefficient, is maximal in the sense
of canonical correlation analysis, a well-known method of multivariate analysis, see
Mardia, Kent, and Bibby (1979). Hence a,(X) and b;(Y) have maximum correlation,
a,(X) and b,(Y) have maximal correlation constrained to zero correlation with a;(X)



COMMUNICATIONS IN STATISTICS—THEORY AND METHODS ‘ 5643

and b;(Y), respectively, and so on. When H can be expanded as (5), it is said that H
admits a diagonal expansion (Hutchinson and Lai 1991).

It can be proved that the Pearson contingency coefticient, see (4), can be expressed in
terms of the sequence of canonical correlations:

b =>_p;

n>1

The first canonical correlation p, is the maximum correlation between a function of
X and a function of Y :

py= sup cor(v(X),&(Y))
veV,, ¢eV,

where V., V,, are the sets of functions with finite variance. The correlation p, is a meas-
ure of dependence, since p, = 0 iff the r.v.’s X, Y are stochastically independent and
p; = 1 iff there is a functional relation between the variables, which is useful in identi-
fying nonlinear relationships in regression. See Buja (1990).

If the pdf’s exist, expansion (5) can be expressed as

h=fg+ z 0, fa,gby (6)

n>1

It is worth noting that the sequence of canonical correlations can be an interval
rather than a countable set. This may occur when the distribution has a singular part.
For instance, consider the Cuadras-Augé family

H=min{F,G}(FG)"’, o0<0<1

The line {F(x) = G(y)} has measure 0 w.r.t. dFdG, but positive measure w.r.t. dH.
Hence dH is not absolutely continuous w.r.t. dFdG and the derivative dH/(dFdG) does
not exist. We cannot express dH = dFdG + > p,a,b,dFdG, i.e., the standard Lancaster
theory does not apply for this family. Instead of a sequence p, >--->p, >--- >0,
for the Cuadras-Augé family the set of canonical correlations is obtained in a different
way and described by the continuous function 0p'=% 0 < p < 1. The range of the corre-
lations is the interval [0,0]. Hence 0 is the maximum correlation. See Cuadras (2002,
2015, 2016), Ruiz-Rivas and Cuadras (1988).

The constants «, f§ in the proposition below, has been defined in Lemma 1.

Proposition 1. The first canonical correlation for the family (1) is given by

pr =2/ (@=1)(f-1)
and the Pearson contingency coefficient is ¢,> = p?.

Proof. Suppose a>1, > 1. Write (3) as

dH = dFdG + }L(al/\/ﬂ ) (bl/\/ﬂ )dFdG

and compare with (5). Then A; = a;/v/a—1 and B; = b;/+/f—1 are the first canonical
functions. The contingency coefficient is ¢; = J"ab Ld 2a2dFb2dG = 27 (a—1)(B—-1). O
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2.3. Conjugate family
The family (1) with marginals F, G, generated by @, ¥, suggests the following conjugate
family

H, = O¥ + /(F-D)(G—Y)
with marginals @, W, here generated by F, G. Clearly H, € F(®,¥) for suitable values
of 4, and H—FG = H,—®Y, so H and its conjugate H, should have the same depend-

ence structure. Even though “conjugate” is used in Bayesian statistics, here this adjective
means relationship between two distributions.

2.4. Dependence measures

In this section we find the covariance and two non-parametric measures of association.
If v(x),&(y) are two real functions of bounded variation on [a,b], [c,d], Cuadras
(2002) proved that

b pd
cov(u(X),f(Y)) —J J [H(x,y)—F(x)G(y)]dV(x)dé(y) (7)

adc

where cov means covariance. This formula has been generalized by Diaz and
Cuadras (2017).

Lemma 3. Suppose that lim,_;, x[F(x)—®(x)] = 0. Then

b
J (F — ®)dx = pg—pt

a

where g, g are the expectation values.
Proof. Integrating
[P(F = ®)dx = [xF(x)—x®(x)]— [ xdF + [* xd®

= Ho—Hp
If we consider the extended real line, this difference can also be proved from
00 0 00 0
U — U :J (1 —@)dx—J (Ddx—J (1 —F)dx—i—J Fdx U
0 —00 0 —00

If (X,Y)~H and (X*, Y*)~H,, where H and H, are conjugate, both cdf’s have the same
covariance:

b d

(F— (D)de (G—W)dy

c

cov(X, Y) = zJ

= (Ho—Hr)(My—Hg)
= cov(X*, Y¥)
Spearman’s rho coefficient is given by pg =cor(F(X),G(Y)) = 12 cov(F(X), G(Y)).
To find this coefficient, write Fg(b) = j: ®dF, Op(b) = J"ab Fd® = 1—Fg(b) and similarly
Gy(d), ¥6(d). We have ['(F — ®)dF = 1/2— [ ®dF = [*(® — F)d®.
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Proposition 2. Spearman’s rho is given by
1 1
o= 122} ~Fa(8)] |5 ~Guta)

_ 12 [cppw)_ﬂ [‘{'G(d)—%]

Hence H and its conjugate H, have the same rho.
Proof. As var[F(X)] =var[G(Y)] = 1/12, Spearman’s rho is given by

12 Jb (F— ®)dF Jd b

a c

(G—Y)dG = mj

a

d
(@ — F)d(I)J (¥ — G)d¥ .

[

Kendall’s tau is a measure of association given by t = 4 Lb Ld HdH-1. To find this coef-
ficient, from (1) we have dH = dFdG + A(dFdG + d®d¥Y—d®dG—dFdY).

Proposition 3. Kendall’s tau is given by

T =8 B - an(b)} E — G\p(d)} =84 [GDF(b) - ﬂ {‘PG(‘” B %]

Hence H and its conjugate H, have the same tau.
Proof. After a tedious algebra, we find

Jb Jd HdH = Jb Jd [FG + A(F—®)(G—P)]dH

adc adJdc

=1/4+22 |:Fq)(b) —ﬂ [G\y(d) —ﬂ +22 %0

Thus
1 1

=g [_ - F@(b)} {_ - G\p(d)]

2 2

For the conjugate distribution H, we similarly find

S~ [¢F<b> - ﬂ [xpcw - ;]

As Fo(b) = 1-®p(b), Gy(d) = 1-¥s(d), clearly © = 7.. 0
Since 2p, = 37, both coefficients satisfy the well-known inequality —1 < 31—2p, < 1.

3. Rank of a bivariate distribution

In this section we apply the concept of dimensionality reduction, which is quite useful
in multivariate data analysis. This methodology consists in representing in low dimen-
sion (e.g., two or three), objects or individuals described by coordinates in high dimen-
sional spaces. Principal component analysis is a well-known method.
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3.1. Definition and geometrical meaning

The sequence p, > p, > --- of canonical correlations, see (5), captures the full depend-
ence between X and Y and the Pearson coefficient ¢ is an overall measure of depend-
ence, sometimes presented as the ratio ¢7/(1 + ¢7).

Definition 2. The rank of H € F(F,G) such that the diagonal expansion dH =
dFAG+ )", p,AndFB,dG exists, is the cardinal of the set {p,}.

The rank of a distribution can be understood as a “geometric dimension” in regard with
the so-called chi-square distance. Borrowing geometric concepts commonly used in multivari-
ate analysis, this means that the observations can be embedded in a Euclidean (or Hilbert)
space. Then, as usual in multivariate analysis, we are interested in the first principal dimen-
sions. In other words, we seek the first canonical correlations, see below. Some examples are:

1. The independence distribution F x G has rank 0.
2. The FGM distribution has rank 1.
3. The distribution

H =FG+ /,F1—F)G(1-G) + 2,(2F—1)F(1-F)(2G—1)G(1-G) (8)

has rank 2.
4. The Ali-Mikhail-Haq (AMH) distribution defined by

H=FG/[1-01-F)(1-G)], -1<0<1

has infinite countable rank (see Ali, Mikhail, and Haq 1978).
5. The Cuadras-Augé distribution has uncountable rank. This property has been
discussed above. See Cuadras (2015), Cuadras and Augé (1981) and Section 2.2.

Definition 3. The chi-square distance between two observations x,x" of X is

5 X’)—Jd dH (x, y) B dH(x',y)
e |dF(x)dGy) dF(x')dG(y)

dG(y)

Proposition 4. Suppose that the diagonal expansion dH = dFdG+}_, ., p, A,B,dFdG
exists. Then

3P x,x) = 02 [Au(x)—4, ()]

where (p,A1(x), p,A2(x),...) are the principal coordinates of x w.r.t. the chi-square dis-
tance. Therefore, the embedding x — (p,A1(x), p,As2(x),...) € L, shows that the rank is
the dimension of L, where L is a Euclidean (or separable Hilbert) space.

Proof. We can write the chi-square distance as

3 (x,x) = EY{Z [pnAn<x>Bn<Y>—pnAn(x’)Bn(Y)]2}

n>1

and take step-wise expectation such that EyB;(Y)B;j(Y) = 6; (Kronecker’s delta). O
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This result proves that the rank of a bivariate distribution makes geometric sense.
As a generalization of the variance, the geometric variability (also called inertia and
diversity coefficient) of X w.r.t. the chi-square distance, is the average:

V=2 [ [ # e trargaetz)

Proposition 5. If the Pearson contingency coefficient ¢7 is finite then

Vg:(f)?zzpfn

n>1

Proof. Suppose X, X' ii.d. with cdf F. Then Exx {p2[A.(X)—A.(X")]*} =2p2 and V, =
> u>1P; holds. On the other hand, from (4) and assuming X; ~F, independent of

Y1~G, then ¢} = Ex,y, {221 Padn(X1)Ba(Y1)} = V. O

3.2. Rank reduction

From the above diagonal expansion we can consider the following family

dH; = dFAG + > JnAndFB,dG, |ia| < p, 9)
n>1
By integration we can express
H;(x,y) = F(x)G(y) + Z In @ (%) ¥ () (10)

n>1

where ®,(x) = [*A,(t)dF(t) and similarly W,(y). In general > st 4n @y is not an
eigenexpansion of H - FG (see Cuadras and Cuadras 2008). This family, as well as the
function obtained after reducing the rank, is in general a signed measure (it may take
negative values in a region of the support). As it is justified below, this reduction can
provide a proper cdf.

Note that FG + 4,9,%¥, € F(F,G) for any 4, such that

S B CO7(6)) upd 80 | _
=% {@;@xp;(y)} s {®;<x>‘1';<y>} b

We have assumed that the pdf’s exist. The following condition is necessary in order
to restrict the parameters of a cdf.

On

Theorem 2. Let us consider the expansions (9) and (10). Write 0 = (0,0,...), A=
(A1, A2y ), A = (A, 25, ...), suppose all |1| < |4,| and define w, = o, if A, <0, w, = B,
if in>0. Also define P(t) = inf,,[f(x)g(y) + > =1 ta®}, (x) ¥, ()] and
Hy =FG+ > 1,®,¥,
n>1

Then Hy € F(F,G) if a) o =Y, ., (4,/u,) satisfies 0 < o < 1, or b) X' is a point of a
curve inside F = {t| P(t) > 0} joining 0 and A. In particular, H; € F(F,G) if 1, = c/y
for some constant 0 < ¢ < 1.
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Table 1. Percentage of variability of the distribution in terms of the first and second canonical cor-
relation for four families of copulas. This percentage is 100 times the quotient between the sum of
the first squared canonical correlations and the Pearson contingency coefficient.

0=1 0=0.5
P = (3 p2)/¢? 100P; 100, 100, 100P,
Ali—Mikhail—Haq 61.2 89.6 98.9 99.9
Gumbel—Barnett 86.8 98.3 92.0 99.3
Celebioglu—Cuadras 99.3 99.9 99.8 99.9
New family 99.8 99.9 99.9 100

Proof. Clearly FG + u,®,%¥, € F(F,G) and 0< A/, /u, <1 for all n. Then we have that
Hy = (1-a)FG + > _ (%,/1t,) (FG + 11, ®,'¥,)

n>1
with |4 | < |u,| is a mixture of the cdf's FG, FG + 1, ®,%¥1, FG + p,®,¥,, etc. Hence
H is also a cdf belonging to F(F, G).

On the other hand, if t € F then FG+ ), ., t,®,'¥, belongs to F(F,G). Of course
0€F and A €F. As F(F,G) is closed under mixtures, F is a convex set. Then any
regular curve joining 0 and 4 inside IF provides cdf's of F(F,G). In particular a straight
line. O

Example 2. For the copula
C=uv+ qu(1—u)v(1—v) + 21 =312 + u)(2v* =3v* +v)

we have oy = —1, f, =1, o, = —1, , = 2. Then, if 4;, 4, are positive, we get a copula
for A}, 7, positive such that 1, + 4,/2 < 1, provided that 4,, 4, give a proper copula C
and ) < A, 4, < Ay

As a consequence of Theorem 2, the cdf H with finite rank N, or infinite countable
rank, can be approximated by Hp with smaller rank D (i.e., D <N or D < 00), defined
by

D
dHp = dFdG +»  p,AnB,dFdG
n=1

In general, Hp is a signed measure. Hp is a proper cdf if each dH(, = dFdG +
P, AnBydFdG is the differential of a cdf H(,). A simple example is the FGM approxima-
tion of rank D=1 to the cdf (8) whose rank is N = 2.

If the densities h, f, g exist, we have h = fg + > -, p,fA,gB,, which can be approxi-

mated by hp = fg + 37| p,fA.gB.

The proportion of geometric variability of H accounted for by Hp, is:

D 2
Zn:l P

2

P

This proportion is employed in some methods of multivariate data analysis. For
instance, it is used in correspondence analysis to measure the quality of the graphical
representation of a contingency table w.r.t. the chi-square distance, see Greenacre

PD: (11)
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(1984), Cuadras and Cuadras (2006). As it has been shown above, see Section 3.1, this
distance can be extended to r.v.’s.

In general, the rank of a cdf is greater than 2. We are interested in distributions of
rank 2 as possible approximations to a distribution.

For example, for the following families of copulas (see Ali, Mikhail, and Haq 1978;
Celebioglu 1997; Cuadras 2009, 2017; Nelsen 2006):

Ali—Mikhail—Haq : w/[1-0(1—u)(1-v)], -1 <0< 1
Gumbel—Barnett : uv exp (=0lnulnv), 0<0<1
Celebioglu—Cuadras :  uvexp[0(1—u)(1-v)], -1 <0<1

New family : uvexp { sin[0(1—u)(1-v)]}, —1<0<1

it turns out that the FGM family is the first order approximation in a Taylor’s expan-
sion. For example,

uvexp (—0Inulnv) ~ uv(1-0lnulnv) + - - (expanding e )
~ uv[1—-0(1—u)(1—v)] +--- (expanding Inx)

and Gumbel-Barnett (parameter 0) can be approximated by FGM (parameter —0).

However, the full rank of these four copulas is countable (i.e., %), whereas the
approximation of rank 2 gives an average proportion P, greater than 0.94, see Table 1.
This approximation could be a signed measure rather than a proper cdf. However, also
in correspondence analysis, the two-dimensional representation of a contingency table
N, could exhibit a table N’ containing negative frequencies.

The two extensions of the FGM family next proposed, have rank 2, i.e., are two-
dimensional in the above geometrical sense.

For a better understanding of some aspects of canonical correlation analysis, Hilbert
space, Hilbert-Schmidt kernel, singular value decomposition, Mercer’s theorem, signed
measure and other concepts and results on functional analysis, used here and in the
next section, see Hannan (1961), Ash (1965, 1972), Eagleson (1979), Buja (1990) and
Letac (2008).

4, First extension

A singular value decomposition (SVD) of a kernel K(x, y), with x € [a, b,y € [c,d] is

K(x,y) =D L&)
i>1
where 1, > J, > --- is the decreasing sequence of singular values and {&;}, {&;} are the
corresponding unitary and orthogonal functions. In particular, if K is symmetric, then
{&} = {&;} and the above SVD is an eigendecomposition (Mercer’s theorem).

The FGM family Hy = FG[1 + 0(1—F)(1—G)] can be interpreted as the singular value
decomposition K = Hy—FG = 0F(1—F)G(1—G). Clearly, if F=G and H is symmetric,
we have an eigendecomposition, where F(1—F) = G(1—G) is the only eigenfunction.

A generalization of the FGM family, obtained as a SVD, is H; = FG + J1E,E,. This
distribution appeared in Farlie (1960) and has been rediscovered by Rodriguez-Lallena
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Figure 1. Region of the correlations (parameters) for which the density is positive, for the trigonomet-
ric cdf (left), see (21), and the polynomial cdf of degree two (right), see (17). The line indicates the
possible correlations under the Gumbel-Barnett copula.

and Ubeda-Flores (2004). The family (1) is a particular case: H—FG = A(F—®)(G—P).
In general H; gives rise to the following extension of rank 2.
Theorem 3. Let K, = ,1&,E, a SVD of Ky = Hi—FG, where H, € F(F,G). Then
¢i(a) = &1(b) = &i(c) = ¢1(d) =0, and

Hy = FG + 11 &1&y + héé,

is also a cdf of F(F,G) for suitable values of 11, A, where &, = 515’1, & = zlz/l If more-
over &, &, are increasing and £, <F, &, <G, then H,; belongs to the family (1), and H,
is an extension of this family.

Proof. &,(y) # 0 for some y € (c,d). Then K (a,y) = 0= 1,&(a)é(y), hence & (a) =
0, and similarly &, (b) = &,(c) = &,(d) = 0. Integration by parts gives

b b
J &%) (x)dx —5?(X)IZ—2J &1 (x)8) (x)dx

b
—0-2| & W

Thus [ &(x)&(x)dx = 0 and H,—FG = 4,&,&) + 42,8, is a SVD of K, = H,—FG.
As also & (a) = &(b) = &(c) = &,(d) =0, we have H,(a,y) = Hy(x,d) =0, and
H,(b,d) = 1. Thus H, may satisfy the necessary conditions for a cdf. Also, if &, &, are
increasing and ¢&; <F, £, <G, then F—¢&,, G—¢&, are cdfs and H; = FG+
Ji[F—(F=¢&))][G—(G—¢,)] is a member of the family (1). O

This construction applied to the family (1) gives
H, = FG + /1 (F=®)(G—¥) + /(F=®)(f—)(G—¥) (s—¥) (12)

However, in general, this family is not diagonal, in the sense that (F—®) and
(F—®)(f—¢) are not canonical functions, as the correlation coefficient between both
functions could not be zero.
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Example 3. Consider ¢ (u) = sin (nu), &,(v) = sin(nv). Then & (u) = & (u)&(u) =
wsin (7u) cos (mu). The cdf is the copula
C = uv + Jy sin (nu) sin (nv) + 4, sin (27u) sin (27v)
The density after reparametrizing, is
¢ =1+ Jcos (nu) cos (nv) + pcos (2nu) cos (27mv)

The range of the parameters (A, 1) could not be expressed in closed form, see Figure
1 (left). If we fix the second parameter to i, then the first parameter A, depending on
Uy, should satisfy

J.cos (mu) cos (mv) > —1—pu, cos (2mu) cos (27v)

For instance, if y, = 1/2 then V2 <2< V2.

5. Second extension

Let us introduce some notations concerning the cdf’s F, G, ® and ¥. We define

Fo(x) = qu)(t)dF(t)’ Fye (1) = Jx

a a

O (1)dE(t), B (x) J F2(1)d(t)

a

and similarly Fre, Frg, Gy, Gy2, V2. Integration by parts shows that

b
F(x)D(x) = Fo(x) + Op(x), J F(1)®(t)dE(t) = %_ %cbpz(b)

In particular Fg(b) + ®p(b) = 1.
We also write y = [(F — ®)dF = 1/2—Fg(b), 6 = [*(G — ¥)dG = 1/2—Gy(d) and
recall that o = J"ub (d®/dF)*dF, f = Ld (d¥/dG)*dG.

5.1. Definition and properties

Another extension of (1) is the bivariate family

H = FG + J1(F-®)(G—¥)
+h BFZ + (Fcb(b)—%) F_Fcb] B G* + (G\p(d)—%) G—G\y] ()

where F, G, Fo, Gy stand for F(x), G(y), Fo(x), Gy(y) = |] ¥(t)dG(t). Then Fy(b) and
Gy(b) are constant values.
The density (w.r.t. the Lebesgue measure) is

h=fg+uf(1—of ")g(1-yg™") + 2of (F~0—)g(G-¥~0) (14)
This family reduces to the previous FGM generalizations (1) and (12) for 4, = 0.

Theorem 4. The family (14) is diagonal of rank 2. The canonical correlations are

p1 =/ (@=1)(f=1), p,= Ja/st
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where o, B are defined in Proposition 1, s = Fgp(b) + @ (b) + Fo(b)—Fo(b)’— 1, and

similarly t.
Proof. Write (13) as
dH = dFdG + )qaldeldG + Azazdesz

where a; = 1-d®/dF, by = 1-d¥/dG, a, = (F-®—y) and b, = (G—¥Y—9). It is read-
ily proved that E(a;) = E(ay) = 0 and E(b;) = E(b,) = 0. Moreover

Jh (1 — d®/dF)(F — ® — y)dF = 0

a

hence E(a1a;) = fab a1a,dF = 0 and similarly E(b1b;) = 0. Also

Jb (F—®—y)*dF = 1/3 + Fgz(b) + 7> — (1—®p (b)) —y + 27F(b)

a

Jd (G—¥—08)’dG = 1/3 + Gya(b) + *—(1—Fg2 (b)) —0 + 260G (b)

[

The other covariances are:

b d
cov(ay, by) = J a1b, (dH—dFdG)

adc

b d b d

= /ll adeJ b%dG + )uz J (llazdFJ blbsz
= h(e=1)(f-1),

b d

cov(ay, by) = 4 adeJ

a c

b d

alazdF J b%dG

c

b1b,dG + 2, J

a

=0

Similarly cov(ay, b;) = 0. Moreover

b d

agdpj b2dG

c

cov(ay, by) = 0+ Ay J

a

= izst

The variances are E(a?) = a—1,E(a?) = Fge(b) + ®p(b) + Fo(b)—Fo(b)*—11/12,
etc. 0

5.2. Conjugate family and measures of association

Let us express the cdf (13) as
dH = dFdG 4 A, (1—d®/dF)dF(1-d¥/dG)dG

+ 1 [F—CD + Fo(b)— %] dF [G—‘I’ + G\y(d)—% dG
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The conjugate family is
dH, = d®d¥ + 4,(1—dF/d®)d®(1—d¥Y/dG)d¥Y

From Fo(b)—1 = —®p(b) +1, we have

dH—dFdG = dH,—d®d¥Y

1
2

Hence the dependence structure of H and H, is quite similar. The covariance is the
same and Spearman’s rho for H is

putt) = 12 [ o[} ~Gu@)] 4 22|+ P01 [ L+ 0]

where I = Lh FodF and | = fab Dpd®d. We similarly obtain pg(H.,).
From Fg(b) + ®p(b) =1 and

b b
I:PMM—JF@M,]:@AM—JF@@

a a

ps(H) and pg(H.) have similar expressions, which may coincide in some particu-
lar cases.
Kendall’s tau is given by

dH)zSM{%

1

- Ralt)] |5

2

_ Gw)}

13 1 1 |
Ay | == 4 = Fp(b) + = Frg(b
+ z{ 24+3 o )+2 F(I)( )

+ = 3 Fo0) + Fra(8)] [}~ Gold) + Gonla)

+ Al [—% — %Fq)(b) — Fpm(b)] _— - — % Gy(d) — Gcw(d)]
+ i [1—12 + Fyp(b) — 2Fra(b) — Fo(b)’ + Fm(b)}

1 2
4 00 @) 200d) - 00 + 01(a)

6. Associated copulas

Here we find the copulas corresponding to the above families.

Lemma 4. If F and © are two cdf’s with support in [a, b], then Q = ®(F ') is a cdf with
support in [0,1].

Proof. Q is not decreasing and Q(0) = ®[F !(0)] = ®(a) =0, Q(1) = ®[F (1)] =
®(b) =1. 0
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The copula corresponding to (12) is
C=uv+ 4 (u—Q)(v—R) + 2 (u—Q)(1—q)(v—R)(1-r) (15)

where Q=®(F'),q=Q,R=¥(G'),r=R. Both Q, R are cdfss with support
in [0, 1].

Since Fp = JZ’ ®dF = jol Q(t)dt = 1—pg, where g is the mean of the r.v. with cdf Q,
and similarly p, the copula corresponding to (13) is

C=uv+ A(u—Q)(v—R)

G u? + G —MQ> u— L Q(t)dt] l(% 24 G _ﬂR> . J:R(t)dt] (16)

Proposition 6. For ® = F*,¥ = G?, the families (12) and (13) have the same copula

+ /2

C=uv+ hqu(1—u)v(1—v) + 2,21 =31 + u) (21> —3v* + v) (17)

where /., = /2/36.
Proof. Q=u? 1-q=1-2u, uo=1/3 and [ Q(t)dt =u*/3. Then (15) and (16)
reduce to (17). O
Another interesting particular case is ® = FK, ¥ = G*. The copula corresponding to (13) is

C=uv+ /ll(u—uk)(v—vk)

+ 2, Buz + (k- l)/(2(k +1)u— uk“/(kJF 1)} x (similar term in v) (%)

and Spearman’s correlation is

k_l : )"2

Ps = 3/11<—k+ 1> +E

It is difficult to find analytically the region of the parameters for which (18) is a cop-
ula, see Figure 1 (right). But if we fix the first parameter, a closed form is possible.

2

6k—(k +1)(k+2)
(k+1)(k+2)

Example 4. Consider the family (17) and fix 4; = 4y. Then /., should satisfy
Jo(6u—6u+1)(6v*—6v +1) > —1—29(2u—1)(2v—1)

Thus, if 4, = 1/2 then —1/2 < 1, < 2.

7. Relating two cdf's

Let H,,H, € F(F,G) two cdf's with the same marginals. In this section we present
some ways of measuring the proximity between H, and H,.

Definition 4. The chi-square distance between H, and Hj, is

b Jd <dHu—de

2
TFdG > dFdG

&*(H,, Hy) :J

adc
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Definition 5. Pearson’s affinity between H, and Hjy, is

bd/dH, dH,
¢(Ha, Hy) = J J <dFdG % dFdG> dFdG

It is clear that §°(H, FG) is the Pearson contingency coefficient ¢;, see (4), It can be
proved that, among all distributions H with fixed Spearman’s correlation [p,]| <1/3,
the closest cdf H to the independence FG, in the sense that 6*(H, FG) is minimized, is
the FGM cdf (Nelsen 1994).

The relation between distance and affinity is

52(Hﬂ>Hb) = (f)(HaﬂHﬂ) + ¢<Hb7Hb)_2¢(Ha7Hb)

Since ¢(H,,Hp) is an inner product, Cauchy-Schwarz inequality ¢(H,, Hp)* <
¢(H,, H,)$(Hyp, Hy) holds, which suggests the association coefficient
¢(Ha7 Hb)z
¢(Hu>Ha)¢(HbaHb)

We have 0 < A(H,,H,) <1, and A(H,,H,) = 1 if H, = H,.
Suppose that the following SVD exists:

dH, dH, ~—~,
dFdG ~ dFdG Z; Anttnby

A(H,, Hp) =

Then dH,—dHy, = )_,-, /nanb,dFdG. It is next proved that jab a;ajdF = Ld bibjdG =
0jj (Kronecker’s delta).

Theorem 5. If (X, Y) ~H, and (X*,Y*)~H, then E[a,(X)] = E[b,(Y)] = 0 and

An i m=mn

cov(am(X),bn(Y))—cov(am(X*),bn(Y*)) = { 0 if mtn

Proof. E[a,(X)]—E|a,(X*)] = Lb Ld a,dH,— fab fcd a,dH, = jab a,dF— jab a,dF = 0. Therefore

b pd b d
J J an(dHa—de):ZikJ akandFJ b,dG

aJe k>1 a

d
= }an b,dG

c

hence Ld b,dG =E[b,(Y)] =0. Similarly E[a,(X)] =0. The difference of covariances is
b pd b d
J J ambn(dHu—de):ZikJ amadeJ b,bkdG
adc kZl a c

where {a},{bx} are orthogonal on F, G, respectively. O

8. Reducing a bivariate cdf to a simpler one

Let H, € F(F,G) and suppose that the diagonal expansion dH, = dFdG+
> us1 PnandFb,dG exists, where a,, b, are unitary canonical functions. Let H; € F(F,G)
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the “true” cdf of two observable r.v.’s (X,Y). Given a positive integer k, we are inter-
ested in approximating H; by means of a finite linear combination of canonical func-
tions obtained from H,:

k
dH, ~ dFdG + ) _ JaidFbidG

i=1

In a more precise way, we seek the approximation

dH, k
d ~1+4 Z Aiaib;
i=1

dFdG

where A1, ..., A are real coefficients such that

k
J J (dH;Fjg 46 ZA,ab) dFdG (19)

is minimized. If the densities h;,f,g exist, then h, is approximated by h =
RO+XE, daby).
Theorem 6. Suppose (X, Y) ~H,. The coefficients minimizing (19) are A; = r;, where

ri = cor(a;(X),b,(Y)), i=1,...,k

Then Zl 12 < @7, where ¢} is the Pearson contingency coefficient of H, and the
minimum is
k
$i->.n (20)

Proof. Write z = (dH,—dFdG)/(dFdG). Since Lf’ Ld a;b;(dH;,—dFdG) = r; is the correl-
ation between a;, b;, we have

b d k 2
J J (z—z/l,-a,-bi> dFdG = ¢? + J J Zﬂfafbfdmc
adc i=1 aldc

i=

- r Jd S ayb) (dH,—dFdG)

adJdc j—1

d
+ Zm J adFJ bdG

i#j=1
k k
2 + Z;le —ZZ;L,‘T,'
i=1 i=1

Taking the partial derivative w.r.t. 4;, on the right hand side of this equation, and
equaling to zero, we obtain A, =r;, i=1,...,k and (20) is the minimum. The maximal

property of the canonical correlations shows that Zl 17 <D Pa |
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Table 2. Estimated correlations and fit for the Gumbel-Barnett copula using trigonometic and poly-
nomial functions, see (21) and (17). n measures the maximum difference between the true and the
fitted copula.

Trigonometric Polynomial
0 n r2 n n r2 N
0.25 -0.1589 0.0025 0.0082 -0.1676 0.0057 0.0068
0.5 -0.2934 0.0387 0.0109 -0.3050 0.0520 0.0087
0.75 -0.4091 0.0882 0.0107 -0.4222 0.1106 0.0081
1 -0.5100 0.1411 0.0095 -0.5238 0.1698 0.0060

Table 3. Estimated correlations with the polynomial model, see (17), and fit for the AMH copula. 5
measures the maximum difference between the true and the fitted copula.

0 n n n

1 0.4784 0.2337 0.0261
0.5 0.1924 0.0223 0.0032
-0.5 -0.1489 0.0080 0.0017
-1 -0.2711 0.0216 0.0055

Note that, using the diagonal expansion and canonical correlations of H,, we always
can find the above approximation. This result is useful if we know H,. Also note that r;
is the correlation between the canonical variables a; b; of H,, but this correlation is
computed w.r.t. the “true” cdf H;.

We can choose k such that S5 72 is close to ¢2. In the examples below, k=2 is a
good choice.

This approximation of a cdf for a simpler one is as follows:

1. H, € F(F,QG) is the true or real cdf but unknown.

2. Take suitable unitary functions a;, b;, on F, G, and parameters p;, i =1,...,k,
such that dH, = dFdG + ), p,a;b;dFdG gives H, € F(F, G).

3. Compute the correlation coefficients r; = cor(a;, b;) w.r.t. Hy.

4. Construct the cdf ﬁt such that dﬁt = dFdG + Z:;l r;a;b;dFdG.

The canonical correlations of H, are not necessary and the r; should be obtained by
statistical estimation. In order to choose canonical functions, we may consider the uni-
variate expansions of the marginal variables and take the first principal dimensions. See
Cuadras and Fortiana (1995), Cuadras and Lahlou (2000), Cuadras (2014).

9. Examples
9.1. Gumbel-Barnett

Suppose that the true cdf of (U, V) is the Gumbel-Barnett family of copulas (see
Hutchinson and Lai 1991; Nelsen 2006):

C = uvexp(—@lnulnv), 0<0<1

The marginals are (0, 1) uniform.
A system of orthogonal principal components of U is {1— cos (n7U))} (Cuadras and
Fortiana 1995). Centering and normalizing the first two components, we get a; =
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Figure 2. Region of the correlations (parameters) for which the density is positive, for the polynomial
cdf of degree two (left), see (17), and the polynomial cdf of degree three (right), see (18) with k=3.
See also (22). The lines indicate the possible correlations under the AMH copula (left) and Clayton-
Oakes copula (right). For the AMH copula the line is inside the admissible region. For the Clayton-
Oakes copula the left and right parts of the line are outside the admissible region.

V2 cos (nU), a, = /2 cos (2nU), which play the role of canonical functions. This sug-
gests the copula with density:

¢ =1+ p,2cos (nu) cos (nv) + p,2 cos (2mu) cos (27v)

The canonical correlations, interpreted as parameters (possibly negative), should
belong to the region R = {(p,, p,)|c > 0}, see Figure 1. The copula (already introduced
in Example 3), is

Co = uv + p, (2/7%) sin () sin (7v) + p,[1/(27%)] sin (27u) sin (27v) (21)

Next, using (7), we compute the covariance (or correlation) between the normalized
variables v/2 cos (nU) and v/2 cos (nV), i.e.

r o= Jl Jl (C— uv)d{\/icos (nu)]d[x/ﬁ cos (nv)}

0J0

1l
= ZnZJ J [uvexp (—01nulnv)—uv| sin (nu) sin (nv)dudy

0Jo

We similarly compute r,. Then C, can be approximated by a particular version of
C,:

C, = uv + 1, (2/72) sin (nu) sin (nv) + r,[1/(27)] sin (27w sin (27v)

Of course, we may use other functions. Let us take the approximation of Gumbel-
Barnett to the generalized FGM copula (17). The density for this copula is

c=1 —&—%1\/5(1—214)\/5(1—21/) +%\/§(6u2—6u + 1)V5(6*—6v + 1)

The canonical functions are a; = v/3(1—2u), a; = v/5(6u>—6u + 1) and similarly b,
by. To be sure that c is a density, the canonical correlations must belong to the region
R = {(py, p,)|c > 0}, see Figure 1.
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Table 4. Sample sizes of six simulations A, B, C, D, E, F, estimation of the correlations and fit for the
Gaussian copula with parameter rho. The last line S reports the fit to a stock data set. # measures the
maximum difference between the true and the fitted copula. However 1 can not be computed for the
simulations E, F, because the true copulas are out of the admissible region, see Figure 3 (right).

n p n p) n
A 100 0.2 0.2710 0.0133 0.0229
B 80 03 0.3425 0.1936 0.0209
C 120 -0.2 -0.1337 0.0425 0.0092
D 200 -0.5 -0.5546 0.1518 0.0090
E 120 0.8 0.7756 0.5695 -
F 180 -0.9 -0.8950 0.7161 -
S 100 0.3684 0.3124 0.1047 0.0090
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Figure 3. Scatterplot of the stocks data (left), region for the trigonometric copula (right), see (21),
and line giving the range of the correlations (ry,r;) for the Gaussian copula and the correlations
obtained with six simulations (right). The points A, B, C, D indicate correct approximation. The points
E, F indicate that the correlations are out of the admissible region. The point S, clearly on the line,
corresponds to the stocks data set.

We compute

rn = Jl Jl (C, — uv)d[\/g(l—Zu)]d[\/g(l—ZV)]

0JO

11
= IZJ J [uvexp(—@lnulnv)—uv]dudv
0Jo

and similarly r,. Then we consider the approximation
Cr = uwv + r3u(1—u)v(1—v) + 1521 =31 + u)(2v* =312 +v)

The results are reported in the Table 2, where the measure of fit is 5 =

max|C;(u, v)—C(u, v)|.

Figure 1 shows the set of points (ry,r;) for which the density is positive for the two
approximations considered here. The percentage of the areas of the regions in [—1,1]*
are 21% (trigonometric) and 12% (polynomial). Thus, fitting the true cdf to a trigono-
metric one may be easier.

Nevertheless, with the trigonometric model and under Gumbel-Barnett cdf, we have
(r1,r2) € A, where A is a curve inside the region of the admissible correlations for the
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Table 5. Estimated correlations and fit for a new copula (left), see (23), and an Archimedean copula
(right), see (24). n measures the maximum difference between the true and the fitted copula.

0 r r n 0 Iz 17} n

0 0 0 0 1 0.3822 0.2738 0.0351
0.25 0.0792 0.0004 0.0043 1.5 0.7006 0.5673 0.0303
0.5 0.1616 0.0012 0.0096 2 0.8258 0.7200 0.0318
1 0.3369 0.0034 0.0226 4 0.9552 0.9168 0.0370

two functions defining C,. Thus, this approximation always works with the Gumbel-
Barnett cdf. Similarly, with the polynomial model, the fit also works for any value of
the parameter. See Figure 1.

The Pearson contingency coefficient for 0 =1 is ¢, = 0.3221. Then, combining (11)
and (20), we can see that the polynomial cdf C, accounts for by the 94% of the true
cdf C; = uvexp (—Inulnv).

9.2. Ali-Mikhail-Haq

Here we study the approximation to the AMH copula also using the generalized FGM
copula, but considering the exact computation of the estimated correlations. We should
calculate the correlations r; =cor(U, V) and r, =cor(U?—~U, V?—V). From (7) we have:

11
rn= IZJ J C(u,v)dudv—3

0Jo

11
ry = ISOJ J C(u,v)(4uv—2u—2v + 1)dudv—>5
0Jo
Taylor’s expansion of the AMH copula (the “true” copula C;) and using the beta
function, we can obtain exact expressions for ry, r,, see Cuadras and Diaz (2012).
However, as finding r, is quite difficult, we propose a numerical alternative computing

r, = Jl Jl (Cr — uv)d[\/§<6u2—6u + 1)]d[\/§(6v2—6v + 1)]

0Jo

=180 Jl Jl {uv/[1 =001 —u)(1 —v)] — uv}(2u — 1)(2v — 1)dudv

0Jo

Thus, the copula AMH can be approximated by
Cy = uv + r3u(1—u)v(1—v) + r5Qu*—3u% + u) (2v*=3v2 +v)

Again, a measure of fit is # = max|C;(u,v)—C;y(u,v)|, where 0 <u,v<1. Table 3
reports a numerical illustration, showing that the fit is quite good.

For 0 = 0.5, the Pearson contingency coefficient is ¢> = 0.0386. Again, combining
(11) and (20), we can see that Et accounts for by the 97% of the “true”
cdf C; = uv/[1-0.5(1—u)(1—v)].

Figure 2 (left) shows the set of points (r1,7;) for which the density is positive for the
polynomial approximation considered here. The percentage of the area of the region in
[—1,1] is only 12%. However, if the underlying cdf is AMH, then (r,r,) € B, where B
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Figure 4. Region of the correlations (parameters) for which the density is positive, for the polynomial
cdf of degree three, see (22). The lines indicate the possible correlations under the new copula (left),
see (23), and a specific Archimedean copula (right), see (24). For this copula most of the line is out-
side the admissible region.
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Figure 5. Scatterplot for Gumbel-Barnett copula, 0 =1 (left), and the polynomial approximation of
degree two, see (17), with r = —0.5238, r, = 0.1698 (right).

is a curve inside this set of admissible correlations. Thus, this approximation will work
for any value of the parameter 0, if the cdf is truly AMH.

9.3. Bivariate normal

The bivariate normal distribution is a probability model frequently used in the applica-
tions. If (X, Y) follows this distribution with correlation coefficient p, the uniform
transformation U = F(X), V = G(Y) provides (U, V) with cdf the Gaussian copula. We
simulate this copula for several values of p and the sample size n. Then we study the fit
to the trigonometric copula (21). Table 4 reports the correlations
r =cor(cos U, cos V), r, =cor( cos2nU, cos2nV), and the fit # measuring the max-
imum difference between the cdf’s of the Gaussian copula and the trigonometric copula
(21). Figure 3 shows that the simulations A, B, C, D can be approximated by the trig-
onometric copula. However, E and F, out of the region, reveals that the fit is not pos-
sible for both data sets.
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Figure 6. Scatterplots of the initial cancer data (left), and the same data transformed to have uniform
marginals (right).

Next, we fit the stocks data provided by the Matlab package, available with the sen-
tence load stockreturns. During the course of n =100 weeks, the change in stock prices
of 10 companies has been recorded. The first four companies are classified as primarily
technology. We choose the first and third companies as the variables X and Y, The fit
to the bivariate normal is good, see Figure 3 (left). Then the uniform transformation of
the data may follow the Gaussian copula. The trigonometric approximation, see Table
4, last line, is quite good. This stocks data set is summarized in the point S, see Figure
3 (right). S is just on the curved line. This line contains the possible values (ry,r,) for
the bivariate normal distribution.

9.4. Clayton-Oakes

The Clayton-Oakes family of copulas (Nelsen 2006) is defined by

1/

C=max(u?+v?-1,0] " ~1<0<o0

The computations of the correlation r; and r, have been obtained numerically. The
fit works for 0 between -0.5 and 1. However, for other 0 the results can provide poly-
nomial approximations which are not copulas, i.e., the density is negative for some val-
ues of 0 < u,v < 1. See Figure 2 (right). Then we should take (r{,r;) € R with smaller
Euclidean distance to (r1,7;). The fit is acceptably good, especially for intermediate val-
ues of the parameter, see Cuadras and Diaz (2012). See the life example below.

9.5. Other distributions

Here we consider the second FGM extension with ® = F?>, ¥ = G*. The associated
copula is

Co = uv+ 4 (u—1®) v—v*) + (=20 + w) (v —2v* 4+ v) (22)

The canonical functions are a; = \/5/4(3u*—1), a, = 4,/105/23(4u’—4u + 1), and
similarly by, b,. We wish to approximate the (possibly new) copula (Cuadras 2017)

uvexp { sin[0(1—u)(1-v)]}, —1<0<1 (23)
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to C,. We also approximate the Archimedean copula, Equation (4.2.12) in Nelsen (2006),

1/0) !
{1+[(u‘1—1)”+(v“—1)0] } L 0>1 (24)

to C,.
We compute r; =cor(ay, by), r, =cor(ay, b,) w.r.t. these “true” copulas. For instance,

11
r, = J J (C — uv)d[él 105/23(4u® —4u + 1)]d[4 105/23(4v* —4v + 1)]
0Jo

Some results are reported in Table 5.

The fit for the first copula is quite good. However, for this copula and the values of 0
close to —1, and specially for the Archimedean copula, the approximation C, using a
polynomial of degree 3 may provide distributions with negative mass in a region of the
support, see Figure 4. Indeed, the fit using polynomials works efficiently when the sup-
port of the true distribution is the full square [a,b] X [c,d]. The support of this
Archimedean copula is a subset of [0,1]°, see Figure 4.6 in Nelsen (2006). As in the
Clayton-Oakes cdf (see the previous section), this problem can be overcome by taking a
proper copula near to C.. See Cuadras and Diaz (2012).

Finally, we perform some simulations. Figure 5 shows a sample of points (1, v) simu-
lated from a Gumbel-Barnett copula with 0 =1 and the corresponding polynomial
approximation. The scatterplots are quite similar.

9.6. Example with life data

We illustrate the fit to the trigonometric copula (21) with the data set involving patients
of the cancer of the prostate studied in Hosner and Lemeshow (2000). This data set is
available on line: ftp://ftp.wiley.com/public/sci_tech_med/logistic/

We consider the variables Prostatic Specific Antigen (PSA in mg/ml),and Tumor
Volume (TV in cm?), labeled X and Y, respectively. There are 380 patients, but we discard
the subjects with zero TV and fit the copula to the data of the remaining 213 cases. Then
the copula related to (X, Y) fits quite well to a Clayton-Oakes copula. However, we suppose
the “true” copula unknown and fit the data to the trigonometric copula (21).

We use the Matlab function ksdensity for transforming X, Y into U, V with (0, 1) uni-
form distribution. Next, we compute the sample correlations r; =cor( cos U, cosnV),
ry =cor(cos 2nU, cos 2V) and the fit measure i = max|C,—C,|, where C, is the empir-
ical copula (see Nelsen, 2006) and 6[ is given in (21). Note that V2 cos (=U),
V2 cos (2rU), play the role of canonical functions for this copula.

For the cancer data we find

r1 = 0.1249, r, = —0.0203, n = 0.0392

The average of |Ce—6t| is 0.0076. The fit is acceptably good. Clearly (r;,r,) belongs

to the admissible region for the trigonometric model, see Figure 1 (left). Therefore, C,
is a proper copula.


http://ftp://ftp.wiley.com/public/sci_tech_med/logistic/
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Figure 6 (left) shows the scatterplo of this life data. Figure 6 (right) shows the scatter-
plot of this bivariate data transformed to have uniform marginals.
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