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VERTEX-DEGREE-BASED TOPOLOGICAL INDICES OVER
TREES WITH TWO BRANCHING VERTICES

R. CRUZ!, C. A. MARIN!, AND J. RADA!

ABSTRACT. Given a graph G with n vertices, a vertex-degree-based topological
index is defined from a set of real numbers {¢;;} as TT (G) = > m;; (G) ¢ij, where
mi; (G) is the number of edges between vertices of degree ¢ and degree j, and the
sum runs over all 1 <i < j <n—1. Let Q(n,2) denote the set of all trees with n
vertices and 2 branching vertices. In this paper we give conditions on the number
{®i;} under which the extremal trees with respect to T'I can be determined. As a
consequence, we find extremal trees in € (n, 2) for several well-known vertex-degree-
based topological indices.

1. INTRODUCTION

Topological indices are molecular descriptors which play an important role in the-
oretical chemistry, especially in QSPR/QSAR research ([4,13] and [14]). Among all
topological indices one of the most investigated are the so-called vertex-degree-based
(VDB for short) topological indices, defined for a graph G with n vertices as
(1.1) TI(G)= Y, mypy,

1<i<j<n—1
where m;; is the number of edges of G joining a vertex of degree ¢ with a vertex of
degree j and {y;;} is a set of real numbers. Several well-known VDB topological
indices in the literature are obtained by different choices of the numbers {¢;;}. For
example, for the First Zagreb index ¢;; = i+ j [12] , for the Second Zagreb index
w;; =iy [12], for the Randi¢ index ¢;; = % [21], for the Harmonic index ¢;; = %
[24], for the Geometric-Arithmetic ¢;; = 2){’? [22], for the Sum-Connectivity index

(2
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Vi = \/ZITJ [25], for the Atom-Bond-Connectivity index ¢;; = ,/% [5] and for

the Augmented Zagreb index ¢;; = (Z +§?;2)3 [6]. A more complete list thereof can
be found in [7] and [8]. For recent results on VDB topological indices we refer to
[1-3,7,8,11,18-20,23].

Let €2 (n,4) denote the set of all trees with n vertices and ¢ branching vertices. The
problem of finding extremal values of a topological index over the set of trees with
exactly one branching vertex (i.e., starlike trees) was solved for the Wiener index
[10], the Hosoya index [9], the Randi¢ index or more generally, for vertex-degree-
based topological indices [1]. Moreover, the extremal values of the Hosoya index over
trees with exactly 2 branching vertices can be deduced from [17]. See also [16] for
the Wiener index. The double star S, , is a tree with p 4+ ¢ = n vertices with two
branching vertices with degrees p and ¢ respectively and p + ¢ — 2 pendant vertices.
If |p — g| < 1 then the double star is said to be balanced. In [15] is reported that the
balanced double star is the tree with the maximum general Randi¢ index among all
trees of order n > 8 for a € [2,+00). Also, the double stars S,,_22 and S,,_3 3 are the
trees with the second and the third minimum zeroth-order general Randi¢ index for
0 < a < 1 and the second and the third maximum zeroth-order general Randi¢ index
for v < 0 or v > 1 respectively [15].

It is our interest in this paper to give a general criteria to decide which trees in
2 (n,2), minimize and maximize T'I. We denote by S (a1, ..., a,;t;by,...,bs) the tree
with two branching vertices of degrees r + 1, s+ 1 > 2 connected by the path P;, and
in which the lengths of the pendant paths attached to the two branching vertices are
ai,...,a,. and by, ..., by respectively (see Figure 1). Let Q;(n,2) be the set of all trees

ay by
P\" L ; 12:
N \\ ki -/ 1
A X:.Pbs
e N

IS
3
S

')

FIGURE 1. The tree S(ay,...,a,;t;b1,...,bs) in Q(n,2).

in Q(n,2) in which each pendant path has length 1 and Q?(n, 2) be the set of all trees
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in (n,2) such that the branching vertices are connected by an edge. Note that

Q(n,2) =< S(z;t;y)=S(,..., 5t 1,.... )} cx+y+t=ny,

x y
0?(n,2) :{S(al,...,ar;2;b1,...,b5)} : Zai+ij+2:n}.
i=1 j=1

In sections 2 and 3 we consider the problem of finding extremal trees with respect
to VDB index T'T over Q4 (n,2) and Q?(n,2) respectively. In Theorems 2.1 and 3.1 we
give conditions on the number {¢;;} under which the trees with extremal 7’1 values
over Q(n,2) and over Q%(n, 2) respectively, can be determined.

Finally, in section 4 we show that under certain conditions on the number {¢;;}, one
of the extremal values of the VDB index T'I over the class of trees with two branching
vertices is attained in a tree of the class §21(n,2) and the other one is attained in a
tree of the class Q%(n,2) (see Theorem 4.1). As a consequence, in Corollary 4.1 we
find extremal trees for the First Zagreb index, the Second Zagreb index, the Randié¢
index, the Harmonic index and the Sum-Connectivity index. Also we find the maximal
tree for the Atom-Bond-Connectivity index and the minimal tree for the Augmented
Zagreb index.

2. EXTREMAL VALUES OF VDB TOPOLOGICAL INDICES OVER 4 (n,2)

First we consider the set of double stars S(z;2;y) = S(1,...,1;2;1,...,1), where
——— —_———

x Yy
2<zx<n—4,rz+y+2=mnandn >6. The value of the VDB index T'I of double
stars is

(2.1) fi(@) =TI (S(z;2;y) = 21041 + Pat1yr1 T YPLyt1-

In the next proposition we give conditions on the numbers {¢;;} under which the
extremal double stars with respect to VDB index T'I can be determined.

Proposition 2.1. Let T1 be a VDB topological indez defined as in (1.1) and assume

that fi(x) is increasing (decreasing) for 2 < x < V‘T_QJ, where n > 6. Then the

double star with minimal (maximal) T1 value is S (2;2;n —4) and the double star

with mazimal (minimal) T'I value is the balanced double star S ({%J ; 2; [”T_QD

Proof. Tt is sufficient to note that, for 2 < z < {"—’QJ andy =n—2—uz, fi(x) = fi(y).

2
Then, if fi(z) is monotone for 2 < x < {%J, then the extremal values of f;(z) are

attained in z = 2 and x = {%QJ O
We apply the previous proposition in order to find extremal double stars with
respect to well-known vertex-degree-based topological indices.

Corollary 2.1. Among all double stars of order n > 6:
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(a) the Randié index, the Sum-Connectivity index, the Geometric-Arithmetic indez,
the Harmonic index and the Augmented Zagreb index attain the minimal value
in the double star S(2;2;n —4) and the mazimal value in the balanced double
o (1237

(b) the First Zagreb indez, the Second Zagreb index and the Atom Bond Connec-
tivity index attain the maximal value in the double star S(2;2;n —4) and the

minimal value in the balanced double star S (VTQJ ;1 2; {%‘ﬂ)

Proof. For each index in Corollary 2.1 it can be verified that the function f;(z) is
continuous in [2,n — 4] and differentiable in (2,n — 4).
For all VDB topological indices in part 1 of Corollary 2.1, we obtain that f{(z) > 0

if 2 <2< ™2 <y <n—4. It implies that

1) = htn-1 < he) < 1 (M57),

2
for 2 < x < n — 4 and the result follows.
On the other hand, for all VDB topological indices in part 2 of Corollary 2.1, we
obtain that fi(z) < 0if 2 <z < %52 <y <n —4. It implies that
n—2
1@ = filn= 0 = @) > £ ().
for 2 < x <n — 4 and the result follows. OJ

Next we consider the set of trees of the form S(z;3;y) = S(1,...,1;3;1,...,1),
———— —_———

x Y
where 2 <z <n -5 z+y+3=mnandn >7. The value of the VDB index T'I of
S(x;3;y) is

(2.2) fo(z) =TT (S(;3;y)) = 201241 + P2241 + P2yt1 + YP1y11-

Conditions on the numbers {¢;;} under which the extremal trees of the form S(x; 3;y)
with respect to VDB index T'I can be determined are presented in the following

Proposition 2.2. Let T'1 be a VDB topological index defined as in (1.1) and assume
that fo(x) is increasing (decreasing) for 2 < x < VT_BJ where n > 7. Then the tree
of the form S(x;3;y) with minimal (mazimal) T'I value is S (2;3;n —5) and the tree

with maximal (minimal) T1 value is S (VT_E}J 7 3; PLT_?)D

Proof. The proof is similar to the proof of Proposition 2.1. 0J
The results of applying conditions in the previous proposition to the topological
indices listed in Proposition 2.1 are presented in the next

Corollary 2.2. Among all trees of order n > 7 of the form in S(x;3;y):

(a) the Randié index, the Sum-Connectivity index, the Geometric-Arithmetic index
and the Harmonic index attain the minimal value in S(2;3;n — 5) and the

mazimal value in S Q”T_?’J - 3: [nT—SD)
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(b) the First Zagreb index, the Second Zagreb index, the Atom Bond Connec-
tivity indexr and the Augmented Zagreb index attain the minimal value in

S Q”—_?’J : 3; [”—_3}) and the mazimal value in S(2;3;n — 5).

2 2

Proof. For each index in Corollary 2.2 it can be verified that the function fo(z) is
continuous in [2,n — 5] and differentiable in (2,n —5).

For all VDB topological indices in part 1 of Corollary 2.2, we obtain that f}(z) > 0
if2<x< ”T_?’<y<n—5. It implies that

£22) = foln = 5) < fo@) < £ ("57),

for 2 < x <n — 5 and the result follows.
On the other hand, for all VDB topological indices in part 2 of Corollary 2.2, we
obtain that fj(z) < 0if 2 <z < 5% <y <n —5. It implies that

£22) = oln = 5) 2 fo@) 2 £ ("5,

for 2 < x <n —5 and the result follows. O

Now we find the extremal trees with respect to vertex-degree-based topological
index T'T over y(n,2). Let4 <t<n—-4,2<zx<n—-t—-2, z+y+t=n,n>8and

fa(w) =TI(S(x;t;y)) = TI(S(x+1;t = 1;y))
(2.3) = (P2041 = P2012) T (2 + 1) (Pra41 — Pra42) + (P22 — Pre4) -
Theorem 2.1. Let T be a VDB topological index defined as in (1.1) and n > 8.
(a) If f3(x) <0 for all2 <x <n—6, fa(x) is decreasing for 2 < x < V‘T’?’J and
fi(z) is decreasing for 2 < x < {”T’QJ, then the minimal tree in Qy(n,2) with
respect to VDB index T'I is
S(2;n —4;2), if 4013 + 223 + (1 — T)p22 < f1 %2 ;
{ S(VT_QJ;Z [nT_QD, if49013+29023+(n—7)s022>flé ;

while the maximal tree is

{ S22in—4), if f1(2) 2 f(2),

n—2
2 )

S(2;3;n—5), if f1(2) < f2(2).

(b) If f3(z) >0 for all2 < x <n—6, fo(x) is increasing for 2 < x < {%?’J and

n—2

fi(x) is increasing for 2 < x < {TJ) then the minimal tree in Q1 (n,2) with
respect to VDB index T'I is

{ S(252n—4), if 1(2) < f2(2),
S(2;3;n—5), if f1(2) > f2(2),
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while the mazimal tree is
S(2;n — 4;2), if 4p13 + 2003 + (n — 7)oz > f1 (%52)
S ([%ZJ ;25 PTJD , if 413+ 2093 + (0 — T)par < f1
(c) If f3(x) >0 for all2 < ax <n—6, fo(x) is decreasing for 2 < x < VT_BJ and

fi(z) is increasing for 2 < x < {"T”J, then the minimal tree in Qy(n,2) with
respect to VDB index T'I is

{ S(2;2;n — 4), if f1(2) < fo g;”; ,
S(|%2]:3:|%52]), FA@) > f
while the maximal tree is
S(2;n —4;2), if 4013 + 2023 + (1 — T) 22 > f1 %2 ;
{ S(VT_QJ;Z [nT_QD, if49013+29023+(n—7)s022<flé ;

Proof.  (a) If f3(x) <O0forall 2 <z <n-—6, fo(z) is decreasing for 2 < z < {@J

n—2
2

n—3
2 )

n—2
) -
2
and fi(z) is decreasing for 2 < z < VLTQL by relation (2.3) and Propositions
2.1 and 2.2 we obtain

12(2) = TI(S(23in = 5)) > fo(w) = T1(S(x:33)) > T1(S(w; ;)
>TI(S(2;n —4;2)) = 413 + 2003 + (1 — 7)o,
f1(2) = TI(S(2;25n = 4)) > TI(S(2;25y)) = fil) > fi (n§2> ,

and the part 1 is proved.
(b) The proof is obtained as in part 1 by reversing inequalities.

(c) If f3(x) > 0forall2 <ax <n-—6, fy(r)is decreasing for 2 < z < {%’?’J and

J, by relation (2.3) and Propositions 2.1

n—2

fi(z) is increasing for 2 < z < { 5

and 2.2 we obtain
~3
1, (” - ) < folw) = TI(S(x;3:9)) < TI (S(z: t:9))
<TI(S(2;n—4;2)) = 4dp13 + 293 + (0 — 7)o,

f1(2) =TI(S(22;n—4)) <TI(S(7;2y)) = filz) < fi (n 5 2) 7

and the part 3 is proved. U

We apply the previous theorem in order to find extremal trees in €;(n,2) with
respect to well-known vertex-degree-based topological indices.

Corollary 2.3. Among all trees in Q1 (n,2) with n > 8:

(a) the Randi¢ index, the Sum-Connectivity indez, the Geometric-Arithmetic index
and the Harmonic index index attain the minimal value in the tree S(2;2;n—4)
and the maximal value in the tree S(2;n — 4;2);
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(b) the First Zagreb indez, the Second Zagreb index and the Atom Bond Connec-
tivity index attain the minimal value in the tree S(2;n — 4;2) and the mazimal
value in the tree S(2;2;n — 4);

(c) the Augmented Zagreb attains the minimal value in the tree S ( ”_3J ; 3; {”7_3})

and the maximal value in the tree S Q”T_QJ ; 2; {”T_ﬂ) 2

Proof. For all the indices in part 1 of Corollary 2.3 it can be verified that f3(z) > 0
for all 2 < x <mn — 6. Moreover, by the proofs Corollaries 2.1 and 2.2, the functions
fi(x) and fy(x) are increasing. It is easy to verify that for all these indices

f1(2) <£2(2),

n—2
413 + 2093 + (N — 7)o Zfl( 5 >>

for all n > 8. Then, by Theorem 2.1 the minimal tree is S(2;2;n—4) and the maximal
tree is S(2;n — 4;2).

For all the indices in Part 2 of Corollary 2.3 it can be verified that f3(z) < 0 for all
2 < x < n — 6. Moreover, by the proofs Corollaries 2.1 and 2.2, the functions f;(z)
and fo(x) are decreasing. It is easy to verify that for all these indices

f1(2) 2 12(2),
n—2
413 + 2093 + (0 — T)ipar < f1 < 5 > )
for all n > 8. Then, by Theorem 2.1 the minimal tree is S(2;n — 4;2) and the
maximal tree is S(2;2;n — 4).
For the Augmented Zagreb index, it is easy to check that f3(z) > 0 for all x > 0.

By the proofs of Corollaries 2.1 and 2.2, the function fi(x) is increasing while the
function fy(x) is decreasing. It can be verified that

f1(2) 2 fo <n ; 3> ;

413 + 2093 + (0 — T)ip2r < f1 (n ; 2) ;
for all n > 8,. By Theorem 2.1 the minimal tree is S Q”T’?’J ;1 3; PT%D) and the
maximal tree is S (VT’QJ ;1 2; PZTQD U

3. EXTREMAL VALUES OF VDB TOPOLOGICAL INDICES OVER Q?(n, 2)

In order to find the trees with extremal T'I values over Q?(n,2) we compute the
differences between T'I indices of trees of the form S(ayq,...,a,;2;by,...,bs), where
n > 8.

Let S(ay,...,a.,y) = S(a,...,az,1,...,1;2;by,...,b,_1), where z,y > 0, x +y >

N

y
2 and z > 3. In the case of > 1, we assume that a; > 2 foreach i =1,..., x.
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For x > 1,y > 1 and z > 3 we have
falz,y,2) =TI (S(ay,...,az,y)) —TI(S(a1,...,a, + 1,y — 1))
= (Pzztyt1 — Peaty) T T (P2z1yr1 — P2aty)
(3.1) + Y (Pratyr1 — Praty) T (Praty — ©22) -
For x > 0, y > 2 and z > 3 we have
fs(x,y,2) =TI (S(ay,...,az,y)) —TI(S(a,...,a:,2,y —2))
= (Pratyt1 = Peaty) T T (P2a1yr1 — P2ary)
(3.2) + Y (Praetyt1 — Praoty) T (2P100y — P12 — P2o4y) -
For z > 3 and z > 3 we have
fo(z,2) =T1(S(a,...,az-1,a.)) —TI(S(a,...,a,—1+ az))
(3.3) = (Prat1 = Pop) T2 (Y2011 — P2.2) + (P20 + P12 — 2002) -

Let A and X be arbitrary connected graphs with at least two vertices. For each
t=2,...,n— 23, consider the path-coalescence graphs AX,,, and fori=2,...,n—2
the path-coalescence graphs X, ;, depicted in Figure 2, where n > 5.

0O O

n PR i_‘_l 7: o e 1 n P Z o o 1
AXiy1, X

FIGURE 2. Path-coalescence graphs AX;,; and X, ;.

Now we compute the difference between the vertex-degree-based topological index
TI as in (1.1) of introduced path-coalescence graphs. Let = be the degree of the
vertex ¢ and y the degree of the vertex ¢ + 1 in AX;;; ;. Similarly, x is the degree of
the vertex x in X,, ;. For 3 <¢ <n — 2 we have:

(3.4) TI(Xpi) =TI (Xn2) = (020 — p22) + (012 — 012) = fr(T)
and for 3 <i <n — 3 we have
(3.5) TI(AXip1;) —T1(AX32) = (02 — 022) + (012 — Y1) = fr(2).

Moreover, T'I (X,,;) is constant for each i € {3,...,n — 2} and T1 (AX;;1,) is also
constant for i € {3,...,n — 3}.

Theorem 3.1. Let T'I be a VDB topological index defined as in (1.1), f7(x) >0 for
allz >3 and n > 8.



VDB TOPOLOGICAL INDICES OVER TREES WITH TWO BRANCHING VERTICES 407

(@) If fa(x,y,2) <0 forallz>1,y>1and z > 3, f5(x,y,2) <0 for all x > 0,
y>2and z> 3 and fo(x,z) <0 for all x,z > 3, then the mazximal tree in
02(n, 2) with respect to VDB index TI is

{ S(2,2;2;2,n —8), if f-(x) >0 for all x > 3,
S(1,1;2;1,n—5), if f-(x) <0 for all x > 3,
while the minimal tree is
S Q’%ﬂ : 2; PLT_ZD . if fi(x) is decreasing for 2 <z < VT_QJ ,
{ S(2;2;n —4), if f1(z) is increasing for 2 < x < VT_QJ .
(b) If fu(z,y,2) >0 forallz>1,y>1and z > 3, f5(x,y,z) >0 for all x > 0,

y>2and z >3 and fs(x,z) > 0 for all x,z > 3, then the minimal tree in
02(n, 2) with respect to VDB index TI is

S5(2,2;2:2,n—8), if f-(x) <0 for all x > 3,
S(1,1;2;1,n—5), if fr(x) >0 for all x > 3,
while the maximal tree is

S Q"T*QJ ; 2; {"7*2}) ., if fi(x) is increasing for 2 < x < {"TQJ ,
S(2;2;n —4), if fi(x) is decreasing for 2 < x {” QJ :

2
Proof. If fy(x,y,2z) < Oforallz > 1,y >1and z > 3, f5(x,y,z) <0 for all x > 0,
y>2and z > 3 and fs(z,z) <0 for all z,z > 3, by relations (3.1), (3.2) and (3.3),
we have

TI(S(ay,...,ar;2;by,...,bs)) < TI(S(ay,as;2;b1,b9),
where ay, as, by, by > 2. By relations (3.4) and (3.5) we have that

TI(5(2,2;2;2,n—8)), if fz(x) >0 for all z > 3,
TI(S(1,1;2;1,n—5)), if f7(x) <0 for all z > 3.

On the other hand, by relations (3.1) and (3.2), we have

T1(S(a1,a2;2;b1,b) < {

TI(S(ay,...,ar;2;by,...,05))>TI[S(1,...,1;2;1,....1) | = fi(p),
—— ———
p n—2—p
where p = >""_; a;. The result follows from Proposition 2.1 and the part 1 is proved.
The proof of part 2 is similar by reversing inequalities. U

Corollary 3.1. Among all trees in Q*(n,2) with n > 8:

(a) the Randi¢ index, the Sum-Connectivity index and the Harmonic index attain
the minimal value in the tree S(2;2;n — 4) and the maximal value in the tree
S(2,2;2;2,n —8);

(b) the First Zagreb index and the Second Zagreb indez attain the minimal value
in the tree S(1,1;2;1,n — 5) and the mazximal value in the tree S(2;2;n — 4).
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Proof. For all the indices in part 1 of Corollary 3.1 it can be verified that fy(z,y,2) <0
forallz > 1,y > 1 and z > 3, f5(z,y,2) < O forall z > 0,y > 2 and z > 3,
fe(z,2) < 0 for all z,z > 3 and f7(z) > 0 for all x > 3. Moreover, by the proof
of Corollary 2.1, the function fi(z) is increasing for 2 < z < {”T_QJ Then, by
part 1 of Theorem 3.1 the minimal tree is S(2;2;n — 4) and the maximal tree is
S5(2,2;2;2,n — 8).

For all the indices in part 2 of Corollary 3.1 it can be verified that fy(z,y,z) > 0 for
allz>1,y>1and z > 3, fs5(z,y,2) >0forallx >0,y >2and z > 3, fe(zr,2) >0
for all z,z > 3 and f7(z) > 0 for all > 3. Moreover, by the proof of Corollary 2.1,
the function fi(z) is decreasing for 2 < z < VT_QJ Then, by part 2 of Theorem 3.1

the minimal tree is S(1,1;2;1,n — 5) and the maximal tree is S(2;2;n — 4). O

The Geometric-Arithmetic, Atom-Bond-Connectivity and Augmented Zagreb in-
dices do not satisfy conditions in Theorems 3.1.

4. EXTREMAL VALUES OF VDB ToOPOLOGICAL INDICES OVER TREES WITH
TwO BRANCHING VERTICES

In this section we consider the problem of finding trees in 2(n, 2) with extremal T'T
values.

Let X and A be arbitrary connected graphs with at least two vertices. For each
¢t =2,...,n — 1, consider the path-coalescence graphs AX, ;, depicted in Figure 3,
where n > 3.

FIGURE 3. Path-coalescence graphs AX,, ;.

Now we compute the difference between the vertex-degree-based topological index
T asin (1.1) of introduced path-coalescence graphs. Let = be the degree of the vertex
i and y the degree of the vertex n in AX,,;. For 3 <1i <n — 2 we have:

(4.1) TT(AXnn1) =TI (AX:) = (0ay = p2y) + (P22 = 20) = fs(,9),
(4.2) TI(AXp;) =TI (AX,2) = (20 — 22) + (P12 — 1) = fr(2).
Theorem 4.1. Let T'I be a VDB topological index defined as in (1.1) and n > 8.

(a) If fs(z,y) > 0 and f7(x) >0 for all x,y > 3 then the tree with minimal value
of the index T'I over Q(n,2) is the the tree with minimal value of the index T'1
over 1(n,2) and the tree with maximal T1 value over Q(n,2) is the tree with
mazimal TT value over Q?(n,2).
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(b) If fs(z,y) <0 and f7(x) <0 for all z,y > 3 then the tree with mazimal value
of the index T'I over Q(n,2) is the the tree with maximal value of the index T'1
over Q1(n,2) and the tree with minimal T'I value over Q(n,2) is the tree with
minimal TT value over Q2(n,2).

Proof. Consider a tree of the form S(aq,...,a,;t;b1,...,bs), with at least one of the
parameters as, ..., a,,by, ..., bs greater than 1. Assume that by > 1. If fs(z,y) >0
and f7(x) > 0 for all x,y > 3, then applying relation (4.1) if t = 2 or relation (4.2) if
t > 2 we obtain

TI (S(al,...,ar;t;bl,...,bs,l,bs)) 2 TI (S(al,...,ar;t+ 1;b1,...,bS,1,bS — 1))

Now, applying repeatedly relation (4.2) we obtain
TI(S(ar,....ant;by,....0,)) > T1I (5(1, Lt 1,...,1)) = TI(S(rt,s)),
—— ——
where t/ =t + > (ax — 1)+ > i (b — 1) = n —r —s. Then, the minimal tree with
respect to the index T'7 is in 4 (n, 2).
On the other hand, considering again a tree in Q(n, 2) with ¢ > 2, we apply relation
(4.1) if at least one of the parameters aq, ..., a,, b, ..., by is greater than 1, or relation
(4.2) otherwise. We obtain

TI(S(ay,...,am;t;01,...,b5)) <TI(S(ay,... a3t —15by,...,0s_1,bs+1).
Now, applying repeatedly relation (4.1), we obtain
TI(S(al,...,ar;t;bl,...,bs)) S TI(S(CLl,...,ar;2;b1,...,b5_1, ;),

where b, = b; + ¢t — 2. Then, the maximal tree with respect to the index 7'/ is in
02(n,2) and the part 1 is proved.
The proof of part 2 is similar. O

The conditions listed in Theorem 4.1 can be used to find extremal trees in the
class Q(n, 2) for a specific VDB topological index. In the next corollary we apply the
mentioned theorem to well-know vertex-degree-based topological indices.

Corollary 4.1. Among all trees of order n > 8 and two branching vertices:

(a) the Randi¢ index, the Sum-Connectivity index and the Harmonic index attain
the minimal value in the tree S(2;2;n —4) and the mazximal value in the tree
S(2,2;2;2,n —8);

(b) the First Zagreb index and the Second Zagreb index attain the minimal value in
the tree S(2;n—4;2) and the mazximal wvalue in  the tree

(c) the Atom-Bond-Connectivity index attains its mazximal value in the tree

(d) the Augmented Zagreb index attains its minimal value in the tree

s3] 3 [2]).
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Proof. 1t is sufficient to check the signs of fg(z,y) and f7(x) for x,y > 3 for each
index in Corollary 4.1 and apply Theorem 4.1, Corollary 2.3 and Corollary 3.1 . [

In the case of Atom-Bond-Connectivity and Augmented Zagreb indices, it was
obtained that the function fy(z,y, z) takes possitive and negatives values for different
choices of x > 2, y > 1 and z > 3. On the other hand, for the Geometric-Arithmetic
index it was found that fs(x,y) > 0 for all z,y > 3, however f;(x) < 0 for x sufficiently
large. It means that the conditions in Theorem 4.1 do not hold.
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