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Abstract. We present in this paper ultimate boundedness results for a third order nonlinear
matrix differential equations of the form

X +AX + BX + H(X)=P(t, X, X, X),

where A, B are constant symmetric n x n matrices, X, H(X) and P(t,X,X,X) are real
n X n matrices continuous in their respective arguments. Our results give a matrix analogue
of earlier results of Afuwape [1] and Meng [4], and extend other earlier results for the case
in which we do not necessarily require that H(X) be differentiable.
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1. INTRODUCTION

Let M denote the space of all real n x n matrices, IR" the real n-dimensional
Euclidean space and IR the real line —oo < t < oco. We shall be concerned here with

certain properties of solutions of differential equations of the form
X +AX + BX + H(X) = P(t, X, X, X) (1)

where X : IR — M is the unknown, A, B € M are constants, H : M — M and
P:RXMxMxM— M, and the dots indicate differentiation with respect to
t. We shall assume throughout that H € C(M) and P € C(IR x M x M x M).

Definition 1. The solutions of (1) will be said to be ultimately bounded if there
exists a constant D > 0 and if corresponding to any a > 0, there exists a T'(a) > 0

such that for
{IX Co)l* HIX Eo)I* +IX E)I?} <o = {IXOI* HIXOI* HIX(®I*} < D
forto >0 andt >ty + T(a).

The object of this paper is to prove ultimate boundedness results under some
specified conditions on H(X) and P(t, X, X, X). Specifically, unlike [6], we shall only
assume that H(X) € C(M) and that for any X,Y € M, there exists an n x n real
continuous matrix C'(X,Y") such that

H(X)=H(Y)+C(X,Y)(X -Y). 2)

For the special case in which (1) is an n—vector equation (so that X : R — IR",
H:R"— IR"and P : IR x R" X R x IR* — IR"™) a number of boundedness,
stability and existence of periodic solutions results have been established, see [1, 2,
3, 4, 5] and the references contained therein. The conditions obtained in each of
these previous investigations are generalizations of the well-known Routh-Hurwitz

conditions

a>0, ¢>0, ab—c>0 (3)
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for the stability of the trivial solution of the linear differential equation
T 4ai+ bt +cr=0 (4)

with constant coefficients, see [7].

The result in this paper is the matrix analogue of the results obtained in [1], [4]
and an extension of the matrix result obtained in Tejumola [8] to (1).

The motivation for the present investigation has come from the papers mentioned
above. It should be also noted that the condition imposed on H(X) here is different

from that imposed in [6].

2. NOTATIONS

Some standard matrix notation will be used. For any X € M, X7 and x;; 4, =

1,2,...,n denote the transpose and the elements of X respectively while (¢;;) with

Cij = ingygj will denote the product matrix XY of the matrices X,Y € M.

=1
Xi = (zi1,@i2, ..., xin) and X7 = (215,29, ..., %y;) stand for the ith row and jth
column of X respectively and X = (X1, Xy, ..., X,,) is the n? column vector consist-

ing of the n rows of X.

Corresponding to the constant matrix A € M we define an n? x n? matrix A
consisting of n? diagonal n x n matrix(a;I,) (I, being the unit n x n matrix) and
such that (a;;1,) belongs to the ith —n row and jth —n column (that is, counting n

at a time) of A. In the special case n = 2, A is the 4 x 4 matrix

aly ainls

ag1ly  agals

Next we introduce an inner product (.,.) and a norm || - || on M as follows. For
arbitrary X, Y € M, (X,Y) = trace XY7T. It is easy to check that (X,Y) = (Y, X)
and that || X —Y|?> = (X =Y, X —Y) defines a norm of M. Indeed, || X| = |X],2
where | - |,2 denotes the usual Euclidean norm in R™ and X € R" is as defined

above.
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Lastly the symbol 9, with or without subscripts, denote finite positive constants
whose magnitudes depend only on A, B, H and P. Any ¢, with a subscript, retains
a fixed identity throughout while the unnumbered ones are not necessarily the same

each time they occur.

3. STATEMENT OF RESULTS

It will be assumed throughout the sequel that H € C(M) and that
PeC(Rx MxMxM,).

Our main result in this paper is the following, which is a matrix analogue of results
in [1], [4].

Theorem 1. Let H(0) = 0 and suppose that

(i) there exists an n x n real continuous matriz C(X,Y) for any X, Y € M such
that (2) is satisfied;

(ii) the matrices A, B,C(X,Y) are associative and commute pairwise. The eigen-
Xi(B

values N;(A) of A, M\i(B) of B and \(C(X,Y)) of C(X,Y) (i=1,2,...,n%)

satisfy
0 <, < N(A) <A, (5)
0<d,<N(B) <A, (6)
0 <d. < XN(C(X,Y)) <A, (7)

where 04, Op, 0c, Ao, Ay, A are finite constants. Furthermore,

A, < k8,6, (8)

o a(l—05)0  a(l—fF)d,
k= min {Ma TA T 205, + 2a)2}

a>0,0< <1 are some constants,

where

(i1i) P satisfies
1P, X, Y, Z)|| < do + 1 (X[ + Y]+ 121D (10)
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for arbitrary X,Y,Z € M, where 69 > 0,61 > 0 are constants and &y is sufficiently
small.

Then every solution X (t) of (1) satisfies
IXOI <AL [XOI <AL [XO1 <A (11)

for all t sufficiently large, where Ay is a positive constant the magnitude of which

depends only on dg,01, A, B, H and P.

The condition (10) can be relaxed to
1Pt XY, Z)|| < 61(t) + 62() (| X ]2 + [V ]2 + | 2]|2)2 (12)
where 6;(t) and 65(t) are continuous functions of ¢ satisfying
0<6,(t) <ap foralltinR (13)

and

0<6y(t) <a; foralltinR. (14)

It will, however, be convenient to deal first with Theorem 1 in its present form and
later (see Section 6) to indicate what modification are necessary to convert the meth-
ods to the case which the matrix P satisfies (12).

We can obtain some other results on Eq. (1). A particular case which extends

Corollary 1 in [1] to the case considered is the following:

Corollary 1. Suppose that P = 0 and that the conditions (i) and (ii) of Theorem
1 above hold. Suppose further that H(0) = 0, then every solution of (1) satisfies

IX @I + X + [ X O] — 0 (15)

ast — oo.
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4. SOME PRELIMINARY RESULTS

In this section, we shall state some standard algebraic results required in the

proofs.

Lemma 1. [1] Let D be a real symmetric { x { matriz, then for any X € IR® we

have

dal| X1 < (DX, X) < AglI X%
where 04, Ag are the least and greatest eigenvalues of D, respectively.

Lemma 2. [2] Let Q,D be any two real { x { commuting symmetric matrices.
Then

(i) the eigenvalues \;(QD) (i =1,2,...,0) of the product matriz QD are all real
and satisfy

max Aj(Q)A\(D) > Ai(QD) > min A;j(Q)A(D);

i<jk<t ~ 1<jk<e

(ii) the eigenvalues \;(Q + D) (i =1,2,...,¢) of the sum of matrices Q) and D are

real and satisfy

{ilil]ag% (@) + max )\k(D)} >NQ+ D) > {1121]124 (@) + 121}3& )\k(D)} )

1<kt

5. PROOF OF RESULTS

Our main tool in the proof of the results is the scalar Lyapunov function
VMXMxM-—IR

adapted from [4] and defined for any function X,Y,Z € M by
2V = {(B(1—B)BX,BX)+ (2aA"'BY,Y) + (3BY,Y)
A Z, Z) + (a(Z + AY),Y + A717) (16)
(Z+AY + (1 - B)BX, Z + AY + (1 — 3)BX)}
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where a > 0, 0 < (8 <1 are some constants.

Lemma 3. Assume that all the conditions on matrices A, B and H(X) in Theo-

rem 1 are satisfied. Then, there exist positive constants d9 and d3 such that

SIXIE+IYIP+ 1217 <2V < ss(1X[ + 1Y + 1211 (17)

Proof of Lemma 3. See [6, pages 191-192].

Proof of Theorem 1

Let us for convenience replace Eq. (1) by the equivalent system of differential

equation _
X =Y
Y = Z (18)
Z = —AZ—-BY —H(X)+P(t,X,Y, 7).

To prove our results it therefore suffices to prove that
X[+ Y2+ 12117 < A

for any solution (X, Y, Z) of (18).
The proof of the ultimate boundedness result depends on our being able to prove

that V satisfies

() V(X,Y,Z) — oo as || X[+ [Y]* +[|Z]|* — oo and

along paths of any solution (X,Y, Z) of (18) for which || X||? + ||[Y]|*> + || Z]|? is large
enough.

Property (i) is obviously taken care by Lemma 3. Thus, we are only left to prove
property (ii) for V. Let (X,Y, Z) be any solution of (18). Then, the total derivative
of V' with respect to ¢ along this solution path is

V=-U—-U—Us;+U, (19)
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where
U, = <1_2ﬁBX, H(X)) + (BABY,Y) + (%Z, )
U, — <1_253X,H(X)>+<az,z>+<<A+a1)y,H(X>>

1—

Uy = (SUBXH) +(32,2) + {0+ 20472, H(X))

U = (1-08)BX+ (A+al)Y + (A+al)Y + (I +2aANZ, P(t,X,Y, Z)).
Because of the representation of H(X) as

H(X) = H(0)+ C(X,0)X (20)

from (2) and if H(0) = 0 with condition (7) satisfied, we obtain

— 1 —
lpx o) = (S 0Bx.ox0)x)
1-8¢ :
— 25§:|B(J(X,0)X1|$L (21a)
=1
> L s xp,
2
ABY.Y) = Y ABY|?
> (0.0 Y%,
and
($2,72) =317 = ) 7)1 (21c)
2 2 &= 2

n n
The estimates above are valid since » | X*|2 = > |X;|? = | X|2, for any X € M.
i=1 i=1

Combining these estimates (21a)-(21c), we clearly have

1 o
U > =(1—=083)00.| X%+ 36,0.Y]? + = Z|?
> 2( B)6s0c]| X |7 + Bade|| Y| 2|| | (22)

> a(IXI2+IVIE+ 1217,
where 04, = min %{(1 — )00, 280,9., a}.
Next, we give estimates for ((A+ al)Y, H(X)) and ((I +2aA™")Z, H(X)).
For some k; > 0, ky > 0, conveniently chosen later, we have

(A+al)Y,H(X)) = [[ki(A+al)zY +2 % (A+ al)2H(X)|?

—(k3(A+al)Y,Y) — 47 U?{(A+ o) H(X), H(X))
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and
(I +20ANZ, H(X)) = |lko( +20A™ )2 Z + 27k (I + 204 )2 H(X)|?
—(k2(I +20A N2, Z)
— (47 k(I + 20A"YH(X), H(X)),
thus, 1 1
Uy = |[ki(A+al)?2Y + 27 % (A+al)2 H(X))|?
+(47 1 - B)BX — 47k 2 ((A+ a)H(X), H(X))
+{[aB — k2(A+ al)]Y,Y),
and

Us = ||ko(I+20A™)2Z + 27 % (I + 204 )2 H(X))|]?
+{(471(1 = B)BX — 47k 2 (I + 20A Y H(X), H(X))
+<[%I — B3I +20A7YZ, 2).
By Lemmas 1 and 2, and using (20), we obtain
Uy > {XT[4Y1—-0)B—4"%2(al + A)C(X,0)]C(X,0)X
+YT[aB — k2 (al + A)Y}

d
- U > {XT[47'(1—B)B —47%2(I +20A7HC(X,0)]C(X,0)X

+ZT[%B — k(I +2aA 1) 2}
Furthermore, by using Lemmas 1 and 2, and (5)-(7), we obtain
1
Us 2 {50[(1= 9% — k(1 + 206, )AJ X2 + |5 = K31+ 208, 1211%)
Thus, we obtain, for all X,Y in M,

U2 Z 0 (23&)

if k2 <

L RO=98 _o(l-B)R
T (a+A) T (a+ A%

(24a)

and for all X, Z in M,
Us >0 (23b)
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it h2 < a

7%  with
5 < 220 +0,) wit

_ B0 =3, _ all - 8)525
“= T 2a+0,) — 202a+0,)2"

Combining all the inequalities in (23) and (24), we have for all X,Y,Z in M,U; > 0
and Us > 0, if

(24b)

Ac S kéaéb

with

. al=8)s a(l—pB)d,
= min { Sl + An)? 2(20 + 6,) } <

Finally, we are left with U,. Since P(t, X, Y, Z) satisfies inequality (10), by Schwarz’s
inequality, we obtain
Usl < {1 =B X[+ (a + AV + (1 + 225, ) ZIHI P(t, X, Y, Z)]|
< O (IXI =+ I+ 1 Z1D100 + ox (XL + (Y1 + 1 Z1D)] (25)
< 3a85(| X2 + 1Y+ 1 Z17) + 328005 (| X |2 + 1Y |2 + 1121122,
where 85 = max{(1 — 8)Ay; a+ A, 1+ 2a6,'}.
Combining inequalities (22), (23) and (25) in (19), we obtain
: 1
V < =266(IXI1F + 1Y I+ 1 211°) + s (X1 + 1Y + 11 2)1%) 2, (26)

where d = 1(8, — 36,85), 01 < 37105184, 07 = 326,05
If we choose (|| X2+ ||Y][2+ || Z||?)2 > 0s = 6:0; ", inequality (26) implies that

V< =5(I X112+ 1Y+ 121). (27)
Then, there exists dg such that
V<-1 it | XIP Y112 = 6.

The remainder of the proof of Theorem 1 may now be obtained by the use of the esti-
mates (17) and (27) and an adaptation of the Yoshizawa [9] type reasoning employed
in [4]. O
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6. THE OTHER FORM OF P

We can now turn to the case mentioned in Section 3, in which the matrix P
satisfies inequality (12) instead of (10). The proof of our result in this case follows
the lines indicated in Section 5 above, except for some minor modifications. The main
modification occurs in our estimate for |Uy| defined in (19). If matrix P(¢, X,Y, Z)
satisfies inequality (12), then

Uil < dwlIX 1P+ Y2+ 1217211 P X, Y, Z)]|

< S {B@UXIP+[YIP+ 1217 + 6@ UXIP+ Y]+ 1217}

where
819 = 37 max{(1 — 3)Ap;a + Ay; 1 + 200, '}
Now, by (13), d1001(t) < d10a0 and by (14), d1002(t) < d1pc; for all ¢ in IR. Thus, we
have
V< =260 (|XIP+ Y I?+ 1 21) + (I X P + V)2 + 112]%)2,
where 6, = %(54 — 610001), a1 < 04075 and 815 = d1p0p. Following the procedure

indicated in Section 5, we then conclude that V < —1 for (|| X |24V ||2+]| Z|[?)z > 6y5.

7. PROOF OF COROLLARY 1

If P =0, then in the proof of Theorem 1, U, = 0 and if hypotheses (i) and (i) of
Theorem 1 hold then we have
V < —6V(t),

for some constant § > 0. By integrating and with the aid of inequalities (17), we can
easily conclude that (15) is valid as ¢ — oo. This completes the proof of Corollary 1.
O

Acknowledgements: The research of the second author was supported by Uni-
versity of Antioquia Research Grant CODI No. IN568CE.



94

References

[1]

A. U. Afuwape, Ultimate boundedness results for a certain system of third order

non-linear differential equation, J. Math. Anal. Appl. 97 (1983), 140-150.

A. U. Afuwape and M. O. Omeike, Further ultimate boundedness of solutions of
some system of third order non-linear ordinary differential equations, Acta Univ.

Palack. Olomuc. Fac. Rerum Natur. Math. 43 (2004) 7-20.

J. O. C. Ezeilo, J. O. C. and H. O. Tejumola, Boundedness and periodicity
of solutions of a certain system of third order non-linear differential equations,

Annali Mat. Pura Appl. 74 (1966) 283-316.

F. W. Meng, Ultimate boundedness results for a certain system of third order

nonlinear differential equations, J. Math. Anal. Appl. 177 (1993), 496-509.

M. O. Omeike, Qualitative Study of solutions of certain n-system of third order
non-linear ordinary differential equations, Ph.D. Thesis, University of Agricul-

ture, Abeokuta, Nigeria (2005).

M. O. Omeike, Ultimate boundedness results for a certain third order nonlinear
matriz differential equations, Acta Univ. Palack. Olomuc. Fac. Rerum Natur.

Math. 46 (2007), 65-73

R. Reissig, G. Sansone and R. Conti, Non-linear Differential Equations of higher
order, Noordhoff International Publishing, Leyden, 1974. xiii4+ 669 pp.

H. O. Tejumola, On a Lienard type matrix differential equation, Atti Accad. Naz.
Lincei Rendi. Cl. Sci. Fis. Mat. Natur (8) 60, no.2 (1976) 100-107.

T. Yoshizawa, Stability Theory by Liapunov’s Second Method, The Mathematical
Society of Japan. viii + 223 pp.



