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Abstract

The purpose of the present paper is to establish artitgémvolving invariant polynomials of two matrix argu-
ments. This identity is a geradization of a well known identity that gigssraluation of the Gauss hypergeometric
fundion when the argument matrix is identity. Applications of the identity derived in this article are also given.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Distributional results of random matrices are often derived in terms of functions of matrix arguments.
Constantine ] gave the power series representation of hypergeometric functions of matrix arguments
in series involving zonal polynomials. The theory of zonal polynomials was developed in a series of
papers by James and Constantine. For applications and properties of zonal polynomials and functions
of matrix arguments the reader is referred2e4]. Davis [6,7] defined a class of invariant polynomials
with two matrix arguments extending the zonal polynomials. These invariant polynomials facilitated
multivariate analysts to derive distributions of latent roots of the non-central Wishart matrix, the non-
central quadratic form and the doubly non-cenfamatrix that they were unable to obtain using zonal
polynomials.
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In the present paper, fBection 2 we will establish an identity involving invariant polynomials of two
matrix arguments. The result is derived by equating two different solutions of an integral involving zonal
polynomials and the Gauss hypergeometric function. The first solution conjectured by Subrahn@aniam [
and poved ly Kabe ] is in terms of zonal polynomials. The second solution, derived in this article, is
in series involving invariant polynomials of two matrix arguments. Finally, using this identity and several
results on invariant polynomials, two infinite series have been expressed as simple elementary functions

2. Main result

Before establishing the identity we will introduce some notations. We adhere to standard notations.
See, for example, 1,9,6,7,10]. Throughout,x, A, ¢ and p are partitions of the nonnegative integers
k, ¢, f = k+£ andr, respectively. The zonal polynomial of the symmeirig m matrix X corresponding
to the partitionx will be denoted byC, (X). The invariant polynomial ofn x m symmetric matrix
argumentsX and Y will be denoted bycg’k(x, Y). Some of the properties and results on invariant
polynomials are given below:

CyH (X, X) = 0, Cy(X) (2.1)
where
QK’)L _ C;;’A(Im’ Im)
¢ Co(lm)
Cy(Im, 1m)C (X)
CEM (X, 1) = 65+ 22 , 29
[ ( m) [ Cqb(lm) (2.2)
CO(X,Y) = C(X),
C(X)C(Y) = D 052 05H (X, Y), (2.3)

¢peK-A

where¢ € « - A denotes that irreducible representatiorafm, R), thegroup ofm x m real invertible
marices, indexed by @, appears in the decomposition of the tensor produc22). of the irreducible
representation indexed by 2nd 2., and

/ det(R)' " ™2 det(l, — R ™V/2CH(R, I — R)dR
0<R<Im

_ Fm(t» K)Fm(U, )\') K\
SRy 05" Co(Im). (2.4)
In the above expressioliy,(a, p) is defined by

with

T j-1
@), = J.]:[lf’ (a— > >r,- : (2.6)
@r=a@+1---(a+k-1,k=12... and @p=1 27)
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wherep = (r1,...,fm),r1>--->ryn>0,r; +---+ry, =r.Note hat'h(a, 0) = I'h(a), which is a
multivariate gamma function given by

m .
j=1

(2.8)

Now, consider the following integral involving the Gauss hypergeometric function of matrix
argument:

f(2) = / det( X))~ M/ 2det(l, — X)?~™D2C, (Z(1m — X))2F1(a, by d; X)dX  (2.9)
O0<X<lm

where denotes the partition = (€1,...,¢m), €1 > -+ > €y > 0,81+ --- + £y = £, andC, (X)
is the zonal polynomial of the symmetnmia x m matrix X corresponding to the partition. The Gaiss
hypergeometric function of matrix argument is defined by

= K b K CK X
Fi@bcx) =YY (aic)( e 2 (2.10)
k=0 « ke :

where a, b, ¢ are arbitrary complex number(m x m) is a complex symmetric matrix an_,
denotes summation over all partitions Conditions for convergence of this series are available in the
literature.

It can easily be seen that for aky € O(m), f(Z) = f(HZH"). Thus integratingf (HZH’) over
the orthogonal group®(m), we obtain

f(Im)Cy(2)
Cillm)
Subrahmaniam] conjectured that

In(d) (o, ) I m(d +0 —a—Db, 1)
f(lm) = C.(Im). 2.11
) = o —anim@ro—bi ™ 1)
Kabe [B] proved this conjecture using certain identities and integrals involving functions of matrix
argument. Here we will obtain the solution by expanditg and using the definition of invariant
polynomial.
Expanding, F; in series form, and using the result ), we obtain

f(2) =

= K b K
Culln = X)zFa(abi i X)= 3 3 CHEHEC, (I = X)C, (%)
k=0 « K
= K b K K K
-3y (?c)j)(k)' 3 05 CEH X, I — X). 2.12)
k=0 « K2 pek-a

Now, substitutingZ = | and .12 in (2.9), and integrating ouX, we obtain

(@), (b), o
f(lm)_zz (d). k! & tibA

X / det(X)d‘(m“)/z det(l, — X)"—(m“)/zcg’k(x, Im — X)dX
0<X<lIm
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- (@), (b)« e \2 Im(d, k) I'm(o, )
= 0, C,(
ZZ (d)ck! 4;("’ ) Tn@to.g) U™

_ In(d) (o, ) & @0 ,0)\2
el ;;Z;A A1 o (9 ) Co(Im) (2.13)

where the dst step has been obtained by usi@dl) Equating 2.11) and .13, we get the following
result:
- @0 (1) Im(©) Im(c—a—b,2)
0,") Cyp(lm) =
2 (€)k! ( ) ¢(Im) Tm(C—a, A)Im(C— Db, %)

Ci(lm) (2.14)

k=0 « ¢ek-r
where Réc—a) > (m—1)/2— £, Re(c—b) > (m—1)/2— ¢, andc = d+o. Note hat forh = 0, the
left-hand side reduces to a Gauss hypergeometric function and we get the following well known result as
a oorollary of the above identity:

I'm(©)I'm(c—a—Db)
Fi(a,b;c; lm) = ) 2.15

2 1(a~a ’C’ m) Fm(C—a)Fm(C—b) ( )
Thus .14 can be considered a generalization Bfl§). The identity .14 can be used to express
several infinite series involving invariant polynomials in terms of elementary functions. Multiplying
(2.14 by (c — a),(c — b), /(c — a — b); £! and summing overix and¢, we obtain

i i 3 Z — a),(c— b); @), (0), [C5 " (Ims 1m)1?

(c—a—h)L!  (C)uk! Cy(Im)

=0 k=0 1 Kk ¢ek-2r

_ Im(©Im(€c—a—h) & ZZ CA(Im) _ Im(©)Im(c—a—b) expm).

~ I'm(c—a)lm(c— b) <= "~ I'm(c—a)m(c—b)
Further, multiplying €.14) by (c — a), /¢! and sunming overi and¢, we arive at
i i Yy (€ — a); (@), (b), [Ch* (I, Im)T?
(=0 k=0 X « ¢ek-r el (C)¢k! Cy(Im)
_ I'm(©Im(c—a—b)
- Im(c—a)lm(c—b);

Finally, it may be remarked here that a number of results can be obtained by suitably multiglylifg (
and sunming overi and<.

Fi(c—a—-b;c—b;Ily).
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