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Abstract

The inverted hypergeometric function type 1 distribution has the probability
density function proportional to

2 1+ 2) " Fi(e, By (1 +2)7Y), >0,

where 2 F is the Gauss hypergeometric function. In this article, we derive the
probability density function of the product of two independent random vari-
ables having inverted hypergeometric function type I distribution. We also
consider several other products involving inverted hypergeometric function
type I, beta type I, beta type II, beta type 111, Kummer- beta and hypergeo-
metric funetion type I variables.
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1

The random variable X is said to have an inverted hypergeometric function

type I distribution, denoted by X ~ IH!(v,a, 3,7), if its probability density

94

Key words: Appell’s first hypergeometric function, beta distribution, Gauss
hypergeometric funetion, Humbert’s confluent hypergeometric function, prod-

uct, transformation.

Resumo
A distribuicao fungao hipergeométrica invertida tipo I tem a fungao densidade
de probabilidade proporcional a

1-,"_1(1+3:)_{-"+7)2F1(a,|8;'}f;(l—i—:r)_l), x>0,

em que 2 F; é a fungao hipergeométrica de Gauss. Neste artigo, vamos derivar a
funcao densidade de probabilidade do produto de duas varidveis aleatdrias in-
dependentes tendo distribuigao funcao hipergeométrica invertida tipo 1. Tam-
bém consideramos vérios outros produtos envolvendo varidveis com fungao hi-
pergeométrica invertida tipo I, beta tipo I, beta tipo 11, beta tipo I1I, Kummer
beta e hipergeométrica tipo L.

Palavras chaves: primeira funcio hipergeométrica de Appell, distribugao
beta, funcao hipergeométrica de Gauss, fun¢ao hipergeométrica confluente de
Humbert, producto, transformacao.

Resumen
La distribuecién de funcién hipergeométrica invertida tipo I tiene la funcién de
densidad de probabilidad proporcional a

2 (14 2) Y Fi(e, 81 (1+2)7Y), >0,

donde 2 F; es la funcion hipergeométrica de Gauss. En este articulo se deriva la
funcién de densidad de probabilidad del producto de dos variables aleatorias
independientes que se distribuyen segiin la funcién hipergeométrica inversa
tipo I. También se consideran otros productos entre variables aleatorias con
distribucién beta tipo I, beta tipo II, beta tipo I, funcién hipergeométrica
tipo I, funcién hipergeométrica inversa tipo I y Kummer beta.

Palabras claves: primera funcién hipergeométrica de Appell, distribucién
beta, funcién hipergeométrica confluente de Humbert, funcién hipergeométrica
de Gauss, producto, transformacion.
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function(p.d.f.) is given by (Gupta and Nagar [1], Nagar and Alvarez 2],

L(y+v—-a)l(y+v—-pB) !
T(C(W)(y+v—a—p) (1 +a)+ >

1
F (&15;7; 1+x) ; (1)

where z >0, v > 0,v > 0, v+v > a+/3, and 2 F) is the Gauss hypergeometric
function. For a@ = v, (1) reduces to a beta type II density given by

I(y+v—pB) av 81
L(\)L(v —B) (14 z)=A+7

e

and for § = «, the inverted hypergeometric function type I density slides to

I'y+v—a) av o1
FY)I'(v—a) (1 +z)ot7’

Gl

Further, for « = 0 or 3 = 0, the inverted hypergeometric function type I
density simplifies to a beta type II density with parameters v and ~.

Recently, Nagar and Alvarez [2] studied several properties and stochastic
representations of the inverted hypergeometric function type I distribution.

In this article, we derive the density function of the product of two in-
dependent random variables having inverted hypergeometric function type
I distribution. We also derive densities of several other products involving
hypergeometric function type I, beta type I, beta type II, beta type III,
Kummer-beta and hypergeometric function type I variables. For further re-
sults on product of independent random variables, see: Mathai and Saxena [3],
Nagar and Zarrazola [4], and Sanchez and Nagar [5].

In section 2, we give definitions of several univariate distributions. Sec-
tions 3 and 4 deal with derivations of a number of densities of products of
independent random wvariables. Finally, in appendix, we give definitions and
results on Gauss hypergeometric function, Appell’s first hypergeometric func-
tion F} and Humbert’s confluent hypergeometric function ®;.

2 Some Univariate Distributions

In this section, we define the beta type I, beta type II, beta type III, hyper-
geometric function type I and Kummer—beta distributions. These definitions

Volumen 5, mimero 10 Qa|
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can be found in Gordy [6], Johnson, Kotz and Balakrishnan [7], Nagar and

Zarrazola [4], and Sanchez and Nagar [5].

Definition 2.1. The random variable X is said to have a beta type I distri-
bution with parameters (a,b), a > 0, b > 0, denoted as X ~ Bl(a,b), if its
p.d.f. is given by

{B(a,b)} tz*1(1—-2)*!, 0<z<1,
where B(a,b) is the beta function given by
Bl(a,b) =T(a)T'(b){T'(a +b)}!.

Definition 2.2. The random variable X is said to have a beta type II distri-
bution with parameters (a,b), a > 0, b > 0, denoted as X ~ B'(a,b), if its
p.d.f. is given by

{B(a,b)} 'z (1 + )" z>0.

Definition 2.3. The random wvariable X s said to have a beta type III dis-
tribution with parameters (a,b), a > 0, b > 0, denoted as X ~ B"(a,b), if
its p.d.f. is given by

2%{B(a,b)} 2 11—z 11 4+2)" o0<z<1.

Definition 2.4. The random variable X is said to have a Kummer-beta
distribution, denoted by X ~ KB(a,3,)), if its p.d.f. is given by
211 —z)Plexp M1 — z)]
B(a, B)1Fi(B;a + B; A)
where a > 0, 3 > 0 and —oco < A < oc.

1ol g 1

Note that for A = 0 the above density simplifies to a beta type I density
with parameters e and £.

Definition 2.5. The random wvariable X is said to have a hypergeometric
function type I distribution, denoted by X ~ Hl(v,a,p, v), if its p.d.f. is
given by
Dy +v—a)l(ytv=F) .
PNy +v—a—pB)

where y+v—a—3>0,v>0 and v > 0.

(1—2z)" LYFh(e,B;7:1—2), 0<z<l1,
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The following result (Gupta and Nagar [1], Nagar and Alvarez [2]) states
that the hypergeometric function type I distribution can be obtained as the
distribution of the product of two independent beta type I variables.

Theorem 2.1. Let X, and X, be independent, X; ~ Bl(a;,b;), i = 1,2.
Thf’.?’l, XIXZ ~ HI(al, bg., a) + b'l — Qaa, b] + bz)

The matrix variate generalizations of beta type I, beta type II, beta type
111, hypergeometric function type I and Kummer—beta distributions have been
defined and studied extensively. For example, see Gupta and Nagar [8, 1], and
Nagar and Gupta [9].

3 Products of Two Independent Random Variables

In this section we derive distributions of the product of two independent
random variables when at least one of them has inverted hypergeometric
function type I distribution.

Theorem 3.1. Let X; and X, be independent random wvariables,
X; ~ IH"(v;, 04, B,7%), i = 1,2. Then, the p.d.f. of Z = X, X, is given by

C(vi +y2)0(v2 +m) H ’Ys + vi —a)(vi +vi — Bi)
(1 +v2+7 +72) L)L () (i + vi — ai — Bi)

V1 122 (1)r 052 ﬁl) (52) (2 +71)r(1 +72)s
sl +va + 71+ 72)rgsrls!

r=0 s=0
xoFy (1 +’72+51V1+’Yl+?°;V1+V2+71+'YQ+?‘+S;1—2)‘ (2)

where z > 0.

Proof. Using independence, the joint p.d.f. of X| and X5 is given by

Kzttt 1
F T F , P25 723 ;
(1+$1)v=+vt(1+x2)vz+"r22 1| @1, Br;m; 132, ) 2 B2; 72 ey

where 1 > 0, 5 > 0 and

H "]fz + v — az)l—‘(’}‘i + v — ,81)
F(’]’i)r VE)F(% + Vi — g — .‘/31)

Volumen 5, mimero 10 97|
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Transforming Z = X1 X5, U = 1/(1 4+ X3) with the Jacobian J(zi,z2 —
z,u) = 1/u(l — u) in the joint density of X; and X5 and integrating u, we
obtain the p.d.f. of Z as

1 vl—i-’u—l(]_ _ u)b"2+'}‘i—1 1—u
Kt [ 2 F Yy ———
12 /0 l—(1—z)u 241 (01,!5’1,’?/1, 1_(1_2)“')
xoFy (g, B2; y2; u) du. (3)

Now, expanding Gauss hypergeometric functions in the integral (3) in terms
of power series we arrive at

uw+"rz+s—l(1 — u)2tm +r—1

e (e B ) [
IZZ 1 2 1?‘!3! /; -1 zuntne du.

r=>0 s=0

Finally, using (A.3) and substituting for K; we obtain the desired result. [J

Corollary 3.1.1. Let X, and X9 be independent random wvariables, X| ~
IH (v1,041,B81,m), and X9 ~ B (vy,7,). Then, the p.d.f. of Z = XX, is
given by

L(v1 4+72)L(v2 + 1) D 4+ v1 — a1)T(y +v1 — Br) T(ye + 1)

L1 + vz +m+ ’YQ) F(’)fl}r(m)r(’}/l +v1 — a1 — B1) L(2)[(ve)

w21~ 1 Z (&1 ("/2 + 71 )'r

(71)r (11 + va + 71 +y2)r 1!
><2F1(V1 +"}’2,U1 +m+rvi+rt+y+yp+ril—=z), z>0. (4)

Corollary 3.1.2. Let X and X5 be independent, X; ~ B”(u?;,’yg), 1=1,2.
Then, the p.d.f. of Z = X1 X5 is given by

[(v1 +72)L (e +91) Ly + 1) T2 + 12)

L(v1 +v2 4+ +92) ()L (1) T(92)T(v2)

xR+ e+ +;1—2), z2>0.  (5)

Note that the Gauss hypergeometric functions in the densities (2), (4)
and (5) can be expanded in series form if 0 < z < 1. However, if z > 1, then
1—1/z < 1 and we use (A.4) to rewrite the densities (2), (4) and (5) in series
involving Gauss hypergeometric functions having 1 — 1/z as argument.

The next theorem gives the density of the product of Kummer—beta and
inverted hypergeometric function type I variables.

[98 Ingenieria y Ciencia, [SSN 1794 9165
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Theorem 3.2. Let X| and X5 be independent, X, ~ IHI(rzl,al,ﬁl,q/-l) and
Xs ~ KB(v2,72,A). Then, the p.d.f. of Z = X1X5 1s

Ty +v1— 1)l +v1 — B1)l (92 + o) (1 + 2)
L)L ()T () (71 +vi—aa—B1)T (1 + 72 + 1v2)
= Zvl_l i (al)r(ﬂgl )r('}’l + V2)r
(14 z)1tn (m+r2+ve)r(n)rrl(1+2)"

x{1F1(v2;v2 + 725 A) }
r=0

1
x®q [’)“2,1/1—1-’}/1+T;71+72+V2+?“;1—+Z,)\] , z>0.

Proof. The joint p.d.f. of X and X5 is given by

B ) L
2 (1 _l_ml)Vl'f"YI

1
1+ 2

2 Fy (011.31;’)"1; ) exp[A(1 —z3)], (6)

where z; > 0, 0 < 25 < 1 and

(v +v1 —a)D(y1 + 1 — Br)
()L () + 11 — a1 — Br)

Ky = {B(va,72)1Fi(ya:v2 +72: M)} L.

Transforming Z = X; X,, Xy = X5 with the Jacobian J(z{,z9 — z,25) =
1/29 in (6) and integrating x5 we obtain the marginal p.d.f. of Z as

R

zm—i /1 w’m—l(l s w)'}q—f—ug—l
(1 + Z)Vl-l-"fl 0 [1 i w/(l It z)]m—k'n

1 11 —w
x exp(Aw)2 F (01,6’1;’}1; ( 14;2,/& T ;; )) dw .

(7)

Now, expanding Gauss hypergeometric functions in the integral (7) in terms
of power series we arrive at

ngvl_l i (a1)p(B1)r(1 + z)~* 1 w’m—l(l _ w)’}'1+112+r—1 exp(Aw) dw
(1 P z)"" +71 (71),.7'! 0 [1 — w/(l + Z)]VI—HI—H. -

r=0

Finally, applying (A.8) and substituting for Ks we obtain the desired result. [J

Volumen 5, niimero 10 99|
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Corollary 3.2.1. Let X; and X5 be independent, Xi ~ B”(Vl,’yl)__ and
Xs ~ KB(v2,72,A). Then, the p.d.f. of Z = X1 X3 is given by

Ly +v1)D(y2 + 2)0(1 + 1)
[(v1)T(v2)C (1) (71 + y2 + v2)

r1—1

{1F1(’}’2;V2+”}’2;/\)}_l

z

XW¢ .|A:|, Z)O

1

U1+ Y + vp; ——

1 [’}fz Vi+mMimtrtie 113
Corollary 3.2.2. Let X; and X3 be independent, X, ~ B (v1,71) and X5 ~

Bl(vo,~2). Then, the p.d.f. of Z = X1 X5 is given by

(v +v1)T(y2 +v2)T (1 +12)
(1) (v2)T(y1)L (11 + 72 +12)

—1

z 1
XWZFL (’Yz,f/l‘F'Y];’Yl‘l"YQ‘FVz;l_l_y), z>0.

Nagar and Zarrazola [4], while studying the distribution of the product of
two independent Kummer—beta variables, have also derived the above result.

Corollary 3.2.3. Let X, and X9 be independent random wvariables, X, ~
IH (v, 01, 51,7) and X3 ~ Bl (va,72). Then, the p.d.f. of Z = X1 X5 is
given by

L(y1 +v1 — )Ty +v1 — B1)T (92 + v2)L(71 + 12)
L)L (v2)T(v1)L(y +v1 — a1 — B + 72 + 12)

W o S VA Y R
(1+2)1 &= (11 + 72+ va)r(n)r (1 + 2)7

1
xoF) (72,111+’}’1+?";’71 + Y2+ V2 +T; 1+z>, z >0,

Theorem 3.3. Let the random wvariables X, and X5 be independent, X ~
IHI(Vl,al,,Bl,’yl) and Xo ~ B”I(Vgﬂm). Then, the p.d.f. of Z = X1 X5 is
given by

C(y +v1—a1)T(m + w1 — B1)T(v2 +2)C(ve +71)
292 (v )T (v2)L (1)L +v1 — a1 — B)T (1 + 72 + 2)

" Y11 i (1)p(Bi)r(m +v2)r(142)7"
(I+ztm 2= (n)e(n + 72 +12)p !

[100 Ingenieria y Ciencia, [SSN 1794 9165
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1 1
XF1(“(2 vi+y1+rva+ e 71+72+U2+?"1+ 2) z>0.

Proof. The joint p.d.f. of X| and X, is given by

1271 — zy) ]

1
K: F W s ; 8
3(1—]—3:1)"1"'71(14-1:2)”2"'722 . (051.181: A l—l-.rl) ®)

where 21 > 0,0 < z9 < 1 and

L(vi +v1 — o)Ly +v4 — Br)
C(y)T()L(y +v1 —ay — By)

Now, transforming Z = X;X», Xo = X5 with the Jacobian J(z1,z2 —
z,x2) = 1/zs in (8) and integrating xs, the marginal p.d.f. of Z is derived as

Ky = 2”2{3{1/2,’]/2)}_1 .

Kz~ w2~ 1(1 — w)retm—1
2V2+"fz 14+ 2z V1+’Tl [1 —‘LU/ 1—|—z ]VH"YI _w/2 v2+72
(142711 —w)
X2 1(6!1.;31,’)“1, =il 15) w (9)

Expanding Gauss hypergeometric functions in the integral (9) in series form
we arrive at

2= +M) [ 11 22 (ag)p(B1)r /1 wr2=L(1 — w)re =1 gy,
(14 z)ntm _r=0(“{1)r (L +2)Jo —w/(1 + 2)" T (1—w/2)2 2

Finally, the desired result follows by using (A.7) and substituting for K5. [

Corollary 3.3.1. Let the random variables X, and X5 be independent, X ~
B (v, v1) and X5 ~ B (vy,43). Then, the p.d.f. of Z = X1X5 is given by

L(v1 + 1)L (2 +72)0(v2 +m1) g
22T (1)L (v2)T (7))L (71 + 72 +v2) (14 2)11 M

1 1
XFy | ya, 1 +71,v2 + 92571 + 72 + v a1 & 20,
1+2z 2

The above result has also been obtained by Sanchez and Nagar [5].
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Theorem 3.4. Let the random variables X and X> be independent. Further,
X, ~ IH vy, 00,81,m) and Xo ~ HY(v3,0a3,P2,72). Then, the p.d.f. of
Z = XX, 1s given by

H ’h +v; — o)Ly +vi — )
I‘ ut-)F(’y,; =+ vy — Oy — ﬁi)

} B(ya2,v2 +71)

1 —:: vi+m Z Z &2 (82 (61)7‘(1}2 = F)’l) (1 + z)_T

(5 !
Ll () V2+’}1+’¥2)3+r3?"

1
xoF (7‘2+S,V1+71—!—’a‘°;7f2+’}/2+’r1+s+?‘;1+z), z >0,

Proof. The joint p.d.f. of X; and X5 is given by

K4:Irlf1_la:gz_l(1 — mp) 21
(1_|_$1)V1+";'1

Fi| a1, B1;71;
2 1(017131.’}1.14_&_1

)2F1(0-’2‘ﬁ2; 72; 1 — x2),
(10)

where 0 < 21 < 00,0 < x99 <1 and

’]’s + v — )F(’)’i + v — ?'91)
H= H F(’Yz)r vi) (v + v — oy — B )

Now, transforming Z7 = XX, X2 = Xy with the Jacobian J(zj,z2 —
z1,z) = 1/z2 in (10) and integrating z2, we obtain the p.d.f. of Z as
Kyz11 b w2—1(1 — w)v2tn-1 _ (142711 —w)
PR RET 2F1 (| g, B
(L+22tn Jo [1—w/(1+2)] 1-w/(1+2)
x2F (a2, B2;y2;w) dw, 2z>0.

Now, expanding the Gauss hypergeometric functions in series form, integrat-
ing the resulting expression using (A.3), substituting for K, and simplifying,
we obtain the desired result. O

4 Products of Three Independent Random Variables
In this section we derive distributions of products of three independent ran-

dom variables involving inverted hypergeometric function type I, beta type I
and beta type II variables.

(102 Ingenieria y Ciencia, [SSN 1794 9165
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Theorem 4.1. Let X1, X5 and X3 be independent random variables, X; ~
Bl(a;,b;),i=1,2 and Xa ~ IH (v, 0, 3,7). Then, the p.d.f. of Z = X1 X2X3
is given by

Cla; +b1)(ay +b62)(ar +9) T(v+v—a)l'(y+v—5)
F(ﬂl)r(ﬂ‘?) (Gl * 51 +b2 +7) T L(NT(y +v —a—p)

1+z ,,HZZ (b2)s a1+b1 a2)s(a)r(B)r(ar +’Y)r(1+z)_r

- R Jr(a1 + b1 + b2 + 7)sqr s!7!

1
XgF](b]-i-bQ—i-S v+y+riar+bi+ba+y+s+r; 112 ) z>0.

Proof. Using Theorem 2.1, X1 X5 ~ H'(ay,bs,ay + by — as,by + by). Now,
using independence of X, X5 and X3 and Theorem 3.4, we obtain the desired
result. O

Corollary 4.1.1. Let X, X5, and X3 be independent, X; ~ B!(a;, b;), i =
1,2 and X3 ~ B (az,b3). Then, the p.d.f. of Z = X1 X2X3 is given by

['(a; + by)'(ag + b)) (a3 + b3)'(ay + ba)
['(a;)l(az)T(a3)T'(ay + by + by + b3)T'(b3)
g1 i ((52)3(01 + b1 — az)s

4
(1 iy z)ag—l—bg — (ay + by + by + 53)3 s!

1
xoF} (b1—l—bg+s,a3—|—bg;a1—I—bl—i-bz—l—bg-l-s;1+z), z>0.

Appendix: Additional Definitions and Results

Here we give some definitions and additional results which are used through-
out this work. We use the Pochammer symbol (a), defined by (a), =
ala+1)---(a+n—1)=(a)p_1(a+n—1) forn=1,2,..., and (a)y = 1.
The generalized hypergeometric function of scalar argument is defined by

F ) Boid) i(ﬂl)k“'(ap)kzk (A.1)
ifooucs G P scavssn Dg s ) 2= —— St "
plig \41 p: V1 q 5 (bl)k (bq)k jA]

Volumen 5, mimero 10 103|
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where a;, 7 = 1,....p; bj, j = 1,...,q are complex numbers with suitable
restrictions and z is a complex variable. Conditions for the convergence of
the series in (A.1) are available in the literature, see Luke [10]. From (A.1) it
is easy to see that

o0
2 a)k
oFo(z E L——exp , lFlaC<,:E E—
k=0 =0 C
and
~ (@)r(b)r 2*
oF1(a,b;c; 2) E ©r ' |z| % 1.

The integral representations of the conﬂuent hypergeometric function and the
Gauss hypergeometric function are given as

G 1 :
1Fi(a;e;z) = F(a)g’((c)— 3 L 11— ) Lexp(zt)dt, (A.2)
and
C 1 ;
oFi(a,b;c;z) = %/D M et} P,

|arg(l —z)| < m, (A.3)

respectively, where Re(a) > 0 and Re(c —a) > 0.
It is easy to check by using (A.3) that

oFi(a,b;c;z) = (1 —2) % F (a,c— 7 v 1_2 ) . (A4)

The Appell’s first hypergeometric function Fj is defined by
(a)'r—i—s(bl )'r‘ (62)3 ZTZE

(€)pts rls!

o0
Fi(a,bi,by;c;z1,22) = Z

r,5=0

Z (a)(c()bﬂr 2] oFy (a4 7,by;c + 15 29)
r=0
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where |z1| < 1 and |z2] < 1. The Humbert’s confluent hypergeometric func-
tion @1 is defined by

(@)rts(b1)r 2725
(E)pyz  Fl817

[V 8

®ila,by;c 21, 20] =
0
(a)r(b1)r Z_I Fy
(e)r !
(a)sé
(c)s s!

T

i
II

(a+7r;ec+7;29)

)

(

]

=

r

ol

2Fi(a+s,bi;c+s;21), (A.6)

wn
I
o

where |z1| < 1, |22| < oo. The integral representations of Fi and @, are given
by

o B T'(e) 1 yo-1(1 — )% 1dy
Fila,by, byiei21,22) = s /D Ao —om’ A0

where |z;| < 1, |23] < 1, Re(a) > 0 and Re(c — a) > 0, and

T'(e) /1 v® 11 —v) % exp(vzy) dv
I'(a)T'(c —a) Jo (1 — vz)?

®ifa,bi;c;21,22) = , (A.8)

where |21| < 1, Re(a) > 0 and Re(c — a) > 0. Note that for by = 0, F; and
@, reduce to o F| and {F; functions, respectively. For properties and further
results on these functions the reader is referred to Luke [10], Srivastava and
Karlsson [11], Mathai and Saxena [12], and Mathai [13].
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