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Abstract
In 1836 E. Midy published in France an article where he showed that if p is a prime
number, such that the smallest repeating sequence of digits in the decimal expansion of %
has an even length, when this sequence is broken into two halves of equal length if these
parts are added then the result is a string of 9s. Later, J. Lewittes and H. W. Martin
generalized this statement when the length of the smallest repeating sequence of digits
is e = kd and the sequence is broken into d blocks of equal length and the expansion is
over any number base; that fact was named Midy’s property. We will give necessary and
sufficient conditions (that are easy to check) for the integer N to satisfy Midy’s property.

1. Introduction

By period we mean the smallest repeating sequence of digits in the decimal expansion
of %, with N a positive integer. According to [2], E. Midy published in France, in
1836, a paper where he showed that if p is a prime number, such that the decimal
expansion of * has a period of even length, when the period is broken into two
halves of equal length if these parts are added then we get a string of 9’s; this result
is called the property of nines. For instance, 1/7 = 0.142857, the bar indicating the
period, if the period is broken into halves of equal length and then added we get
142 4+ 857 = 999. We have a similar situation for 1/19 = 0.052631578947368421
with period length 18 and the halves are 052631578 and 947368421.

The property of nines has gained interest over the last few years, as it is shown
by the papers of Gupta and Sury [1], J. Lewittes [2] and the work of H. W. Martin
[3]. These last two works generalized this property when the period length is any
positive integer e, the period is broken into d blocks, where d is a divisor of e and

the expansion of 1/N is over any number base.

Let us fix some notation. Let B be an integer greater than 1, B is the number
base, and N a positive integer relatively prime to B. We denote by e = on(B) the
order of B in the multiplicative group Uy, where this group is the set of positive
integers less than IV and relatively prime to it, and the multiplication is the product
modulo N.

We know that e is the period length of /N, where z € Uy (see [2]). Assume

Z

~ = 0.a1az @ and the period ajaz - - - ae

e = kd for some integers k£ and d. Then
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can be broken into d blocks of equal length k. Let A; be the number represented
by the base B numeral consisting of the jth block of k B-digits in the period. We
denote by Sy(z) = 2?21 Aj.

With the above notation, if for all € Uy the sum Sy(z) is a multiple of B¥ — 1
then we say that IV has the Midy’s property for the base B and the divisor d of e,
the period length; in that case we write N € My(B).

We denote by Dp(N) the number represented by the base B numeral consisting
of the e B-digits of the period of the fraction % It is easy to prove that NDg(N) =
Be —1.

Using similar methods to those in [1], we shall prove the following characteriza-
tions of Midy’s property.

Theorem 1. With the above notation: N € My(B) if and only if Dg(N) = 0

(mod B¥ —1). Furthermore, if N € My(B) and gzj = Nt for some integer t,
then Dg(N) = (B* — 1)t.

Theorem 2. Let N, B, e = kd = on(B) be as above and p' be the highest power of
p that divide N. Then, N € My(B) if and only if for every prime factor p of N,
the following is true: if o,(B) | k then p' | d.

Furthermore, if N € Mg(B) and Z‘Z:l(Bik mod N) =rN for some integer r,
then 2?21 Aj = (B¥=1)r.

Theorem 3. Under the same conditions of Theorem 2, N € My(B) if and only if
for every prime divisor p of ged(B¥ — 1, N), we have p* | d.

2. Previous Results

Theorem 2 of [2] or Theorem 1 of [3], can be written with our notation in the
following way.
Theorem 4. The following are equivalent:

1. N € My(B).

2. For some xz € Uy, Sy(x) =0 (mod B* —1).

3. %EO (mod N).

Furthermore, if B¥ —1 and N are relatively prime, then N € My(B).

It is clear from part three of this theorem that d cannot be 1, so we always assume
e =kd with d > 1.
The following result extends Theorem 3 of [3].
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Theorem 5. Let N be a positive integer relatively prime to the number base B and
e = kd the period length of 1/N. If for every prime factor p of N the integer k is
not a multiple of the period length of 1/p then N € My(B).

Proof. From our assumption, if p is a prime factor of N, then ged(p, B¥ —1) =1
and therefore ged(p®, B* — 1) = 1, for every integer s. Thus, ged(N, B¥ —1) = 1
and the result is a consequence of Theorem 4. O

3. Main Results

Proof of Theorem 1. According to Theorem 4, N € My(B) if and only if %

0 (mod N). But NDg(N)= B¢ —1 and we get the result of the theorem. O

From Theorem 1 we conclude immediately that if B—1 is not a divisor of Dg(N)
then N has not the Midy’s property for any factor d of the order e of B modulo N.

Now, we will give some previous results for the proof of Theorem 2.

Let % = 0.a1as - - - a. be a rational number, where the period is ajas - - - a.. We
denote this number by % =0A4A,0A4A,©® --@ A, , where the period was broken
into d blocks of equal length k, that is, e = kd. So, as we said above, A; be the
number represented by the base B numeral consisting of the jth block of k B-digits
of the period. And A; ©® A; denotes the integer represented by the base B numeral
formed by the juxtaposition of the digits of A; and A;, for 1 <4,5 <d.

Theorem 6. Let p and t be positive numbers with p a prime number such that B # 1
mod p. Suppose that e = ot (B) = kd. If

1
—=04,040 -0 A4,
D

then

BD(' —p'+2) if there is 1,1 <i <t —1, such that d = p'—*,

> A= v

Jj=1 0 mod B*¥ —1 in other case.

Proof. We have the following:

1
—=0404,0 0 A,

P
Bk
FZAl.AQ@Ag@"'@Ad@Al,

BQk
= A40A4A0 4,00 A © Ay, (1)

pt

B(d—l)k
ZAl@A2@~-~@Ad,1.Ad@A1 @"'@Adfl-

pt
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Adding all these equations we get:

B -1

m:A1+A1@A2+"'+A1@A2©"‘@Ad71

404,040 ©A3+04,0A430---0 A0 A (2)
4+ 404,040 - © Ag_4.

Notice that on the right side of the last equation, the sum of the values smaller than
1is,

A+ A+ + Ay
BF —1 ’
On the other hand,

Bik
Aj@A @@ A; = { n J7
p
where |x] is the floor function of x. But B* = p* L%I&J + r; with 7, = B* mod
pt, from Equation 2 we have

Be -1 d—1

B* —r; A+ Ayt 4 Ag
pH(B*—1) ’

Pt Bk _1

=0

and therefore i1
A+ A+ + Ay o ZZ:_() T

Bk -1 pt

so that

d d—1
(B* —1) 3 2o i
> A= = (3)
i=1 b

Hence r; = B%* mod p', so the set {r; | i =0,1,---d — 1} is a subgroup of U,
and the result of the theorem follows from the next lemma. O

Lemma 7. Let p and t be positive integers with p an odd prime. Let d be a factor
of p~(p—1) and let U(p,t,d) be the unique subgroup of order d of Up:. Then d is
a power of p, d = p'~%, if and only if, for all a € U(p,t,d) we have a =1 mod p.
Furthermore

P (' —p'+2) ifd=pt=i

2. 9= 2

g€U(p,t,d) 0 mod p* otherwise

Proof. If d = p'—*, we have

U(p7t7pt_i):{17 1+pi7 1+2pL>7 1+(pt—l_1)pz}
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Because this set is closed under the product modulo p’, we are done. If d f p'~1, then
there exists a € U(p, t,d) such that a # 1 and o,¢(a) | p— 1 so that a ¢ U(p, t,p'~ 1)
and hence a Z 1 mod p. We have {ag|g € U(p,t,d)} =U(p,t,d), so in the group
Upe,

S o= Y

9€U(p,t,d) g€U(p,t,d)
Therefore, (a—1) > g=0,buta#1 modp,andthen > ¢g=0 mod p'.
g€U(p,t,d) g€U(p;t,d)
O
When p = 2, it is known that the group Us: with ¢t > 2 has two subgroups of
order 2t7% for i =1, 2, --- ,t — 1. These are,
Uy(2,6,27%) ={1, 1+1-2°, 142-2°, 1+3-2°, ..., 1+ (2" -1)2"}
and

o [1,1-20-1,2.20-1,3-20 -1, ...,
U2(27ta2 )_{ (2t—i_2)2i_1’ (275—1_1)21_1

With this, we get the following proposition.

Proposition 8. With the above notation,

> -

9E€U(2,,20-7) 22 =20 df U(2,4,2077) = Uy(2,8,27).

2i—i=l(2t — 91 41 2) if U(2,¢,207%) = Uy(2,£, 287,

Note that the sum of the elements of the subgroup Uy (2,¢,2¢7%) is the same as
the first sum of Lemma 7.
From Theorem 6, we get the following statement.

Theorem 9. Let p and t be positive numbers with p prime and not a divisor of
B. Let N = p' and e = ony(B) = kd. Then N € My(B) if and only if d {
p'=L. Furthermore, if N € My(B) and deU(p,t,d) g = rpt for some integer r then

d
S A = (BF - Dy

In a similar way as we get Equation 3, we can prove that if ged(N, B) = 1,
on(B) = kd and r; = B"* mod N, then

iAj _ (B DY

, N
j=1

Therefore
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S 4 ¢
B 1) val ' )

In others words, the last equation says that to prove that N € My(B) is equivalent

to asking if the sum Zle r; is a multiple of N. If we have the decomposition of

N in prime factors N = ptf p? .- pts it is well known from the Chinese Remainder

Theorem that there is an isomorphism between the groups Uy and Uptl X Uptz X
1 2

+ X U .5 for this reason, Zle r; is a multiple of IV if and only if it is a multiple

ofpéj forall j =1,2,...,s

Proof of Theorem 2. Let p be a prime divisor of N and pt the highest power of p
that divides IV, and let o be the canonical projection of Uy = U i xU piz2 X XUt
over Up:. We have oy (B) = e = kd; hence p | B¢ — 1 and therefore op( ) | e.

Suppose that 0,(B) 1 k. We know o,(B) | p— 1, 0p(B) | e and e = kd, so
we have that d cannot be a power of p and by Lemma 7, we get that Zle ry =
>4 (B* mod p') is divisible by p'.

If 0,(B) | k then p' | d, and therefore r; = B* =1 mod pfori=1, 2, ..., d.

Now, the set B={B*|i=1, 2, ---, d} is a subgroup of Uy so we have that
o(B) is a subgroup of Uy,:. By Lemma 7 it has order p'~¢, so o(B) = U(p,t,p" ).
But,

B= |J o),

g€U(p,t,pt—*)

again by Lemma 7, we have that

d

is a multiple of d and therefore of p’.

For any prime p that divides N, we conclude that the sum Z?:l r; is a multiple
of pt. So we can apply the isomorphism (given by the Chinese Remainder Theorem)
between the groups Uy and UP? X Up? X - X Upisv to prove that this sum is

divisible by N; from Equation 4 we may conclude that 2?21 Aj is a multiple of
B* — 1 and finally that N € My(B).

Reciprocally, let N € My(B), and p be a prime divisor of N. If 0,(B) t k the
result is immediate.

Suppose that 0,(B) | k. Then r; = B* =1 mod p for i = 1,2,...,d. Again,
the set o ({Bik |i= 1,2,...,d}) is a subgroup of U, of the type U(p,t,p'™?).
Therefore, by Lemma 7,
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d d _pipt—p'+2) pt—p'+2
Zri =i < =d '
i=1 p 2 2

We know that N € My(B) so that p! | Zle r; and therefore, pt | d. O

Finally, Theorem 3 is immediate from Theorem 2 and it gives an easy character-
ization of Midy’s Property.
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