Taylor & Francis
Taylor & Francis Group

Communications in Statistics - Theory and Methods

communications in statistics

ISSN: 0361-0926 (Print) 1532-415X (Online) Journal homepage: https://www.tandfonline.com/loi/Ista20

On a multivariate generalization of the covariance

Walter Diaz & Carles M. Cuadras

To cite this article: Walter Diaz & Carles M. Cuadras (2017) On a multivariate generalization
of the covariance, Communications in Statistics - Theory and Methods, 46:9, 4660-4669, DOI:
10.1080/03610926.2015.1056368

To link to this article: https://doi.org/10.1080/03610926.2015.1056368

ﬁ Published online: 15 Apr 2016.

\J
C)/ Submit your article to this journal &

||I| Article views: 138

A
h View related articles &'

@ View Crossmark data (&'
CrossMark

@ Citing articles: 3 View citing articles &

Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalinformation?journalCode=Ista20


https://www.tandfonline.com/action/journalInformation?journalCode=lsta20
https://www.tandfonline.com/loi/lsta20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/03610926.2015.1056368
https://doi.org/10.1080/03610926.2015.1056368
https://www.tandfonline.com/action/authorSubmission?journalCode=lsta20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=lsta20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/03610926.2015.1056368
https://www.tandfonline.com/doi/mlt/10.1080/03610926.2015.1056368
http://crossmark.crossref.org/dialog/?doi=10.1080/03610926.2015.1056368&domain=pdf&date_stamp=2016-04-15
http://crossmark.crossref.org/dialog/?doi=10.1080/03610926.2015.1056368&domain=pdf&date_stamp=2016-04-15
https://www.tandfonline.com/doi/citedby/10.1080/03610926.2015.1056368#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/03610926.2015.1056368#tabModule

COMMUNICATIONS IN STATISTICS—THEORY AND METHODS Tavior & F .
2017, VOL. 46, NO. 9, 4660-4669 e aylor rancis

http://dx.doi.org/10.1080/03610926.2015.1056368 Taylor & Francis Group

On a multivariate generalization of the covariance

Walter Diaz? and Carles M. Cuadras®

2Department of Mathematics, Faculty of Economics, University of Antioquia, Medellin, Colombia; PDepartment
of Statistics, Faculty of Biology, University of Barcelona, Barcelona, Spain

ABSTRACT ARTICLE HISTORY
Hoeffding's lemma provides a representation of the covariance of two Received 4 November 2014
random variables in terms of the difference between the joint and Accepted 25 May 2015
marginal distributions. This article proposes a multivariate general-
ization qf the covariance between szll(nctions of bpun’ded yariation in Covariance of functions;
the semialgebra of rectangles on R*. Some applications include the Functions of bounded
covariance inequality among functions where the variables are positive variation; Given marginals;
orthant dependent. Hoeffding’s lemma; Positive
orthant dependent; Positive
quadrant dependence.

KEYWORDS

MATHEMATICS SUBJECT
CLASSIFICATION
62H20; 60E05

1. Introduction

The lemma by Hoeffding (1940) proves that the covariance between two random variables can
be obtained in terms of its joint and marginal distribution functions. This lemma was used to
prove that the correlation p between two random variables X, Y with distribution functions
F(x), G(y) is not always bounded between the values —1 and 1. Indeed, it can be shown that p
is bounded by two correlations, named minimal p~ and maximal p*, also called Hoeffding’s
correlations, which are strongly related to Fréchet’s bounds.

Lehmann (1966) proved Hoeffding’s lemma and used it in some concepts of dependence;
Jogdeo (1968) studied the multivariate version; Block and Fang (1988) used the cumulative
concept of a random vector X = (Xj, ..., Xi) to generalize the covariance with more than
two random variables; Mardia (1967) and Mardia and Thompson (1972) obtained the covari-
ance for X", Y*; Yu (1993) obtained a generalization for absolutely continuous functions of
the components of a random vector; Cuadras (2002) obtained the covariance for a couple of
functions of bounded variation; Quesada-Molina (1992) obtained the covariance for quasi-
monotonic functions; and Yu (1993) obtained the covariance for two multivariate functions.
Further extensions have been obtained by Beare (2009) and Cuadras (2015).

We propose a multivariate generalization of the covariance between functions of bounded
variation, as well as a multivariate extension of the identity proved by Cuadras (2002). We also
set up the relation between the results in Quesada-Molina (1992) and Cuadras (2002). Finally,
we obtain an inequality for the covariances among functions in the case that the random
variables are positively orthant dependent (POD).!

CONTACT W. Diaz @ walter.diaz@udea.edu.co @ Department of Mathematics, Faculty of Economics, University of Antio-

quia, Medellin, Colombia.

! Therandomvariables X, .. ., X,, are positively orthant dependentif, forall (x, . .., x,) € R", P(X] < x1,..., X, < x,) >
HLI P(X; < x;).For the bivariate case, they are called positively quadrant dependent (PQD).
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2. Hoeffding’s Lemma

Let X, Y be two random variables with joint distribution function H (x, y) and marginal dis-
tribution functions F (x), G(y). Hoeftding (1940) found the covariance in terms of the cumu-
lative distribution function

Cov(X,Y) = /Z[H(x, y) — F(x)G(y)]dxdy. (1)
R
Block and Fang (1988) generalized this result for the case of more than two random vari-

ables, providing an integral representation of the joint cumulant.? Mardia (1967) and Mardia
and Thompson (1972) proved that

Cov(X",Y%) = / [H(x,y) — F(x)G)]rsx" 'y 'dxdy. (2)
R2

Cuadras (2002) proved that if «(-) and B(-) are functions of bounded variation and their
expected values exist

Ela(X)B(Y)] — E[a(X)]E[B(Y)] = / [H(x,y) — F(x)G()]da(x)dB(y).  (3)
RrR2

Equation (3) was initially discussed by Sen (1994), when «/(x), 8(y) are monotonic func-
tions. Equation (3) provides the covariance Cov(a(X), B(Y)) and reduces to Hoeftding’s
identity for «(x) = x, B(y) = y and to Mardia and Thompson (1972) identity for «(x) = x’,

By =y
Quesada-Molina (1992) proved that if K (x, y) is a real quasi-monotonic function and con-
tinuous to the right in the sense of

AfﬁfjﬁfiK(x, y) = K(x1, y1) — K(x2, y1) — K(x1, y2) + K(x2, 2) = 0, (4)

for all x; < x, and y; < y», the distribution function of X, Y is H(x, y) and the distribution
function of X*, Y* is H*(x, y) = F(x)G(y), then

E[K(X,Y)] — E[K(X", Y")] :/ [H(x, y) = F(x)G(»)]dK(x, y). (5)
R2

In particular, if K(X, Y) = XY, Equation (5) reduces to Hoeftding’s identity (1).

Definition 1. (Vitali) A function ¢ (x, y) is of bounded variation in the rectangle [a, b] x
[c,d],ifforall pointsa=xy <x; < - <x,=bc=y, <y <--- <y, =d,thesum

m n
(xi.y7)
ZZA(Xi—le’jfl)qs(x’y)’ (6)
i=1 j=1
is bounded.
The next example shows that not all functions of bounded variation are quasi-monotone,

as Dewan and Rao (2005) said when considering Equation (3) as a particular case of
Equation (5).

2 The rth-order joint cumulant of (X1, ..., X,) is defined by
S tp-nHE[]x | < x [E]] X5 |
jevi jevp

where the sum is extended over all partitions (v1,...vp), p=1,2,...,n,0f{1,..., n}.
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Example 1. Let the function ¢ (x, y) = (x — 1/2)*(y — 1/2)* be defined in [0, 1]%. Let us con-
sider the function a(x) = (x — 1/2)% in [0, 1] of bounded variation since it is differentiable
with a bounded derivative; besides, the product ¢ (x, y) = a(x)a(y) is of bounded variation.
Let us show that ¢ (x, y) is not a quasi-monotonic function; that is to say, the inequality (4)
is not satisfied. For instance, take the rectangular region [1/2, 1] x [0, 1/2] contained in the
domain of ¢(x, y). Then

AT y) = d(1,1/2) — $(1/2,1/2) — $(1,0) + ¢(1/2,0)
=—¢(1,0) = —1/16.

3. Generalization of the covariance

In the next theorem, we extend Quesada-Molina (1992) result to the class of functions of
bounded Vitali variation of two variables in the rectangle [a, b] x [c, d]. This theorem is
related to the result by Cuadras (2002). It is worth noting that Beare (2009) also obtained
a generalization for functions of bounded Hardy-Krause variation, instead of bounded Vitali
variation considered here.

Theorem 1. Let X, Y be random variables with support in the intervals [a, b, [c, d], with joint
distribution function H (x, y) and marginal distribution functions F(x), G(y), respectively, and
let X*,Y* be random variables with joint distribution function H*(x, y) = F(x)G(y). Sup-
pose that ¢ (x, y) is a function of bounded variation in the rectangle [a, b] x [c, d] and that
E[¢(X,Y)] and E[¢(X*, Y*)] exist and are finite. Then

b pd
E[$(X. V)] — E[$ (X", Y*)] = / f (Hx,y) — FOGOdp(x ). ()
Proof. Let us consider the function

ALDP(x,y) = ¢(u,0) — p(a.v) — p(u, ©) + $(a, o),

wherea <u <b,c <v <d.Thus
ALDP(x,y) =D ALTP(x, ).

If the sum ) IAEZ::))cj)(x, ¥)| is less than any fixed positive number and besides ¢ (x, y) is
for each value of x a function of bounded variation with respect to y, and for each value of
y a function of bounded variation with respect to x, then ¢ (x, y) is a function of bounded
variation in the rectangle [a, b] x [c, d].

Let V((ﬁ’g)qS (x, y) be the upper bound of the sum ) |AEZ:S)) ¢ (x, y)|. IfY_ is expressed in two
parts ), and ) _,, where ), denotes the sum of all those terms for which A is positive and
>, denotes the sum of all those terms for which A is negative, we have that ), A¢(x, y)
and — ), A¢(x, y) have upper finite bounds denoted by Pff”ffqb(x, y) and N((ff))qb(x, ¥),
respectively.

The functions P(x, y) = P((z'cy))qb(x, y) and N(x, y) = N((jf,’f)%(x, y) are monotonic func-
tions in the sense that if x < x’, y < y/, then P(x, y) < P(x, ') and N(x, y) < N(x', ).

Hence

¢(x,y) =d(a,y) + ¢(x, ¢) — ¢p(a,c) + P(x,y) — N(x, ).

If ¢ is a function of x, of bounded variation for all x € (a, b), then ¢ (x) = f(x) — g(x),
where f(x), g(x) are increasing monotonic functions of x. Similarly, if ¢ is a function of y,
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of bounded variation for all y € (¢, d), then it can be represented as the difference ¢(y) =
r(y) — s(y) of two increasing monotonic functions of y.

Setting
P(x,y) = P(x,y) + f(x.0) +r(a,y)
and
N(x,y) = N(x,y) +g(x, ¢) +s(a, y).
Then

¢(x,y) = P(x,y) = N(x, ) — ¢(a, ), (8)

where P, N are quasi-monotonic functions, since they are the sum of a two-variable mono-
tonic function and of separable variable increasing monotonic functions (see Hobson, 1927,
p- 347). This shows that a function ¢ (x, y) of bounded variation in the rectangle [a, b] x [c, d]
can be expressed as the difference of two quasi-monotonic functions.

From the definition provided by Quesada-Molina (1992) for each one of the quasi-
monotonic functions P, N in the rectangle [a, b] X [c, d], we have that

b d
E[P(X, V)] — E[F(X*, Y*)] = / / [H(x. ) — FG)G()]dB(x, ), ©)
and
E[N(X, )] — EIN(X", Y*)] = f / [H(x.y) - FOGWIdN(.y).  (10)

Combining Equations (9) and (10) with (8) and considering Lebesgue integration induced
in the rectangle [a, b] x [c, d] by the function of bounded variation ¢ (x, y), we have

b d
E[6(X, V)] — E[¢(X", Y*)] = [ / [H(x, y) — FG)G)]da (x, ).
a c D

In a similar way to the proof of this theorem, we can obtain an extension to the multivariate
case of even dimension 2k.

Theorem 2. Let X = (X, ..., Xox) be a random vector with joint distribution function H and
marginal distribution functions F;(x;), 1 < i < 2k, defined in the intervals [a;, b;], 1 < i < 2k.
Let X* = (X}, ..., X},) be a random vector with joint distribution function H* = ]_[filﬁ(xi).
Let ¢(x1, ..., xx) be a function of bounded variation in the semialgebra of rectangles on R*,
If A is the class of non empty subsets of {1,2, ..., 2k}, suppose that E[¢ (X, ..., Xy)] and
El¢p (X;:‘EA; XiigA)] exist and are finite. Then

2E[¢(Xy, -, Xl + (D E[S (X} i X, )]
A

=/k2(—1)5“’d(““)E (TTieal i XD ] E [TTigal (i %) dp G, -, x0), - (11)
R2 A

where card(A) denotes the cardinality of A and I(u, x) = 1, if u < x, and 0 otherwise.

Proof. Any function of bounded variation ¢ (x;, . . ., x,,) in the semialgebra of rectangles on
R" can be expressed as the difference of two functions K; and K;, which have non negative
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differences of the order n; this class of functions is called n-positive, namely

for all x; < x},1 <i < n. In particular, 1-positive functions are the increasing monotonic
functions, and 2-positive functions are called quasi-monotonic functions or 2-increasing.

Following the same procedures for the proof of Theorem 1 in a space of even dimension
2k, we have that

G(x1, s x) = Kilon, - Xok) — Ko, oo xop). (12)

Prakasa Rao (1998) extended the identity of Quesada-Molina (1992) to the multivariate
case; based on this result, for every n-positive function K;; j = 1, 2

ZE[Kj(Xl, .. sz)] + Z( l)card(A)E[K ( 1¢A)]

’eA

:/kZ(—l)cadeE [TTicad i %) | E [TTigal (uir x| dK; (1, . x20). - (13)
R2 A

where ) is evaluated over all the non empty proper sets A of {1, 2, ..., 2k} and {XZ.’;A} iden-
tically distributes as {X;_,} and independently from {X; . ne
By combining (13) with (12) we get

2E[p(X1 .., X))+ Y (=D VE[D(X] ;X )]
A

/ Z( 1) dAE |:H1(M” X; :| E |:l_[1(u,~, xi)i| do(x1, ..., Xp).

ieA i¢gA 0

As a particular case, when ¢ is a function of separable variables, i.e., ¢(x1, ..., x%) =
]_[fkla (x;), we obtain a multivariate extension in even dimension 2k of the identity obtained
by Cuadras (2002).

Corollary 3. Let X, ..., X5 be independent random variables, H the joint distribution func-
tion, and F,(X;), 1 < i < 2k, the marginal distribution functions. Let a;(x;), 1 < i < 2k be func-
tions of bounded variation. If E [[ ], (X)) ] and E []_[i¢Aai(Xi)] exist and are finite, then

Z( 1)eerd(A) |:l_[a (X; )i| E |:1_[oz,-(Xi):|

ieA i¢g A
/ " Z< 1« E [gl(ul, X)} [I];Il(uu X; )} [[destwd. a9

Proof. Let X = (X, ..., Xy) be a random vector and X* = (X}, ..., X};) an independent
copy of X. Let us consider the non decreasing function I(u, x) = 1, if u < x, and 0 otherwise.
Since «; are functions of bounded variation, do;(x;) is Lebesgue integrable. Then

Xi
ai(X;) — (X)) = / do;i(u;) = /[I(“iin) — I(u;, X)do;(u;).
X* R
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Expanding the product, we have

2k 2k
[ JlewX) —ee(x)] =T { / [1(ui, Xi) — I(ws, X,-*)]dm(u»}
i=1 i=1 R
2k 2k
= [ Tl x) - 630 [Jdww. — a3)
R i=1

The terms of the product can be expressed as a sum, such that

2%
[ Jles(X) — as(X)] Z( D@ e X0 ] JeuX), (16)
i=1 icA i¢g A
and
2k
[ [, X — 1w, X)) = Z( D@ DT 1, X0 [ J1 i, X7, (17)
i=1 icA i¢gA
where the sum is performed over all non empty subsets A C {1, 2, ..., 2k}.

When replacing (16) and (17) in (15), we get

Z( l)card(A)l_[a (X)l_[a (X*

ieA igA
f {Z( DT 1 s, X0 ] [0, X7 )} [ Jdori ).
R2 ieA igA

Supposing that E []_[ie Aoc,-(Xi)] and E []_[i¢ Aoci(X,-)] exist and that the vectors X, X* are
independent, from Fubini’s theorem, we get

[Z( D@ DT Tor (X[ Jeu (X7 )}

icA igA
_ Z( l)card(A)E |:1_[Ol (X; ):| |:l_[ai(Xi*):|
ieA i¢g A
/ Z( 1@dA g |:l_[1(u,, X):| |:1_[I(u,, X) ] ]_[da ().
R2 ieA ieA

Since X, X* are identically distributed,

Z(_l)card(A)E |:1—[05i(Xi):| E |:l_[oz,~(Xi)]

A iceA i¢gA

/ ) Z( DI [HI(u,, X)} []‘[I(ui, Xlﬂ dot; ().

ieA i¢g A
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To clarify Theorem 2, let us consider the case k = 1. Then A contains all the non empty
subsets of {1, 2}, thus

Z(_l)card(A)E |:1_[ai(Xi):| E |:l_[Oli(Xi):|
A icA i¢g A
= 2(E[o (X2 (X3)] — Ela; (X1)]E[az(X3)])
= 2Cov(a; (X)), a,(X,))

= 2[ Cov[I(uy, X1), I(uy, X5) doy (uy)dors (1)
RZ

= 2/ [P(X; < up, X; < up) — P(Xy < u))P(Xy < wp)]doy (uy)day (uy)
R2

= 2[ [H(uy, u) — F (u)E(uy)] doy (uy)doy ().
R2

This result agrees with the expression for the covariance obtained by Cuadras (2002).

Example 2. Let us consider the discrete case where o (x) =sgn(x) and 8(y) = sgn(y), where
sgn(x) = 1,ifx > 0,0if x = 0 and —1 if x < 0. The differential of sgn(x) is dsgn(x) = 2, if
x = 0 and 0 otherwise. Then for any x, and y,

Cov(sgn(X — xo), sgn(Y — x)) = 4[H (xo, yo) — F(x0)G(yo)].

4. Some consequences

In this section, we obtain an inequality for the covariance of multidimensional functions of
bounded variation of POD random variables.

Theorem 4. Let X,, . . ., Xox be POD random variables with finite variance, let o;(x;) be func-
tions of bounded variation on R, whose derivative o} (x;) exists and is bounded. Then

Z(_l)card(A)E |:l_[al(Xl)j| E |:1_[O[,(Xl)i|
A

icA igA
2k
< [ T maxte] i}l D (—=1)*“LE []‘[Xl} E []‘[Xi] : (18)
i=1 A icA i¢gA

Proof. If X;, ..., X5k are POD random variables with finite variance, then each I(u;, X;); 1 <
i < 2k is non decreasing in x; for each fixed u;, thus

> (1) []‘[I(ui, X))
A

iceA

E l_[I(ui,X,-)i| > 0. (19)

Li¢gA

Replacing (19) in (14), we have

(=D DE | X)) | E| | X | > 0. (20)
3| a2 T

A ieA _ Lig A
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Assuming that o;(x;), 1 < i < 2k are functions of bounded variation on R, whose deriva-
tive o (x;) exists and is bounded, we have

Z( 1)@ A E {Ha (X)} [Hai(xo}

icA i¢gA

/ Ha (u)Z( 1)@dAE |:l_[I(u,,X):| |:H1(u,~,Xi)j| du, . .. duy
icA i¢gA

2k B
< / [ Ji maxteg @}l D (=D *WE | T 1w, X)) | E ]"[I(u,,X> duy ... duy,
R ) A

LicA _ Li¢A

2k
SElmax{ag(xi)}l/M;(_l)mrd(mE nl(u,,X) E nl(u,,X) du; ... duy

| icA Li¢.A

—1_[|max{01 Gll ()= [HX} {HX"

icA igA | O

If k =1, then
Cov(a (X)), az(X3)) < |max{oci(x1)} max{a;(xz)}ICOV(Xl, X3). (21)

Example 3. Let X, Y be uniform random variables in the interval (0, 1), PQD with joint dis-
tribution function H (x, y) = min(x, y)? (xy)'~"; 6 € [0, 1] (see Cuadrasand Augé, 1981). Let
us consider the functions of bounded variation a(x) = (x — 1/2)%, B(y) = (y — 1/2)* with
derivatives o’ (x) = 2(x — 1/2), B'(y) = 2(y — 1/2). Then

Cov(X, Y) = / (H(x, y) — F()G(y))dxdy
12
6
_ . 0 1-0 _
= /12 [min(x, )" (xy) xyldxdy = —4(4 %) (22)

and

Cov(a(X), B(Y)) = / [H(x,y) — F(x)G(y)]da (x)dB(y)
2

= 4/ [min(x, )’ (x9)"™ — xyl(x — 1/2)(y — 1/2)dxdy
IZ
_ 8 + 1 10 1
T 36—-0) (4—6) 3(5-0) 36
Since max{o’(x)} = max{f’(y)} = 1, when replacing (22) and (23) in (21), we get
8 1 10 1 0
+ — - — < .
366—0) “4—-60) 3(5—-0) 36 44-0)
Simplifying, we obtain the following inequality
B 20(8 —0) -
9(6—-60)5—-0) —

(23)

k]

valid for all 6 € [0, 1].



4668 (&) W.DIAZ AND C.M.CUADRAS

Corollary5. Let X = (Xi, ..., Xor) and X* = (X}, ..., X;,) be two POD random vectors with
finite variance, independent and identically distributed. Then

2k 2k 2k
E|[]e™ -y | <]t xE|[]x-x) |- (24)
j=1 j=1 j=1

Proof. Let o;(x;) = €%, 1 < j < 2k, the derivative a} (x;) = t;e'i*i exists. From (18) we
obtain

2k
E H(ethj _ e[jX?) — Z(_l)card(A)E l_[ethj E Hethj
j=1

A jeA j¢A

2k
= [RH H{tjefjuj}Z(_l)card(A)E l_[I(uj’Xj) E l_[I(uj,Xj) duy ... duyy
j=1 A

jeA jgA

E| . X)) | du ... duy
jgA

2k
<[]l / 2 (DHOE | [Trw, x;)
=1  JRT 4

jeA

2k 7 2k 2k
<[l e E[l_[Xj =[x e [T = x)
j=1 A 4 j= j=1

jeA igA
In particular, taking k = 1 in (24), we get
2
E l_[(etjxj _ et/'X;-k) — E[(ethl _ etle‘)(eQXz _ etzxz*)]
j=1

=2 {E [e(l1X1+thz)] _E [ethl] E [ethZ]}

= 2Cov(e"™, 7)) < 2|4 |LIE [(X; — X)) (X — X))]

= 2|06 {E[X1X0] — EIXIIE[X]) = 2|t Cov(Xy, Xo).
Therefore,

Cov (€', €7) < |1,|Cov(Xy, X,).
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