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Abstract: In this article, we give a generalization of the Dirichlet type 1
distribution. This generalization is based on the Lauricella’s type B hypergeo-
metric function. We also study several of its properties.
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1. Introduction

The random variables Uy, . .., U, are said to have a Dirichlet type 1 distribution
with parameters ay,...,an;an+1, denoted by (Uy,...,U,) ~ Dl(ai,..., ap;
an+1), if their joint probability density function (p.d.f.) is given by

1—\ 7’1+1 a n 1 n ant1-1
Z\Lai=1 ) a;— .
HnJrl F H ui 1- Z % 5
i=1
n
w;>0, i=1...,n, Y u<l (L1)
i=1
The Dirichlet type 1 distribution is primarily used as a conjugate prior distri-
bution for the multinomial distribution parameters. Dirichlet random variables

are good candidates for random weights since their beautiful stochastic repre-
sentation in terms of gamma random variables and their sum is automatically

Received:  April 14, 2014 (© 2014 Academic Publications, Ltd.

url: www.acadpubl.eu

§Correspondence author



90 D.K. Nagar, A. Gémez

one, which has applications in Bayes bootstrap method. The Dirichlet type 1
distribution has been studied extensively, for example, see Kotz, Balakrishnan
and Johnson [1], and Gupta and Nagar [2].

In this article, we give a generalization of the Dirichlet type 1 distribution.
This generalization is based on the Lauricella type B hypergeometric function
and thus will be called Dirichlet-Lauricella type B distribution. In Section 2,
we give definitions of Lauricella type B and type D hypergeometric functions.
We define Dirichlet-Lauricella type B distribution in Section 3. Section 4, deals
with several properties such as marginal densities and joint moment.

2. Preliminaries

The Pochhammer symbol (a), is defined by (a), = a(a+1)---(a + n — 1)
= (a)p—1(a+n—1) for n = 1,2,... and (a)g = 1. The Appell-Lauricella
hypergeometric functions of several variable are generalizations of the classical
hypergeometric function of one variable. Appell’s name is usually associated to
the two variable case, whereas the case of more variables is usually ascribed to
Lauricella. In this section, we define the Lauricella hypergeometric functions
F](B") and F](jn) of several variables. For further results and properties of these
functions the reader is referred to Srivastava and Karlsson [8], and Prudnikov,
Brychkov and Marichev [7, Sec. 7.2.4]. The Lauricella hypergeometric functions

Fl(?") and Fgl) are defined in multiple series as

Fl(?n)(al, ces b1y by, 2n)
o0 ) )
b ) e (D) B In
— Z (al)Jl (an)']n( 1)'31 ( n)jn Z,ll Z:"' , max{|z1,..., |z} <1
J1see,Jn=0 (C)]1+---+]n gl gt
(2.1)
and
Fg")(a,bla-"7bn§c§2’1,-..,zn)
[eS) ) '
@i (b1)sy oo (by)i 20t 2
Z (a)j+ +J"‘( 1)]1‘ (bn)j,, ,1' ,”', max{|z1],...,|zn|} < 1,
J1s-dn=0 (€)1t n il gnl
(2.2)
respectively.

If n = 2, then these functions reduce to Appell hypergeometric functions
F3 and F1, respectively. For n = 1, they reduce to the Gauss hypergeometric
function o F.
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By writing (), +-+jn = (€)jpattjn (CHTrs1+ -+ Jn)ji4oi, L S 7 <

(n)

n (2.1), the Appell hypergeometric function Fj~ can also be expressed as

F](gn)(al,...,an,bl,...,bn;c;zl,...,zn)
— i (ar+1)jr+1 T (an)jn (bT+1)jr+1 T (bn)jn Zf"i:ll A
Ers— ol

X Fg)(ah...,ar,bl,...,br;c—i—jrﬂ o Fnian e 2) (2.3)

n)

The integral representation of F é is given by

Fl(?n)(al,.. A, b1, bz, (2.4)

5 / / Hz R D ui)C_ZLIGi_lﬁdu.
[T T(a)T(c = >0 aq) [T (1 — zu;)b "

©1>0,...,un>0 =1
I_Eizl u; >0
where Re(a;) >0,i=1,...,n, Re(c—a; —--+-—a,) >0 and |arg(l — z;)| < 7,

1=1,...,n
The Lauricalla hypergeometric function Fp has integral representation

_ c—a—1
(n) I'(c) Put (1 — )

F cenybpiezr, oo 2y) = = du, (2.5
5 (a,bi, bz Zn) ONCEN R T u, (2.5)

where Re(c) > Re(a) > 0 and |arg(l — z;)| <m,i=1,...,n.

3. The Dirichlet-Lauricella Type B Distribution

We define the Dirichlet-Lauricella type B distribution as follows.

The random variables Uy,...,U, are said to have a Dirichlet-Lauricella
type B distribution with parameters a1, ...,a,;c;dy1,...,dy;01,...,0,, denoted
by (Ur,...,U,) ~ DLB(ay,...,an;c;d1, ..., dn;01,...,0,), if their joint p.d.f.
is given by

P | R D O S
II@ 1( 91“)

n
,ui>0,i:1,~',n,2ui<1,

(3.1)
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where a; > 0,...,a, >0, c—>." ja; >0and [0;] <1,i=1,...,n. The
normalizing constant Kp in (3.1) is given by

alfl n Ne—>iai—1 n
Kg 1_ / / Hz 1Y (1 Zz‘:1 uz)' du
[Limi (1 — Gius) ZHl

_ H?:l F(ai)F(C —Dieg @) Fj(gn)(

al,...,an,dl,...,dn;c;Hl,...,Gn),
(3.2)

where the last line has been obtained by using (2.4). For n = 1, the above p.d.f.
reduces to a generalized beta type 1 p.d.f. given by

I'(c) uf (1 = wy)om !
F(al)F(c—al)gFl(al,dl;c; (91) (1 —91U1)d1

where ¢ > a1 > 0, —1 < #; < 1 and 9F] is the Gauss hypergeometric function.

The generalized beta type 1 distribution has been studied by Nagar and Rada-

Mora [5], Libby and Novic [3], Pham-Gia and Duong [6]. Further, for n = 2,

the p.d.f. in (3.1) slides to a generalized bivariate beta type 1 p.d.f. defined by
(Nadarajah [4]),

, 0 <up <1,

['(c)
['(a1)T(a2)l'(c — a1 — a2) F3(a1, a2, di, dg; ¢; 01, 02)

ui'” ! ug®~ 1(1—U1—U2)

(1 — 91U1)d1(1 — 92U2)d2
where a; > 0, a3 > 0,¢c> a1+ as, -1 <6 <1, =1 <0y <1 and Fj3 is the
third hypergeometric function of Appell.

c—aj—as—1

yup >0, ue >0, up +ug < 1,

4. Properties

This section gives several properties of the Dirichlet-Lauricella type B distribu-
tion.

Consider the transformation Z; = (1 —377_; U)W, i =s+1,...,n
Then, u; = (I—Z] 1 Uj)%, 1 = s+1,...,n with the Jacobian J(ust1,...,u, —
Zstlye-os2n) = (1— 23:1 uj)" o Substltuting appropriately in (3.1), the joint
p.df. of Uy,...,Us, Zst1,...,%Z, is given by

Kp ) D D ) L | IR € D D ) L il
[T (1 — Oiuy) % [l i [l = Ozl = 325 uy)] 7
(4.1)
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where u; > 0,i=1,...,8,% 7 ju; <1l,z;>0,i=s+1,...,nand 31" 2 <
1.

First, we find the marginal p.d.f. of Uy, ..., Ug by integrating out zs41,..., 2,
from the joint p.d.f. of Uy,...,Us, Zs41,..., 2, as

[ | D D) e e
’ T (1= b

/ / [T s+1 D DR ) ﬁ dz;.  (4.2)
Z s+1[ sz( _ijluj)]di i=s+1

2s+1>0,...,2n,>0
zi=s+l zi<1

(n)

Now, using the integral representation of Fp
marginal p.d.f. of Uy,...,Us as

LT v I e
Hf:l( ‘91“1)

c—iai;&;“(l—iui>,...,0n<l—iui>>, (4.3)
i=1 =1 i=1

where u; >0,7=1,...,s, > ;u; <1 and

given in (2.4), we derive the

n—s
Fé )<as+17"'7an7d8+17"'7dn;

i D)l (c— Y251 ai) (n
Kgll = [iei Tla )FEC) iz @ )Fé )(al, e, Gy, dy, dp;c;01,...,0,).
c

It is interesting to note that the marginal p.d.f. of Uj,...,Us does not
belong to the Dirichlet-Lauricella type B family of distributions and differs by
an additional factor containing the Lauricella hypergeometric function F.

Further, making the transformation Z; = (1-U,)~'U;, i =1,...,s—1 with
the Jacobian J(u1,...,us—1 — 21,...,2s-1) = (1 —us)*"! in (4.3), the joint
p-d.f. of Zy,..., Zs_1 and Uy is derived as
ugr (1= ) T A (= 30 )R

i=1%i

(1- ‘98“8) Hz‘:l (1 —0;izi(1 — ug)]%

S
(n—s) . E .
XFB as+17°°°7an7d8+17°"7dna6_ Qg
=1

1 s
zl-> yevey On(1 — uy) <1—
1 i

KBl

|
—

S

(95+1(1 — ’LLS) (1 —

Il
—

7
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where 0 < ug <1, 2 >0,i=1,.. — 1, and ZZ 1 % < 1. Now, expanding

Fgﬁs) using (2.1) and integrating U,...,us—1 by applying (2.4) in the above
p-d.f., the marginal p.d.f. of Uy is derived as

u(;s_l(l o us)c—as—l

Ko i (as+1)jurs " (@n)jn (dst1)joyy - (dn)j,

(]. — Hsus) oitrjn=0 (C — Cls)js+1+...+jn

9]5+1 . 0]71 ) _

%(1 —u )]5+1+”'+]"F§ V(ar, .. as 1,d, .. ds1;

C+]s+1 + - + as;‘gl(l - us) 7‘9n(1 - us))u
where
_ I'a)'(c —a
Kl = ( S)r((c) S)Fg”)(al,...,an,dl,...,dn;c;el,...,en).

Finally, rewriting the infinite series involving the Lauricella function by using
(2.3), the p.d.f. of Us is derived as

u?s_l(l — US)C_QS_IF(nfl)

KBQ 1_9 ds B (a17"'7a’8717as+17"'7an7d17"'7d8717d8+17"'7dn;
sls

c—ag;01(1 —ug), oo 0s—1(1 —ug), 0s11(1 —us), ..., 00(1 — uy)).

The marginal joint p.d.f. of Zs14,...,Z, is given by

n n =3 iy ai—l
Kp H P (1— Z Zz>

i=s+1 i=s+1
/ / [ “qi_l(l — > ;)¢ 2= @i Hd
U;
d i
u1>0,.. ug>01_‘[l 11_0@6@) Hz s+1[1_ezz(1_zl 1UZ i1
EZ L ui<l

Now, writing

n S —d;
H ll—Hizi (1—21@)]
1=s5+1 i=1

[e. 9]

. 3 Js+1t+in
= > (ds1)jesr = (dn)j O 2541} - (Onzn)™ (L iu )
Jn=0 jS'H! " Jn! i=1 Z

Jst+1seees
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and integrating ui,...,us—1 by applying (2.4) in the above p.d.f., the marginal
p.d.f. of Zsi1,..., 72, is derived as

n n =i ai—1
KB3 H Z?i_l (1— Z Zz>

i=s+1 1=s+1

% i (C - Zf:l ai)j5+1+---+jn (d8+1)j5+1 T (dn)]n (05+lzs+1)js+l T (enzn)]n

Jst1sedn=0 (C)js+1+---+jn Jsr1! e dn!

< F$)ay,. .. agdy,. .. dgc+ japs+ o+ jnif1, ... 00),

where

K-l Hzn:s—i—l ['(a;)l(c — Z?:1 a;)
B [(e =2 ai)

It is well known that if (Uy,...,Uy) ~ D1(a1,...,ap;¢— > ;" a;), then

( Ur Un—1
Z?:l Uil Z?:l Ui
and the sum ) " ; U; follows a beta type 1 distribution with parameters )", a;
and ¢c— Y " | a;. In the next theorem, we derive similar result for the Dirichlet-
Lauricells type B distribution.

Theorem 4.1. Let (Uy,...,U,) ~ DLB(ay,...,an;c;d1, ..., dp;01,...,60,)
and defineU =" | U; and X; =U;/U, i =1,...,n—1. Then, the joint p.d.f.
of Xq,...,X,,_1 is given as

n—l n—1 an—1
(S0, a)l(e = Y0 a, o
K = Lis i 1- i
B L(c) H ZZ:x

F](S”)(al,... sy, dy, ... ,dn;C;Hl,... 7(971)

> ~ Dl(ay,...;an)

x Fp) (Z%dl,---,dn;C;QNCh--- On—12n-1,0 (1_290@))’
=1

where x; > 0,1 =1, .. -1, ZZ 1 «; < 1. Further, the p.d.f. of U is derived
as

Hnﬂ F(ai) noai—1 -5 a;i—1
Kp 1= " uzz':l Qi (1 —u)¢ Doi @i
ICr, @) )

n
XFén) (a17"'7an7d17”’7dn;za’i;91u7~n79nu> ) 0<u<l
i=1
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Proof. Substituting u; = ux;, i = 1,...,n — 1 and u, = u(l — Z?:_ll x;)
with the Jacobian J(u1,...,u, — 21,...,Tn_1,u) = u™ ' in the joint p.d.f. of
(Uy,...,U,), we get the joint p.d.f. of (X1,...,X,,—1) and U as

B x. " — X — — ,
i=1 ' i=1 Z H?:f(l - Hixiu)di [1— Opu(l — Z?:f xi)]d”

where z; > 0,i=1,.. -1, ZZ 1 ¢; <land 0 <u < 1. Now, integrating u
in the above expression using the integral representation of Fpp given in (2.5),
we get the desired result. Further, writing

dn j Hnu J

=0

the joint p.d.f. of (X1,...,X,—1) and U is rewritten as

ntji—1
o'} n— lmaZ (1 o 7'1_—11,)(1
KBuZzy';lal (1 u 2= 1%712 nu ‘7 H’ 1 . Zz—l ;
[I2 (1= Oiwu)™

Now, integrating x1,...,z,—1 in the above expression by using (2.4), we get
the marginal p.d.f. of U as

" ai— 5 a1 xem (dn)(0nu) TIR T(an)T (an + 4)
K uZz:l aq 1 1 — U ¢ 21:1 a; 1 ( J - =1 - .
’ e 2 T, @i+ )

n
X F(n b (al,.,.,an—l,dl,---7dn—1;zai+j;01u7-'-70n—1u> ’ 0<u<l
=1

Finally, re-writing the infinite series by applying (2.3), we get the desired result.

By definition, the product moments are obtained as

/ / Hz 1 uaﬁn (1 - Z i=1 ui)FZi:larl ﬁdui

UTZ
[T, (1= Gu;)%

u1>0,...,up,>0
S ui<l

_ DI, Tai +7)
F(e+r) [T L)
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F](Sn)(al—|—7"1,...,an—|—rn,d1,...,dn;c—i—r;é?l,...,é?n)
Fén)(al,...,an,dl,...,dn;C;Hl,...,Hn)

i

where r = > | 5, Re(a; + 1) > 0,i=1,...,n and Re(c+r) > 0. Further

h n
n anl u"li_l (1 - ZnZI ui)chthi:l a;—1 n
E 1 - ; g “ e 7 7 i A
( 2 UZ) /] T (1 ) [] du

w1 >0,...,un >0 i=1
>iey ui<l

_D(l(c+h =300 ai)

F(c+h)(c—>" a;)
ng)(al,...,an,dl,...,dn;c+h;91,...,9n)
F](gn)(al,...,an,dl,...,dn;c;Hl,...,Hn) '
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