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Abstract

In the present work, we have computed the entanglement between the electronic and
nuclear motions in two molecular model systems: the one-dimensional hydrogen molecu-
lar ion (H+

2 ) and the Shin-Metiu model, considering the molecules as a bipartite systems:
electron and nuclear motion. For that purpose, we have computed the Born-Oppenheimer
and non-Born-Oppenheimer (Born-Huang) wave function in terms of the Fourier Grid
Hamiltonian basis that expands both the electronic and nuclear wave functions. Also,
according to the Schmidt decomposition theorem for bipartite systems, widely used in
quantum-information theory, there is a much shorter but equivalent expansion in terms
of the Schmidt bases for the electronic and nuclear sub-spaces. In these models of distin-
guishable coupled particles we have shown that the entanglements contents do not increase
monotonically with the excitation energy. In the hydrogen molecular ion and in the Shin-
Metiu model, the entanglements contents for each Born-Oppenheimer electro-nuclear state
is quantified through the von-Neumann and linear entropies and we have shown that en-
tanglement serves as a witness of distinguishability of nuclear states related to different
Born-Oppenheimer molecular energy curves or electronic excitation modes.
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Chapter 1

Introduction

Electrons and nuclei are the fundamental particles that determine the nature of the matter
of our every world: atoms, molecules, condensed matter. This is because a piece of matter
can be imagined as a collection of interacting atoms, sometimes under the influence of
an external field. The description of the physical and chemistry properties of matter is a
central issue, that has been studied along many years and it is because the multi-electronic
and nuclear many-body problem does not have exact solution [14, 19]. Most quantum
chemistry calculations are done by following nuclear motions on potential energy surfaces
obtained a priori based on the Born-Oppenheimer (BO) approximation for a molecule,
which can be thought of as a bipartite coupled system composed of electrons and nuclei
according to quantum information theory. The BO wave function can be expressed as a
direct product of an electronic wave function (which depends parametrically on the nuclear
geometry) and a nuclear wave function. However, such a molecular BO wave function is
not a true eigen-function of the molecular Hamiltonian, since the so-called non-adiabatic
coupling terms are missing and with them, some of the intricate features of the correlation
between electrons and nuclei [1, 12].
The screening of the long-range Coulomb forces in those systems may produce effects on
their structure and dynamics, still unexplored or unexpected. The lack of exactly solvable
problems, including screening effects, has been perhaps the reason for the little attention
paid in the literature to solve, from first principles, complex molecular systems under the
effect of screening interactions [1].

Another tool to analyze states in quantum systems is through entanglement measures,
such as von-Neumann and linear entropies of entanglement. Needless to say that entangle-
ment is one of the most crucial properties of multipartite systems in quantum theory that
brings essential inseparability and non-classical correlations among their constituents, it is
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subject to a continuous debate on its nature and potential applications. Previous studies
have focused their attention on analyzing entanglement entropies of bound levels in artifi-
cial model atoms. More recently, these studies have been extended to realistic two-electron
atoms considered as bipartite entangled systems, although restricted to the analysis of the
ground state and low-lying singly excited states [21].

In the present work, the objective is to compute the entanglement between the elec-
tronic and nuclear motions in two molecular model systems: the one-dimensional hydrogen
molecular ion (H+

2 ) and the Shin-Metiu model, where we have considered the molecules
as a bipartite systems, composed by the electron and nuclear motion. For that purpose,
we will compute the Born-Oppenheimer and non-Born-Oppenheimer (Born-Huang) wave
functions in terms of the Fourier Grid Hamiltonian basis that expand the electronic and
nuclear wave functions. Also, according to the Schmidt decomposition theorem for bipar-
tite systems, we will compute a much shorter but equivalent expansion in terms of the
Schmidt bases for the electronic and nuclear sub-spaces separately and analyze how the
values of the entropy can affect this expansion.

The thesis is organized as follows. In chapter 2 we have described the theoretical
tools required to understand both calculations and results. This chapter is dedicated to
explain how the wave functions are built and under what conditions the Born-Oppenheimer
and Born-Huang wave functions are valid. Also, we have explained the relation between
the density operator, the entropy and the Schmidt decomposition for a quantum system.
In chapter 3 we have described the two molecular model systems; the one-dimensional
hydrogen molecular ion (H+

2 ) and the Shin-Metiu model. In chapter 4 we have introduced
the methods and different parameters which we have used to solve the two molecular model
systems and in the chapters 5, 6 and 7 we have introduced our results. We end up with
some conclusions in chapter 8.
Atomic units (a.u.) are used throughout unless otherwise explicitly stated.
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Chapter 2

Theoretical Tools

2.1 Atomic and Molecular Problem

We can unambiguously describe all atomic and molecular systems as a set of atomic nuclei
and electrons interacting through Coulombian forces. We begin by considering a system
of K non-relativistic spinless electrons N and nuclei, which can be described by the Hamil-
tonian (2.1)

Ĥ =
N∑
I=1

P̂
2

I

2MI︸ ︷︷ ︸
T̂N

+
1

2me

K∑
j=1

p̂2
j︸ ︷︷ ︸

T̂e

+ V̂ (R̂1, ..., R̂N, x̂1, ..., x̂K)︸ ︷︷ ︸
ÛNN+ÛNe+Ûee

, (2.1)

which has been splitted into three parts: nuclear and electronic kinetic energies plus
the interactions between the nuclei and the electrons, i.e:

• T̂N is the nuclear kinetic energy operator. MI and P̂I are the mass and the momentum
operator of the I-th nucleus respectively.

• T̂e is the electronic kinetic energy operator. me is the electron mass and p̂j is the
momentum operator of the j-th electron.

• V̂ is total interaction potential. It is composed by the Coulomb interactions nucleus-
nucleus (ÛNN), nucleus-electron (ÛNe) and electron-electron (Ûee) operators.
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So, to find the energy and stationary states of the full molecular system, one would solve
the time independent Schrödinger equation (equation 2.2)

Ĥ |Ψ〉 = W |Ψ〉 , (2.2)

where Ĥ is the Hamiltonian operator and W is the energy of the stationary eigenstate |Ψ〉.
Solving the equation (2.2) may be very difficult for systems composed by several particles,
nuclei plus electrons. Only in a few cases, such as hydrogen-like atoms or the 3D hydrogen
molecular ion H+

2 , a full analytic solution is available. Very accurate numerical solutions
are also possible. There are several features that contribute to this difficulty, but the most
important is that this is a multi-component many-body system, which makes the above
Schrodinger equation not separable.
The usual choice is to resort to a few reasonable and well controlled approximations which
can encompass a wide variety of problems. But, there are systems where the hypotheses
leading to these approximations are violated. They require a much larger theoretical and
computational effort [14, 6, 26].
It is why on this work we will make emphasis in two different methods: The Born-
Oppenheimer (BO) approximation and the, in principle, exact Born-Huang (BH) expan-
sion.

2.1.1 Born-Oppenheimer (BO) approximation

The main idea of the Born-Oppenheimer approximation, commonly being confused with
the adiabatic approximation, is to replace the coupled problem by a pair of uncoupled
single particle problems. Sometimes it can be used if the time scale associated to the
nuclear motion is usually much slower than the associated with electrons.
The most unfavorable case of a single proton corresponds to a mass ratio of 1:1836, i.e. less
than 1%. Within a classical picture we could say that, under typical conditions, the velocity
of the electron is much larger than that of the heavy particle (the proton). In other words,
since the nuclei are much heavier than electrons, they move more slowly. Thus, one can
consider the electrons in a molecule to be moving in the field of fixed nuclei. As the nuclei
follow their dynamics, the electron instantaneously adjust their wave function according
to the nuclear (vibrational and rotational) wave function. This approximation ignores the
possibility of having non-radiative (through non-adiabatic couplings) transitions between
different electronic eigenstates. Transitions can only arise through the radiative coupling
with an external electromagnetic field, if the selection rule allows for them.
Within this approximation, the first term of the equation (2.1), the nuclear kinetic energy,
can be neglected and the nucleus-nucleus interaction among nuclei can be considered as
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a constant; any constant added to an operator only adds to the operator eigenvalues and
does not have effect on the operator eigenstates. Thus, the remaining terms in the equation
(2.1) are called the electronic Hamiltonian

Ĥe =
1

2me

K∑
j=1

p̂2
j + +ÛNe(R̂, x̂) + Ûee(x̂), (2.3)

where R̂ =
{

R̂I , I = 1, ..., N
}

is a set of N nuclear coordinates, and x̂ = {x̂j, j = 1, ..., K}.
Also, the Hamiltonian (2.3) follows a corresponding Schröodinger equation (2.4)

Ĥeφn(x; R) = ε
(n)
elec(R)φn(x; R), (2.4)

where φn(x; R) is the n-th electronic wave function, which describes the motion of electrons
for a fixed nuclear geometry R, and explicitly depends on the electronic coordinate, but
depends parametrically of the nuclear coordinates, as the electronic energy ε

(n)
elec(R). Also,

φn(x; R) is a different function of the electronic coordinates for each nuclear configuration
R.
The total electronic energy En(R) for fixed nuclei must also include the constant nuclear
Coulombic interaction, it is

En(R) = ε
(n)
elec(R) + ÛNN(R̂). (2.5)

Thus, the energy En(R) provides a potential surface in the remaining nuclear motion in
the nuclear Hamiltonian

Ĥ
(n)
nucl =

N∑
I=1

P̂2
I

2MI

+ En(R), (2.6)

and the solutions to this nuclear Hamiltonian is provided by the nuclear Schrödinger equa-
tion

Ĥ
(n)
nuclχn,m(R) = Wmχn,m(R), (2.7)

where χn,m(R) is the m-th nuclear wave function associated to the n-th electronic state, it
describes the vibration and rotation of a molecule. Wm is the Born-Oppenheimer approx-
imation to the total energy of the Schrödinger equation (2.2), which includes electronic,
vibrational, rotational and translational energies. The corresponding BO-approximation
to the total wave function of the Schrödinger equation (2.2) is thus the product

Ψ(x,R) = φn(x; R)χn,m(R). (2.8)
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In the BO-approximation, additional coupled terms are neglected, i.e. we are not consid-
ering couplings between different electronic states, so that electrons remain described by
the same n-th adiabatic electronic state and the dynamics is said to be adiabatic [14, 7,
26].

2.1.2 Born-Huang (BH) expansion

This method modify the potential energy of the nuclei, which is not the energy eigenvalue
of the electronic state considered plus the nucleus-nucleus interaction, equation (2.5). The
Born-Huang method has the additional advantage that it leads to a system of coupled
equations for all electronic states, which implies the inherent inner coupling between the
electronic and nuclear motions.
We will start trying to solve the Schrödinger equation (2.2), proposing a total wave function
with the form

Ψ(x,R) =
∑
n

φn(x; R)fn(R), (2.9)

where φn(x; R)fn(R) are the electronic and the vibrational wave functions (in this work we
will not consider the rotational motion) respectively. Multiplying the result by φ∗n′(x; R)
and integrating over x, we obtain the set of coupled equations for the vibrational wave
functions (

T̂N + En(R)−Wn

)
fn(R) +

∑
n′

Ĉn,n′(R̂, P̂)fn′(R) = 0, (2.10)

where En(R) is the electronic potential energy surface in the BO-approximation, equation
(2.5). Wn is the total energy in the Schrödinger equation (2.2) and Cn,n′ correspond to the
so-called non-adiabatic couplings.
These non-adiabtic couplings are defined as follows

Ĉn,n′ =
N∑
I=1

1

MI

(
Â

(I)
n,n′(R̂)P̂I + B̂

(I)
n,n′(R̂)

)
. (2.11)

• Â(I)
n,n′(R) is defined by

Â
(I)
n,n′(R) =

∫
dxφ∗n(x; R)P̂Iφn′(x; R), (2.12)
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and its diagonal elements (n = n′) are equal to zero when φn(x; R) are chosen to be
real functions. Also it is an anti-symmetric operator, since

Â
(I)
n,n′(R)

.
=
−i~

2
∂RI

∫
dx |φn(x; R)|2 = 0 n = n′, (2.13)

Â
(I)
n,n′(R) = −Â(I)

n′,n(R) n 6= n′. (2.14)

Also, using the off-diagonal Hellmann-Feynman theorem (Appendix A), we can eval-
uate the matrix elements (equation (2.12) as

Â
(I)
n,n′(R) = − i~

En′(R)− En(R)

〈
φn

∣∣∣∣∣∂Ĥe

∂RI

∣∣∣∣∣φn′

〉
= −i~F (I)

n,n′(R). (2.15)

• B̂(I)
n,n′(R) is defined by

B̂
(I)
n,n′(R) =

1

2

∫
dxφ∗n(x; R)P̂2

Iφn′(x; R). (2.16)

Writing the momentum operator in the position representation
(
P̂I

.
= −i~∂RI

)
, B̂

(I)
n,n′

can be written as

B̂
(I)
n,n′(R) = −~2

2

∫
dxφ∗n(x; R)∂RI

(∂RI
φn′(x; R)), (2.17)

= −~2

2

∂RI

∫
dxφ∗n(x; R)∂RI

φn′(x; R)︸ ︷︷ ︸
Â

(I)

n,n′ (R)

+

∫
dx (∂RI

φn(x; R))† (∂RI
φn′(x; R))︸ ︷︷ ︸

ξ
(I)

n,n′ (R)

 .

where is clear that the first term is the partial derivative with respect to the nuclear
coordinate RI of A

(I)
n,n′(R). For the second term we use the completeness relation of

the electronic states functions to obtain

ξ
(I)
n,n′(R) =

∑
j

(∫
dx 〈φj| (∂RI

φn(x; R))† 〈φj| (∂RI
φn′(x; R))

)
=

∑
j

(∫
dxA

(I)
n,j(x; R)A

(I)
j,n′(x; R)

)
= (A(I)·A(I))n,n′(R) (2.18)
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that compared with the property showed in the Appendix B, the term ξ
(I)
n,n′(R) is the

matrix element n, n′ of the square of the matrix A, i.e, A · A.
In general Bn,n′(R) written in matrix form is

B(I) = −~2

2

(
∂

∂RI

F + F2

)
= −~2

2
H(I). (2.19)

B̂
(I)
n,n′(R) is not symmetric or anti-symmetric, its first term is anti-symmetric and the

second is symmetric.

Thus, we can rewrite the non-adiabatic coupling C in matrix form as

C = −
N∑
I=1

~2

2MI

[
2F(I)∂RI

+ H(I)
]
, (2.20)

the terms H(I) and 2F(I)∂RI
compensate to each other, so that C is a symmetric (Hermi-

tian) matrix, as it should be since adds to the Hamiltonian [10].

After that, we can rewrite the equation (2.10) in the form(
T̂N + Un(R)−Wn

)
fn(R) +

∑
n′ 6=n

Ĉn,n′(R̂, P̂)fn′(R) = 0, (2.21)

where the diagonal terms in C are omitted on the summation and included in the potential,
i.e.

Un(R) = En(R) +
∑
I

1

MI

B̂(I)
n,n(R̂). (2.22)

The total wave function within the BH expansion can be written in the BO wave
functions as an expansion of nuclear functions multiplied by a set coefficients, then a
general expansion for a BH-like wave function may have the form

Ψ(x,R) =
∑
n

φn(x; R)

(∑
m

cn,mχn,m(R)

)
. (2.23)

Finally, an important assumption must be mentioned. If electronic wave functions vary
sufficiently slowly with the nuclear coordinates, Cn,n′ ≈ 0; the last term of the equation
(2.21) may usually be neglected. In this case, the vibrational wave functions are decoupled
from each other [5, 3].
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2.1.3 Diabatic Coupling

We need to pass from an adiabatic to a diabatic representation of the total wave func-
tion by an unitary matrix transformation, diabatic molecular eigenfunctions are readily
constructed from the adiabatic eigenfunctions by using the identities

fd = U†f ⇒ fdm =
∑
k

(Um,k)
†fk =

∑
k

U∗k,mfk,

φφφd = Uφφφ ⇒ φdm =
∑
k

(Um,k)
†φk =

∑
k

U∗k,mφk, (2.24)

thus, the total wave function is invariant under unitary transformations and can be written
in a new basis defined by the orthogonal transformation used in the relations (2.24)

Ψ(x,R) =
∑
n

φn(x; R)fn(R) = φφφTn (x; R)fn(R) = (Uφφφd)T (Ufd)

=
∑
n

φdn(x; R)fdn(R). (2.25)

The relationship between the adiabatic and diabatic states is illustrated by(
− ~2

2M
∇2 + E(R)−W + C

)
fn(R) = 0,

m (2.26)(
− ~2

2M
∇2 + Vd(R)−Wd

)
fdn (R) = 0,

where Vd(R) = U−1(R)E(R)U(R) will have diagonal elements which may cross and
non-zero diagonal elements which drive transitions between the molecular states.
We have used that there is not adiabatic couplings between the diabatic electronic wave
functions, i.e.
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F d
n,m =

〈
φdn

∣∣∣∣ ∂∂R

∣∣∣∣φdm〉 = 0 (2.27)

=
∑
k,l

〈
Um,kφk

∣∣∣∣ ∂∂R

∣∣∣∣U∗l,mφm〉
=

∑
k,l

〈Um,kφk| ·
(∣∣∣∣ ∂∂R

U∗l,mφm

〉
+

∣∣∣∣U∗l,m ∂

∂R
φm

〉)

=
∑
k

Um,k

〈
φk

∣∣∣∣∣·∑
l

U∗l,m

∣∣∣∣∣ ∂

∂R
φm

〉
+
∑
k,l

Um,k
∂

∂R
U∗l,mδk,l

= U†AU + U†
∂

∂R
U = U†

(
AU +

∂

∂R
U
)

︸ ︷︷ ︸
=0

, (2.28)

with this last relation one might find the relation between the non-adiabatic couplings and
the unitary transformation matrix [17, 8, 20].

• Two Electronic Surfaces Case: If the adiabatic coupling is strong over a limited
region, as it is typical of avoided crossings (Figure 2.1), in many such cases, the
diabatic coupling are weak and the equations for fd(R) may be solved using the
distorted-wave approximation

If n=2, the transformation matrix U takes a particularly simple form, where it can
be expressed in terms of a single parameter λ(R)

U =

(
Cos λ(R) Sin λ(R)

− Sin λ(R) Cos λ(R)

)
, (2.29)

where

λ(R) =

∫ ∞
R

dR′A0,1(R′). (2.30)

The potential matrix takes the form

Vd =

(
E1Cos

2λ+ E2Sin
2λ 1

2
(E1 − E2)Sin

2λ

1
2
(E1 − E2)Sin

2λ E1Sin
2λ+ E2Cos

2λ

)
. (2.31)
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Figure 2.1:
Diabats D1,2 are coupled by H1,2. Where interaction is negligible, adiabats E1,2 are identi-
fied with the D1,2, namely, for x << 0, E1 = D1 and E2 = D2, while for x >> 0, E1 = D2

and E2 = D1 [28].

The diabatic potential energy surfaces cross where V0,0(R) = V1,1(R). The function
λ(R) is the area under the curve of A0,1 in the interval [R,∞]. In the weak-coupling limit
the diabatic and adiabatic surfaces coincide. In the strong-coupling limit, many crossings
occur of the diabatic curves which oscillate between E1(R) and E2(R) [17, 8, 20].

2.2 Schmidt decomposition and Von-Neumann En-

tropy

First we need to assume that a state of a system arises by a quantum process, so that the
state |Ψα〉 is prepared with probability pα. We call this situation a mixture of the states
|Ψα〉.

Thus, we will define the density operator of an ensamble of α systems as

ρ̂ =
∑
α

pα |Ψα〉 〈Ψα|. (2.32)
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We will focus in a special case of the equation (2.32). For a single element within the
ensamble, described by a pure state, the density operator can be written as

ρ̂ = |Ψ〉 〈Ψ| . (2.33)

It is important to remark that a mixture of states is a very different thing from a
superposition. A superposition yields a definite state vector, whereas a mixture does not
and so must be described by a density operator [23].

Assuming that |Ψ〉 represents a molecular state (electrons + nuclei). If one partially
trace over the degrees of freedom x or R, we find the reduced density operators ρ̂(R) and
ρ̂(x) respectively, which can be written as

• Reduced density operator ρ̂(R)

ρ̂(R) = T̂ rx [ρ̂] =

∫
dx 〈x|Ψ〉 〈Ψ|x〉, (2.34)

• Reduced density operator ρ̂(x)

ρ̂(x) = T̂ rR [ρ̂] =

∫
dR 〈R|Ψ〉 〈Ψ|R〉, (2.35)

2.2.1 Schmidt decomposition

The Schmidt decomposition asserts that given a state |Ψ〉, whose wave function depends
of x and R, in this case, there exist orthogonal bases {|ui〉i=1,..,l} and {|vi〉i=1,..,k} for the
Hilbert spaces HA and HB respectively such that the total state |Ψ〉 can be decomposed
as

|Ψ〉 =
n∑
i=1

√
ηi |ui〉 ⊗ |vi〉, (2.36)

where n = min(dim(HA) = l, dim(HB) = k). Equation (2.36) has n real expansion coeffi-
cients

√
ηi related to the eigenvalues of the reduced density operators indicated above. The

Schmidt bases {|ui〉i=1,..,l} and {|vi〉i=1,..,k} are the eigen-bases of the reduced density oper-
ators (2.34) and (2.35). These bases give us a much more compact and simple expression
of |Ψ〉 [9, 23].
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2.2.2 Von-Neumann Entropy

The Shannon entropy is the average information, in units of bits, which is given by the
expected value of the information content over all possible events available under a given
scheme, that is, the information gained, on average, by an agent witnessing its elements.
In the quantum case, information is quantified by the von-Neumann entropy, which pro-
vides the entanglement contained in a quantum state.
The standard measure of the quantum information associated with a quantum system can
be found using its density operator, and the von-Neumann entropy is defined as

S = −Tr [ρ̂ ln ρ̂] = −
∑
j

ηj ln ηj, (2.37)

it is a measure of the entanglement associated with a state and achieves its maximum value
for the maximum entanglement.
Also, other way to measure the entanglement is the linear entropy, which gives information
about the impurity of the system. The linear entropy is a linear approximation to the
von-Neumann entropy and it is defined by

S = 1− Tr
[
ρ̂2
]

= 1−
∑
j

η2j = 1− γ, (2.38)

where γ is the purity of a state [9, 4, 23].

2.3 Electric dipole transitions

The electric dipole moment operator, between a initial electronic state of a molecule
Ψi(x,R) and a final electronic state Ψf (x,R) is given by 〈Ψf | d̂ |Ψi〉, where d̂ is the elec-
tric dipole moment operator. It is the sum of the electronic and nuclear contributions
d̂ = d̂elec + d̂nuc, where d̂elec and d̂nuc are given in terms of the coordinates of the electrons
and the nuclei.

The electronic part of this matrix element can be evaluated by doing the integration
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over electronic coordinates to obtain the R-dependent transition dipole moment

d̂f,i(R) = 〈Ψf | d̂ |Ψi〉 ,

= 〈Ψf | d̂elec |Ψi〉+ q

∫
dR 〈Ψf |R〉R 〈R|Ψi〉,

= 〈Ψf | d̂elec |Ψi〉+ q

∫
dx

∫
dRΨf (x,R)RΨi(x,R),

= 〈Ψf | d̂elec |Ψi〉+ q

∫
dRR

(∫
dx 〈Ψf |x〉 〈x|Ψi〉

)
|R 〉〈R|,

= 〈Ψf | d̂elec |Ψi〉+ δi,f d̂nuc, (2.39)

which couple different initial and final electronic states of a molecule [2].
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Chapter 3

Molecular model systems

3.1 One-dimensional hydrogen molecular ion (H+
2 )

This system is composed by two nuclei and an electron which moves along one axis, with
degrees of freedom R1, R2 and x respectively, how is showed in the Figure (3.2). Thus, in
principle the Hamiltonian of the system can be written as

Ĥ =
1

2Mp

2∑
I=1

P̂ 2
I +

p̂2e
2me

+
ZαZβ

|R̂1 − R̂2|
−

Zαe
2√

(x̂− R̂1)2 + a(|R̂1 − R̂2|)
− Zβe

2√
(x̂− R̂2)2 + a(|R̂1 − R̂2|)

, (3.1)

where Mp is the proton mass, me is the electron mass, Zi is the charge for the i-th nucleus.
Also, the function a(|R1−R2|) in the nucleus-electron interaction is the softening parameter
(which depends on the inter-nuclear distance) for the Coulomb singularity, it is chosen to
produce the exact three-dimensional 1σg BO potential energy curve solved in confocal
elliptic coordinates [13, 29, 2].

In the Hamiltonians (3.3) amd (3.4) each term is labeled according to the the labels set in the equation
(2.1).
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Now, we will change the coordinates system to a center of mass system for the nuclei,
where R = |R1 − R2| and Rcm = (R1 + R2)/2 [11, 15]. Also, the total mass would be
M = 2Mp and the reduced mass µ′ = Mp/2 and the Hamiltonian (3.2) would be written
as

Ĥ =
ˆP 2
cm

2(2Mp)
+
P̂ 2
R

Mp

+
p̂2e

2me

+
ZαZβ
R
− Zαe

2√
(x̂− R̂1)2 + a(R)

− Zβe
2√

(x̂− R̂2)2 + a(R)
, (3.2)

Figure 3.1:
Graphic scheme of the one-dimensional model of H+

2 , where Zα and Zβ are the atomic
charges of two nuclei, which are separated by a distance R in a center of mass reference
system, and at distances R1 and R2 to an ordinary reference system with origin at the
point 0. x is the degree of freedom associated to the electron which moves along the x-axis
axis and R is the degree of freedom associated to the moving nuclei.

Finally we obtain Hamiltonian by changing the reference system for the electron, we
obtain that its reduced mass is µ = 2Mpme/(2Mp + me) and discarting the movement of
the center of mass, which is a cyclic variable, we obtain that the Hamiltonian with reduced
dimensionality of the system is given by the equation (3.3).

Ĥ =
P̂ 2
R

MP︸︷︷︸
T̂N

+
p̂2x
2µ︸︷︷︸
T̂e

+
ZαZβe

2

R̂︸ ︷︷ ︸
ÛNN

− Zαe
2√

(x̂+ R̂/2)2 + a(R̂)
− Zβe

2√
(x̂− R̂/2)2 + a(R̂)︸ ︷︷ ︸

ÛNe

, (3.3)
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3.2 Shin-Metiu model

This one-dimensional model is composed by two fixed nuclei separated by a distance L
and a third nucleus which is moving between the two fixed nuclei. Also an electron is
moving through the whole space; along the x-axis. Thus, the system is composed by two
degrees of freedom. A brief scheme is showed in the Figure (3.2) and the Hamiltonian of
the Shin-Metiu model is given by

Ĥ =
P̂ 2
R

2MP︸ ︷︷ ︸
T̂N

+
p̂2x

2me︸︷︷︸
T̂e

+
ZαZσe

2

|R̂ + L/2|
+

ZβZσe
2

|R̂− L/2|︸ ︷︷ ︸
ÛNN

− Zαe
2 erf(x/Rcα)

|x̂+ L/2|
− Zβe

2 erf(x/Rcβ)

|x̂− L/2|
− Zσe

2 erf(x/Rcσ)

|x̂− R̂|︸ ︷︷ ︸
ÛNe

, (3.4)

where where Mp is the proton mass, me is the electron mass, Zi is the charge for the i-th
nucleus, erf(x/Rci) is the error function which screen the Coulomb potential and Rci is
a screening parameter in the pseudo-potential which is used as an adjustable parameter,
to generate a variety of potential energy curves for the moving ion. By increasing Rci, we
diminish the ability of the moving ion to bind the electron, and this has a strong effect on
the adiabatic energy curve [25, 24].
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Figure 3.2:
Graphic scheme of the Shin-Metiu model, where Zα and Zβ are the atomic numbers of
the two nuclear charges located at a fixed distance L, and Zσ is the atomic number of the
moving nucleus. x is the degree of freedom associated to the electron which moves through
the whole x-axis and R is the degree of freedom associated to the moving nucleus with
charge Zσ which moves between the two fixed nuclei.
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Chapter 4

Methodology

For our computations, we have used the programming language python, version 3.7.0, using
the Jupyter Notebook IDLE and the diagonalization routines of Scipy associated with the
package Lapack.

4.1 Fourier Grid Hamiltonian (FGH) Method

The Fourier grid Hamiltonian method is an extremely simple numerical variational tech-
nique for calculating the bound state eigenvalues and eigenfunctions of the Schrödinger
equation. The method can yield highly accurate eigenvalues and eigenvectors.
This is the simplest method within the family of discrete variable representation (DVR)
methods which no explicit matrix transformations are required.
We start by considering the non-relativistic Hamiltonian of a particle with mass m under
the presence of an external potential

Ĥ =
p̂2x
2m

+ V̂ (x̂), (4.1)

and finding the Hamiltonian representation on the position representation, using the fol-
lowing properties

• x̂ |x〉 = x |x〉 , 〈x′|x〉 = δ(x′ − x) and Îx =
∫
dx|x 〉〈x|.

• p̂x |k〉 = k~ |k〉 , 〈k′|k〉 = δ(k′ − k) and Îk =
∫
dk|k 〉〈 k|.
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• 〈k|x〉 = 1√
2π
e−ikx.

We obtain that

〈x| Ĥ |x′〉 =
1

2π

∫
dke−ik(x−x

′) Tk︸︷︷︸
~2k2
2m

+ V (x)δ(x− x′). (4.2)

Thus, the objective is to replace the continuous range of coordinate values x by a grid of
discrete values xi. We will use a uniform discrete grid of xi values defined by

xi = i∆x, (4.3)

the grid size L = N∆x and spacing ∆x chosen in coordinate space determines the reciprocal
grid size in momentum space. The total length of the coordinate space covered by the grid is
N∆x. This length determines the longest wavelength and therefore the smallest frequency,
which occurs in the reciprocal momentum space

∆k = 2π/λmax,

∆k = 2π/N∆x. (4.4)

We now define an integer n by the relationship 2n = (N − 1), where N is the (odd)
number of grid points in the spatial grid. The basic bras and kets of the discretized
coordinate space give the value of a wave function at the grid points

〈xi|ψ〉 = ψ(xi) = ψi, (4.5)

and the normalization condition would change following the property∫
dxψ∗(x)ψ(x) = 1 ⇒ ∆x

N∑
i=1

ψ∗(xi)ψ(xi) = 1, (4.6)

thus, manipulating the equation (4.2) into a discrete representation, one can find that

Hi,j =
1

∆x

[
2

N

N∑
l=1

cos (2πl(i− j)/N)Tl + V (xi)δi,j

]
, (4.7)
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where Tl = ~2/(2m)(l∆k)2.
The expectation value of the energy corresponding to the state function |ψ〉 is

E =
〈ψ| Ĥ |ψ〉
〈ψ|ψ〉

=

∑
ij ψ

∗
i ∆xHi,j∆xψj

∆x
∑

i |ψi|
2 , (4.8)

now, one can define a re-normalized Hamiltonian matrix by

H0
i,j =

2

N

N∑
l=1

cos (2πl(i− j)/N)Tl + V (xi)δi,j, (4.9)

and in terms of this re-normalized Hamiltonian matrix, the expectation value of the energy
now reads

E =
〈ψ| Ĥ |ψ〉
〈ψ|ψ〉

=

∑
ij ψ

∗
iH

0
i,jψj∑

i |ψi|
2 . (4.10)

Minimizing this energy with respect to variation of the coefficients ψi yields the standard
set of secular equations

∑
j

[
H0
i,j − Eλδi,j

]
ψλj = 0, (4.11)

and the normalization condition for the Hamiltonian H0
i,j (equation (4.9)) is given by∑

i |ψi|
2 = 1 [18].

In this work, the electronic and nuclear Hamiltonians (equations (2.3) and (2.6) re-
spectively) are written according to the Hamiltonian matrix form (4.9), and diagonalized
according to the eigenstate, eigenvalue equation (4.11).

4.2 One-dimensional hydrogen molecular ion (H+
2 )

This system has been solved using the FGH method for the values in Table 4.11.

1For this parameters, the energy of the equilibrium separation between the nuclei compared with the
3D H+

2 molecule has a precision of 10−3 a.u.
2The proton box has a much larger number of points because we have represented more excited states

for the nuclear problem, i.e. states with a larger number of oscillations. In the electronic problem we have
represented just the first four states, which do not have a larger number of oscillations, thus we needed
less points to represent it.
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Parameters Values

Atomic Numbers (Z) -

Zα 1

Zβ 1

Electron charge (e) 1

Masses -

Protons Masses (Mp) 1836

Electron Mass (me) 1

FGH Parameters -

Electron box size (x) 100

Electron box number of points (N) 601

Proton box size (R) 25

Proton box number of points 2(NN) 701

Table 4.1: Parameters for the one dimensional model of H+
2 , for the Hamiltonian and for

the FGH numerical method used in this work.
All parameters are in atomic units (Bohr radius (a0) = elementary charge (e) = Plank
constant (~) = Electron mass (me) = 1).

4.2.1 Calculations within the BO approximation

First we find the parametrized function a(R) of the soft-Coulomb potential, by solving the
one-dimensional electronic Schödinger equation and using a set of different values of a(R)
for a fixed inter-nuclear distance R, thus adjusting the value value of a(R) that minimizes

the difference between the 1D electronic energy E
(0)
elec(R) and the 3D exact electronic energy

for the state 1sσg.

Next, we found the electronic curves En(R) and their electronic wave functions for
different inter-nuclear distances in the FGH electronic representation. It is clear that the
function a(R) is different for each electronic state n and it must be adjusted accordingly.
For each separated electronic state n, we also may find the BO vibrational wave functions
by solving the nuclear Schödinger equation in the FGH nuclear representation.

Once the electronic and nuclear wave functions are obtained for each inter-nuclear
distance R, we can build the density operator for the molecular model system, within the
FGH grid representation. For that, we find the reduced density operators (equations (2.34)
and (2.35)) for each electro-nuclear BO pure state, whose wave functions follow the form
of the equation (2.8).
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• Reduced density operator ρ̂(R) for the nuclear motion. According with the equation
(2.34), we build the reduced density operator ρ̂(R) for a electro-nuclear state as

ρ̂(R) = T̂ rx [ρ̂] =

∫
dx 〈x|Ψ〉 〈Ψ|x〉,

=

∫
dR′′

∫
dR′

(∫
dx 〈x,R′′|Ψ〉 〈Ψ|x,R′〉

)
|R′′〉 〈R′|,

=

∫
dR′′

∫
dR′

∫
dxφn(x;R′′)χn,m(R′′)φ∗n(x;R′)χ∗n,m(R′) |R′′〉 〈R′| . (4.12)

Thus, the matrix element ρ̂
(R)
i,j corresponds to the projection of the density operator

on the elements Ri and Rj respectively on the FGH nuclear base.

〈Ri| ρ̂(R) |Rj〉 = ρ̂
(R)
i,j = χn,m(Ri)χ

∗
n,m(Rj)

∫
dxφn(x;Ri)φ

∗
n(x;Rj). (4.13)

• Reduced density operator ρ̂(x) for the electronic motion. According with the equation
(2.35), we build the reduced density operator ρ̂(R) for a electro-nuclear state as

ρ̂(x) = T̂ rR [ρ̂] =

∫
dR 〈R|Ψ〉 〈Ψ|R〉,

=

∫
dx′′

∫
dx′
(∫

dR 〈x′′, R|Ψ〉 〈Ψ|x′, R〉
)
|x′′〉 〈x′|,

=

∫
dx′′

∫
dx′
∫
dRφn(x′′;R)χn,m(R)φ∗n(x′;R)χ∗n,m(R) |x′′〉 〈x′| . (4.14)

The matrix element ρ̂
(x)
i,j corresponds to the projection of the density operator on the

elements xi and xj respectively on the FGH electronic base.

〈xi| ρ̂(x) |xj〉 = ρ̂
(x)
i,j =

∫
dRφn(xi;R)φ∗n(xj;R)χn,m(R)χ∗n,m(R). (4.15)

Thus, diagonalizing the density matrix (4.13) and (4.15) with the FGH bases selected,
we have a reduced density matrix for the nuclear motion with size 701x701 and for the
electronic motion with size 601x601. These two matrices are isospectral, which means
that 100 nuclear eigenvalues are zero. With the non-zero eigenvalues and eigenvectors,
one may compose the total wave functions in the Schmidt form, according to the equation
(2.36), where the electronic Schmidt bases now do not depend parametrically on the nuclear
geometry. Also with the non-zero eigenvalues one may compose the von-Neumman and
linear entropies, according to the equations (2.37) and (2.38).
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4.2.2 Calculations using the Born-Huang expansion

For this system the non-adiabatic couplings among the lowest electronic states are very
small, the BO states are a rather good approximation for the one-dimensional model of
H+

2 , this is explained in detail in Chapter 5.

To find the non-adiabatic couplings according to the off-diagonal Hellmann-Feynman
theorem, we found that the derivative of the electronic Hamiltonian with respect to the
nuclear coordinate R is given by

∂

∂R
Ĥe = −Z

2e2

R2
+
Z2e2

2

[
(r +R/2) + a′(R)(

(r +R/2)2 + a(R)
)3/2 +

(−r +R/2) + a′(R)(
(r −R/2)2 + a(R)

)3/2
]
. (4.16)

With the expression (4.16) and the equation (2.15) we have computed the An,n′(R) matrix
elements for the first three electronic states.
Next, we have computed the Bn,n′(R) matrix elements according to the equation (2.19) and
using a completeness relation with the first three electronic wave functions.

4.3 Shin-Metiu molecular model

This system has been solved using the FGH method and the values for the table 4.2 3

4.3.1 Calculations within the BO approximation

We compute the electronic potential energy curves En(R) and the corresponding electronic
wave functions for a set of nuclear configurations R using the FGH representation for the
electronic coordinates. Also, for each potential energy curve En(R) of the n-th electronic
state, we compute the associated BO vibrational wave functions χn,m(R) in the FGH
nuclear representation.

3For this parameters, the energy of the global minimum of the first energy potential curve E0(R)
converges to an energy value with a precision of 10−3 a.u.

4The proton box has a much larger density of points because we have represented more excited states
for the nuclear problem, i.e. states with a larger number of oscillations. In the electronic problem we have
represented just the first five states, which do not have a larger number of oscillations, thus we needed a
less density of points to represent it.
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Parameters Values

Atomic Numbers (Z) -

Zα 1

Zβ 1

Zσ 1

Electron charge (e) 1

Masses -

Protons Masses (Mp) 1836

Electron Mass (me) 1

Separation of the fixed protons (L) 18.9

Softening parameter Rci -

Rcα 3.0

Rcβ 2.2

Rcσ 4.0

FGH Parameters -

Electron box size (x) 160

Electron box number of points4(N) 605

Proton box size (R) L-0.2

Proton box number of points (NN) 301

Table 4.2: Parameters foe the Shin-Metiu model, for the Hamiltonian and for the FGH numerical method
used in this work.
All parameters are in atomic units (Bohr radius (a0) = elementary charge (e) = Plank constant (~) =
Electron mass (me) = 1).

25



With these BO total wave functions, composed as a simple product, we compute the
density operator and the reduced density operators (equations (4.13) and (4.15)), which
are then diagonalized. Under the same arguments explained in the subsection 4.2.1 we
compute the Schmidt bases and the von-Neumman and linear entropy.

4.3.2 Calculates on BH approximation

For this system, the derivative of the electronic Hamiltonian with respect to the nuclear
coordinate R is

∂

∂R
Ĥe = Z2

σe
2

[
(L/2−R)

|L/2−R|3
− (L/2 +R)

|L/2 +R|3

]
− Z2

σe
2 R− x
|R− x|2

[
2√
πRcσ

exp

(
−(R− x)2

R2
cσ

)
− 1

|R− x|
erf

(
|R− x|
Rcσ

)]
.(4.17)

With the expression (4.17) and the equation (2.15) we have calculated the An,n′(R) matrix
elements for the first three electronic states.
Next, we have computed the Bn,n′(R) matrix elements according to the equation (2.19) and
using a completeness relation with the first ten electronic wave functions5, this is reason
why the Born-Huang method computed in this work is an approximation.
With this, we have solved the equation (2.21) finding the form of the total wave function
and finding its representation in the BO basis according to the equation (2.23), where
we have used the first one hundred BO nuclear wave functions 6 for each electronic curve
{φn(x;R)}n=0,1,2.

Once the electro-nuclear wave functions are obtained, we can build the density operator
for the molecular model system, within the FGH grid representation. For that, we find
the reduced density operators (equations (2.34) and (2.35)), using the same steps in the
subsection 4.2.1, for each electro-nuclear pure state, whose wave functions follow the form
of the equation (2.9).

5From this number of electronic wave functions using in the completeness relation the Bn,n′(R) matrix
elements do not vary for this molecular system.

6We use this number of BO wave functions because with this the calculation we may reach and represent
correctly the BH wave functions.
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1. Reduced density operator ρ̂(R) for the nuclear motion.

〈Ri| ρ̂(R) |Rj〉 = ρ̂
(R)
i,j =

∑
n,m

fn(Ri)f
∗
m(Rj)

∫
dxφn(x;Ri)φ

∗
m(x;Rj). (4.18)

2. Reduced density operator ρ̂(x) for the electronic motion.

〈xi| ρ̂(x) |xj〉 = ρ̂
(x)
i,j =

∑
n,m

∫
dRφn(xi;R)φ∗m(xj;R)fn(R)f ∗m(R). (4.19)
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Chapter 5

Results on Electro-Nuclear
Entanglement within the BO
approximation.

5.1 One-dimensional hydrogen molecular ion (H+
2 )

5.1.1 Entanglement within the Born-Oppenheimer approxima-
tion

We solved the Schrödinger equation for the electronic problem at different nuclear config-
urations, to obtain the potential energy curves E0(R), E1(R), E2(R) and E3(R) for the
nuclear problem. In the Figure (5.1), we may see the comparison between the ground state
curve for the one-dimensional model of H+

2 and the three dimensional H+
2

For this system, the equilibrium separation of the nuclei occurs at Re = 2.000 a.u. and
the dissociation energy has a value of E = 0.500 a.u. for the ground state.
We also see in the Figure (5.1) that the green and the blue energy surfaces (E0(R) and
E2(R)) are bonding curves, i.e. attractive potentials, while the orange and red energy
surfaces (E1(R) and E3(R)) are anti-bonding curves, i.e. dissociative potentials.
For the three dimensional molecule of H+

2 , only the potential energy curves 1sσg and 3dσg
has bonded states, the potential energy curves E2(R) is approximately good and it is
because the softening parameter a(R) only adjust the first potential energy curve, not the
others. The calculations developed for the potential energy curve E2(R) and its BO nuclear
states are just illustrative, this curve does not have a complete a physical meaning.
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Figure 5.1:
Potential energy curves En(R) of the 1D hydrogen molecular ion for the four lowest states.
The soft parameter a(R) has been adjusted only to fit the exact ground state 1sσg energy
of the 3D H+

2 molecule. The minimum is located at Re = 2.000 a.u., and the energy of the
potential energy curves E0(R) and E1(R) converge asymptotically to E = 0.500 a.u.

We can see how the electronic wave functions and the potential energy changes to dif-
ferent nuclear configurations around the equilibrium position of the nuclear curve E0(R).
In the Figures (5.2A) and (5.2B) we may see how the potential well changes around the the
equilibrium separation of the nuclei (R = 2.000 a.u.), where before this value the energy
well has one minimum and above it has two minima values.

We have also determined the R dependence in the transition dipole matrix elements
between the three lowest electronic states φ0(x,R), φ1(x,R) and φ2(x,R), how is showed in
the Figure (5.3). In the dipole transition di,i(R){i=0,1,2} are not equal to zero due to the last
term in the equation (2.39). The transitions between the states φ0(x,R) and φ2(x,R) is
equal to zero for any value of R and the dipole transitions between the states φ1(x,R) and
φ1(x,R) converges to zero when the internuclear separation increases. Finally the dipole
transitions between the states φ0(x,R) and φ1(x,R) diverges
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Figure 5.2:
Electronic wave functions for two different nuclear configurations around the equilibrium
internuclear separation in the ground energy curve E0(R). The Figure A has the electronic
wave functions for an internuclear separation of R = 1.512 a.u. The Figure B has the
electronic wave functions for an internuclear separation of R = 2.513 a.u.

Solving the nuclear Hamiltonian for the energy surfaces E0(R) and E2(R) because in
this model they are attractive potentials, we find their vibrational wave functions χ0,m and
χ2,m and their total energies Wm.
In the Figure (5.4A), we have showed the discrete spectrum for the energy surface E0(R).
The discrete spectrum occurs to energies less than E = −0.500 a.u., i.e. the first eighteen
vibrational wave functions belong to the discrete spectrum.
In the Figure (5.4B), we have showed the first four vibrational wave functions1 of the dis-
crete spectrum for the energy surface E2(R). The discrete spectrum for this case occurs
to energies less than E = −0.233 a.u., i.e. the first twenty seven vibrational wave functions.

The entropy of the vibrational wave functions which belongs to the energy curves E0(R)
and E2(R) are showed in the Figures (5.5A) and (5.5B) respectively.

1The energy difference between this vibrational states is very short, plot the whole discrete spectrum
would made indistinguishable the vibrational wave functions.
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Figure 5.3:
Permanent dipole moment between the electronic states φ0(x,R), φ1(x,R) and φ2(x,R) in
a FGH nuclear box of 25 a.u.

In the Figure (5.5A), we may see how both linear and von-Neumann entropy increase
smoothly between the first eighteen molecular wave functions (states with energies less
than E = −0.5 a.u.). This increase of the entropy is because for the fixed electronic wave
function φ0(x;R), the increasing in the number of the vibrational wave function (higher
energies) increases the number of oscillations on it, thus increasing entropy. For vibrational
wave functions with energies larger than E = −0.5 a.u. (continuous spectrum), the entropy
increase abruptly, this states have a very large number of oscillations compared with the
bound states. In Table 5.1 we have showed the first four eigenvalues of the reduced density
matrices for the Schmidt decomposition and the corresponding values of entropy (von-
Neumann and linear)

In the Figure (5.5B), we may see how both linear and von-Neumann entropy increase
monotonically, between the first seventeen molecular wave functions, but faster than those
corresponding to the ground state. This increase of the entropy is because for the fixed
electronic wave function φ2(x;R), the increasing in the number of the vibrational wave
function (higher energies) increases the number of oscillations on it. Also the energy curve
E2(R) is wider than the E0(R), making that the vibrational wave functions χ2,i(R) be
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State Eigenvalues ηi Entropies
φ0(x;R)χ0,m(R) i = 1 i = 2 i = 3 i = 4 SvN SL

m = 0 0.998 0.002 0.000 0.000 0.013 0.003

m = 1 0.995 0.005 0.000 0.000 0.030 0.009

m = 2 0.992 0.008 0.000 0.000 0.046 0.016

m = 3 0.989 0.011 0.000 0.000 0.062 0.022

m = 4 0.985 0.014 0.000 0.000 0.077 0.029

m = 5 0.982 0.018 0.000 0.000 0.092 0.036

m = 6 0.978 0.022 0.000 0.000 0.107 0.043

m = 7 0.974 0.026 0.000 0.000 0.123 0.051

m = 8 0.969 0.030 0.001 0.000 0.140 0.059

m = 9 0.964 0.035 0.001 0.000 0.159 0.070

m = 10 0.958 0.041 0.001 0.000 0.179 0.080

m = 11 0.951 0.048 0.001 0.000 0.202 0.094

m = 12 0.942 0.056 0.002 0.000 0.229 0.109

m = 13 0.933 0.065 0.002 0.000 0.258 0.126

m = 14 0.919 0.078 0.003 0.000 0.297 0.150

m = 15 0.904 0.091 0.005 0.000 0.338 0.174

m = 16 0.889 0.102 0.008 0.001 0.381 0.199

m = 17 0.871 0.112 0.015 0.002 0.441 0.228

Table 5.1: Highest four eigenvalues of the reduced density matrices for the Schmidt de-
composition of the total wave function φ0(x;R)χ0,m(R) with (m = 0, ..., 17) i.e., the BO
wave functions of the discrete spectrum. The von Neumann SvN and linear SL entropies
for each state are included in the last two columns.
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Figure 5.4:
Figure A: vibrational wave functions for the energy surface E0(R). The vibrational wave
functions with energy less than E = −0.500 a.u., the first eighteen, belong for the discrete
spectrum. Figure B: First four vibrational wave functions for the energy surface E2(R).
The vibrational wave functions with energy less than E = −0.233 a.u., the first twenty
seven, belong for the discrete spectrum.

wider than vibrational wave functions χ0,i(R).

Now, in order to analyze the electo-nuclear entanglement within BO states, we also
analyze the Schmidt decomposition for two specific cases, for illustrative purposes; the
lowest and highest bound states for the potential energy curve E0(R) and the lowest and
middle bound states for the potential energy curve E2(R).

1. Electronic ground state φ0(x;R)

(a) BO state φ0(x,R)χ0,0(R). We see in the Figure (5.6) how this wave functions
may be separated approximately as Ψ(x,R) ∼ u1(x)v1(R) ∼ φ0(x;R = 2.000)χ0,0(R),
i.e. the BO wave function (with a parametric dependence on R in the electronic
wave function, evaluated only at the equilibrium distances R = 2.000 a.u.)
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Figure 5.5:
Figure A: von-Neumann and linear entropy for the molecular wave functions
φ0(x;R)χ0,n(R) for the different lowest eigthteen bound vibrational eigenstates in the en-
ergy potential curve E0(R). Total BO energies W0 = −0.597 a.u. and W17 = −0.501 a.u.
are indicated for the lowest and highest bound states. Figure B: von-Neumann and linear
entropy for the molecular wave functions φ2(x;R)χ2,n(R) for the different lowest eigthteen
bound vibrational eigenstates in the energy potential curve E2(R). Total BO energies
W0 = −0.274 a.u. and W13 = −0.246 a.u. are indicated for the lowest and middle bound
states.

can be approximately expressed as the first term in the Schmidt decomposition
(η1 ∼ 1), a direct product of a nuclear basis and an electronic basis (without
parametric dependence).
In fact, in the Figure (5.6) we may see that the electronic Schmidt function
u(x) and the BO electronic wave function φ0(x;R) evaluated at the equilibrium
distance largely overlap. In fact, the nuclear wave function acts as a R-weigth
factor for the electronic wave function and it enhances the contribution around
the equilibrium distance for the ground state.

(b) BO state φ0(x;R)χ0,17(R). We see in the Figure (5.7) how this wave functions
can not be separated as a single Schmidt product of an electronic function u(x)
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Figure 5.6:
First four lowest eigenfunctions and eigenvalues of the electronic and vibrational reduced
density operators (Schmidt bases) for the BO wave function Ψ(x,R) = φ0(x;R)χ0,0(R).

times a vibrational function v(R). This because for this highly excited vibra-
tional state, the highest eigenvalue is η1 = 0.871. The von-Neumann entropy
for this state has the highest value for the discrete spectrum, but this value is
still rather small since most of these bound states are still poorly correlated (at
least there are two important eigenvalues, and from them the first dominates).
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Figure 5.7:
First four lowest eigenfunctions and eigenvalues of the electronic and vibrational reduced
density operators (Schmidt bases) for the BO wave function Ψ(x,R) = φ0(x;R)χ0,17(R).

2. Electronic second excited state φ2(x;R).

(a) BO state φ2(x,R)χ2,0(R). We see in the Figure (5.8) how this wave functions
may be separated approximately as Ψ(x,R) ∼ u1(x)v1(R) ∼ φ2(x;R = 8.421)χ2,0(R),
i.e. the BO wave function (with a parametric dependence on R in the electronic
wave function, evaluated only at the equilibrium distance R = 8.421 a.u. for the
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potential energy curveE2(R)) can be approximately expressed as the first term
in the Schmidt decomposition (η1 ∼ 1), a direct product of a nuclear basis and
an electronic basis (without parametric dependence).
In fact, in the Figure (5.8) we may see that the electronic Schmidt function
u(x) and the BO electronic wave function φ2(x;R) evaluated at the equilibrium
distance largely overlap. In fact, the nuclear wave function acts as a R-weigth
factor for the electronic wave function and it enhances the contribution around
the equilibrium distance for the ground state.

(b) BO state φ2(x,R)χ2,13(R). We see in the Figure (5.9) how this wave functions
cannot be separated as a direct product of an electronic and vibrational Schmidt
functions. This state has two important eigenvalues of the Schmidt decompo-
sition; η1 = 0.701 and η2 = 0.278. Thus, η2 has a significant weight in the
Schmidt decomposition.

The total BO wave functions for different electro-nuclear states are showed in the Fig-
ures (D.1) in the Appendix D.

5.1.2 Born-Huang calculations

To the calculates within the BH method, we start calculating the non-adiabatic couplings
A and B.

In the Figures (5.10) and (5.11), we have showed the non-adiabatic couplings A and
B respectively. Non-adiabatic couplings among the lowest electronic states in the one-
dimensional model of H+

2 are very small, since no avoided crossings between the curves are
present. This is why BO is a rather good approximation for the one-dimensional model of
H+

2 , and the BH expansions would add negligible corrections. We better move to another
model in which corrections beyond the BO are relevant, the Shin-Metu molecular model.
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Figure 5.8:
First four lowest eigenfunctions and eigenvalues of the electronic and vibrational reduced
density operators (Schmidt bases) for the BO wave function Ψ(x,R) = φ2(x;R)χ2,0(R).
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Figure 5.9:
First four lowest eigenfunctions and eigenvalues of the electronic and vibrational reduced
density operators (Schmidt bases) for the BO wave function Ψ(x,R) = φ2(x;R)χ2,13(R).
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Figure 5.10:
Non-adiabatic couplings A(R) between the electronic functions φ0(x,R), φ1(x,R) and
φ2(x,R).
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Figure 5.11:
Non-adiabatic couplings B between the electronic functions φ0(x,R), φ1(x,R) and φ2(x,R).
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Chapter 6

Results on Electro-Nuclear
Entanglement beyond the BO
approximation (Adiabatic).

6.1 Shin-Metiu molecular model

6.1.1 Entanglement within the Born-Oppenheimer approxima-
tion

By solving the Schrödinger equation for the electronic problem to different possible nu-
clear configurations, we obtain a set if electronic energies at a given nuclear configurations.
We restrict ourselves to the lowest four states with potential energy curves En(R) with
n = 0, ..., 3 for the nuclear problem. In the Figure (6.1) we see on this system that there
is a sharp avoided crossing at R = −3.021 a.u., between the the energy curves E0(R) and
E1(R) where the difference of energies on this point is less than 1∗10−3 a.u.
Also, at the point R = 1.195 a.u., we see that between the energy curves E1(R) and
E2(R) there is a small energy gap of E = 1.29∗10−2 a.u., so this point corresponds to
the second noticeable avoided crossing, this time smoother than the former one located at
R = 1.194 a.u.
Also, the electronic energy minimum for the ground state is located at the equilibrium
distance R = 3.489 a.u. so that nuclear wave functions start to accommodate on the region
of positive values for R till reach energies close to E = −0.303 a.u. where the potential
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energy curve E0(R) reach a second local minimum.
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Figure 6.1:
Potential energy curves {En(R)}n=1,2,3,4 for the Shin-Metiu molecular model, for the pa-
rameters included in the Table 4.2. The minimum is located at R = 3.490 a.u., and two
avoided crossings are presented at R = −3.021 a.u. and R = 1.194 a.u.

Both, electronic energies and electronic wave functions change with the nuclear geome-
try according to the total interaction potential V (x,R) in the equation (3.4) which depends
upon the change in R. In Figure (6.2) we have showed the electronic wave functions (shifted
to their energy eigenvalues) along with the corresponding electronic potential in the neigh-
borhood of the avoided crossing locate at Rc = −3.021 a.u., where Figures (6.2A), (6.2B)
and (6.2C) are for distances such that R < Rc and Figures (6.2D), (6.2E) and (6.2F) for
distances such that R > Rc.
The total interaction potential V (x,R) has two wells, for x < 0 and x > 0, the former
wider than the latter. For R < Rc, the ground state accommodates in the left well and the
first excited state is located on the right well. This situation changes for R > Rc, where the
well at x > 0 becomes deeper and it starts to host the ground state and the excited state
moves to the other well. Eventually, it indicated that there is a exchange in the character
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between the two lowest states across the avoided crossing Rc = −3.021 a.u.. An almost
total exchange of character is a typical feature of sharp avoided crossing.
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Figure 6.2:
Electronic wave functions for different possible nuclear configurations around the first
avoided crossing Rc = −3.021 a.u. Figures A, B and C are for distances such that R < Rc.
Figures D, E and F are for distances such that R > Rc.

We also compute the dipole matrix elements (equation 2.39), both for the permanent
diagonal dipoles and the transitions one, for the three lowest electronic eigenstates. Note
that molecular properties like dipole moments must show the effect of the presence of
avoided crossings, where there is a dramatic change in the electronic wave functions for
the first avoided crossing and a soft change in the second avoided crossing; consequently
in any matrix element.
The transition dipole moments (Figure 6.3B) between the electronic states φ0(x, ;R) and
φ2(x;R) converge to d2,0 = −0.004 a.u., φ2(x;R) and φ1(x;R) converge to converge to
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d2,1 = 0.078 a.u., whereas the transitions between the states φ0(x, ;R) and φ1(x;R) con-
verge to d2,1 = 1.537 a.u.. In the first and second crossing avoided this transitions might
not have abrupt changes in the adiabatic curves.
The permanent dipole moments (Figure 6.3A) for the electronic states φ0(x, ;R), φ1(x;R)
and φ2(x;R) the presence of the crossings avoided generate abrupt changes, the permanent
dipole moments of the electronic states φ0(x, ;R) and φ1(x;R) are inverted abruptly in the
first crossings avoided, whereas the permanent dipole moments of the electronic states
φ1(x, ;R) and φ2(x;R) are inverted smoothly in the second crossings avoided.

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
R (a.u)

20

15

10

5

0

5

10

15

20

d i
,j(

R)
(a

.u
)

A

( 0| (R)| 0)
( 1| (R)| 1)
( 2| (R)| 2)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
R (a.u)

20

15

10

5

0

5

10

15

20
B

( 2| (x)| 0)
( 1| (R)| 0)
( 2| (x)| 1)

Figure 6.3:
Figure A: Permanent dipole moments for electronic states φ0(x;R), φ1(x;R) and φ2(x;R).
Figure B: Transition dipole moments between the electronic states φ0(x;R), φ1(x;R) and
φ2(x;R)

Next, solving the nuclear Hamiltonian for the potential energy curves E0(R), E1(R)
and E2(R), we obtain a set of BO vibrational eigenfunctions for each potential curve. This
wave functions, shifted to their energy eigenvalue for the three lowest electronic states are
shown in the Figures (6.4A), (6.4B) and (6.4C) respectively.
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Figure 6.4:
Vibrational wave functions χn,m(R) (shifted to their eigenvalues) computed for the three
lowest adiabatic potential energy curves En(R) for: n = 0 (Figure A), n = 1 (Figure B)
and n = 3 (Figure C) of the Shin-Metiu molecular model.

Entropy

We have calculated the entanglement measure with von-Neumann and linear entropies
for each eletro-nuclear BO state φn(x;R)χn,m, with n = 0, 1, 2 and we include these results
in the Figure (6.6).

1. State φ0(x;R)χ0,m(R). In the Figure (6.6) we can see how both von-Neumann and
linear entropies increase monotonically and slowly with the vibrational excitations
energy, until it reaches the energy position of the avoided crossing at R = −3.021 a.u.,
then it shows and abrupt increasing until a peak for the vibrational state χ0,41(R)
which is the closest lying state to the energy position of the avoided crossing.
We split the states above the 41-rst vibrational state in two half-spaces, for analyze
the oscillation, the first H1 is for R < Rc and the second H2 is for R > Rc as is
indicated in the Figure (6.5).

First, we found the trace of the density operator for each subspace, Table 6.1. This
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Hilbert configurational space separated at the position of the avoided crossing Rc =
−3.021 a.u. in two half-spaces H1 (for R < Rc) and H2 (for R > Rc). The energy po-
sition of the sharp crossing avoided also divides the energy in two regions, below and
above the avoided crossing with energy Ec

values are offset so that the trace in the total space is equal to one, separating the
density operator in two sub-spaces, showing the linearity of the trace. There is a
relation between the variation of the entropy and the variation of how the first eigen-
value (the principal eigenvalues) of each sub-space is changing.

Thus, we will analyze the relation of the Schmidt eigenvalues of the two Hilbert con-
figurational subspaces with the Schmidt eigenvalues of the whole system. According
to the Table 6.2, we see how each principal Schmidt eigenvalue for each Hilbert con-
figurational subspace can be related with a Schmidt eigenvalue of the total space HT .
The first eigenvalues of the Hilbert subspaces H2 and H1 are very similar to the first
and second Schmidt eigenvalues respectively of the total Hilbert space. An important
characteristic is that the larger Schmidt eigenvalue and which has the biggest weight
for the entropy is given by the second subspace H2.

In order to find the origin of the oscillations in the entropy, we know that the diagonal
elements in the density operator (matrix representation) give the largest contributions
to the Schmidt eigenvalues. The largest contributions in the diagonal elements are

47



Tr[ρ̂]

State H1 H2 HT

φ0(x;R)χ0,41(R) 0.446 0.554 1.0

φ0(x;R)χ0,42(R) 0.390 0.610 1.0

φ0(x;R)χ0,43(R) 0.266 0.734 1.0

φ0(x;R)χ0,44(R) 0.404 0.596 1.0

φ0(x;R)χ0,45(R) 0.329 0.671 1.0

φ0(x;R)χ0,46(R) 0.309 0.691 1.0

φ0(x;R)χ0,47(R) 0.371 0.629 1.0

Table 6.1: Trace of the density operator in the sub-spaces H1 ⊕H2 and the total Hilbert space for the
states φ0(x,R)χ0,m(R), where {m = 41, .., 47}

State Space Eigenvalues ηi Entropy

φ0(x;R)χ0,m(R) i = 1 i = 2 i = 3 i = 4 SvN

m = 41

H1 0.445 0.001 0.000 0.000 0.366

H2 0.535 0.017 0.001 0.000 0.415

HT 0.550 0.448 0.002 0.000 0.702

m = 42

H1 0.390 0.000 0.000 0.000 0.369

H2 0.608 0.002 0.000 0.000 0.318

HT 0.608 0.389 0.002 0.000 0.684

m = 43

H1 0.265 0.000 0.000 0.000 0.356

H2 0.719 0.013 0.002 0.000 0.310

HT 0.720 0.277 0.002 0.000 0.610

m = 44

H1 0.404 0.001 0.000 0.000 0.373

H2 0.584 0.095 0.002 0.000 0.371

HT 0.587 0.410 0.002 0.000 0.694

m = 45

H1 0.328 0.000 0.000 0.000 0.369

H2 0.668 0.002 0.001 0.000 0.290

HT 0.669 0.329 0.002 0.000 0.652

m = 46

H1 0.308 0.001 0.000 0.000 0.368

H2 0.677 0.011 0.001 0.000 0.330

HT 0.679 0.319 0.002 0.001 0.646

m = 47

H1 0.370 0.001 0.000 0.000 0.375

H2 0.621 0.006 0.001 0.000 0.341

HT 0.622 0.375 0.002 0.000 0.681

Table 6.2: First five eigen-values of the Schmidt decomposition for the two subspaces S1 and S2 and the
total space ST for the states Ψ = φ0(x,R)χ0,i(R), where {i = 41, .., 47}
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Square modulus

State

Maximum χ0,41(Ri) χ0,42(Ri) χ0,43(Ri) χ0,44(Ri) χ0,45(Ri) χ0,46(Ri) χ0,47(Ri)

1 0.016 (−2.974) 0.014 (−2.740) 0.018 (−2.928) 0.010 (6.300) 0.013 (−2.787) 0.015 (−2.974) 0.011 (6.347)

2 0.009 (−2.459) 0.010 (6.253) 0.011 (6.253) 0.010 (−2.600) 0.011 (6.300) 0.012 (6.347) 0.010 (−2.693)

3 0.009 (6.253) 0.009 (−2.272) 0.010 (−2.459) 0.008 (−2.225) 0.009 (−2.366) 0.010 (−2.553) 0.009 (−2.319)

4 0.007 (−2.084) 0.007 (−1.897) 0.009 (−2.084) 0.007 (−2.974) 0.008 (−2.038) 0.009 (−2.178) 0.008 (−2.038)

5 0.006 (−1.710) 0.007 (−1.616) 0.008 (−1.757) 0.007 (−1.897) 0.008 (−1.757) 0.008 (−1.897) 0.007 (−1.757)

6 0.006 (−1.429) 0.007 (5.926) 0.008 (−1.476) 0.007 (5.972) 0.007 (−1.476) 0.007 (−1.616) 0.007 (−1.476)

7 0.005 (−1.148) 0.006 (−1.335) 0.007 (5.926) 0.006 (−1.335) 0.007 (5.972) 0.007 (6.019) 0.007 (6.019)

8 0.005 (5.926) 0.006 (−1.054) 0.007 (−1.194) 0.006 (−1.101) 0.006 (−1.194) 0.007 (−1.335) 0.006 (−1.241)

9 0.005 (−0.913) 0.006 (−0.820) 0.007 (5.691) 0.006 (−0.820) 0.006 (−0.960) 0.007 (−1.101) 0.006 (−1.007)

10 0.005 (5.644) 0.005 (5.644) 0.006 (−0.960) 0.005 (−1.663) 0.006 (−0.726) 0.006 (−0.867) 0.006 (−0.773)

Sum 0.639 ∗ 10−3 0.657 ∗ 10−3 0.937 ∗ 10−3 0.544 ∗ 10−3 0.705 ∗ 10−3 0.846 ∗ 10−3 0.621 ∗ 10−3

Table 6.3: Location of the ten highest maxima of the probability density function |χ1,m(R)|2, for m =
41, .., 47. The positions of the local maxima are indicated and the value of the function at this point is
given for each state.

given by the square modulus of each local maximum. We show in the Table 6.3 the
square modulus (see the equation 4.13) of the fist ten local maxima of the states
χ0,j(R) where {j, j = 41, ..., 47} and the sum of the square modulus of these maxima
values.
As an approach, considering only the main values (diagonal elements) in the density
operator, one can compute the linear entropy (2.38) finding the trace of the square of
each element (the last line in the Table 6.3), which follows the behavior in the inset
of the Figure 6.6. Thus the oscillations in the linear (and hence in the von-Neumann)
entropy are a consequence of the number of the local maxima and their values of each
vibrational state in the second configurational subspace.
We tabulate the von-Neumann and linear entropy for the first sixty states and the
first four Schmidt eigenvalues in the Appendix C, Table C.1.

2. State φ1(x;R)χ1,m(R). In the Figure (6.6) we include the linear and von-Neumann en-
tropy corresponding to the BO wave functions φ1(x;R)χ1,m(R) with m = 0, 1, .... We
understand that the energy regions close to the two avoided crossings for the poten-
tial energy curve E1(R) involve a noticeable increase of the entanglement separating
two plateaus with a monotonically smooth increasing. The dramatic enhancement
of the entanglement entropy could be understood in terms of the enlargement of the
configurational space available for the vibrational wave functions for energies above
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a given avoided crossing (this concept is from information theory and entropy).
Also, the adiabatic electronic wave function modifies its character across the avoided
crossing (character exchange) and this modifies the factor with the overlap of the
electronic wave functions at two distances (

∫
dxφn(x;Ri)φn(x;Rj)) in the reduced

matrix elements in the equation (4.13).

3. State φ2(x;R)χ2,m(R). In the Figure (6.6) we can see how both, von-Neumann and
linear entropies increase monotonically with the vibrational excitations energies. We
understand that the energy region close to the second avoided crossings for the po-
tential energy curve E2(R) involve a noticeable increase of the entanglement, the
second crossing avoided match with its minimum value of energy of the curve E2(R)
generating a faster increase in the enhancement in the first region of the entanglement
entropy. Also, the enlargement of the configurational space available for the vibra-
tional wave functions for distance energies above a given avoided crossing increasing
the entropy slowly.

Schmidt decomposition

1. Electronic ground state φ0(x;R). We choose three vibrational states within the
potential energy curve E0(R), with vibrational numbers m = 15, 30, 41 in order to
analyze their BO entanglement content through the Schmidt decomposition.

(a) BO state φ0(x,R)χ0,15(R) We see in the Figure (6.7) how this wave functions can
be separated approximately as Ψ(x,R) ∼ u1(x)v1(R) ∼ φ0(x;R = 3.490)χ0,15(R).
The BO electronic wave function depends parametrically of the variable R eval-
uated only at the minimum value of the potentential energy curve E0(R) i.e.
R = 3.490. This wave function may be written approximately as a the direct
product of the first element of the electronic and nuclear basis of the Schmidt
decomposition η1 ∼ 1.

(b) BO state φ0(x,R)χ0,30(R) We see in the Figure (6.8) how this state also allows
be separated as a single term in the Schmidt decomposition, since the highest
eigenvalue is η1 = 0.997; very close to unity. It can be well compared with the
BO wave function evaluated at the equilibrium position Re = 3.490 a.u.

(c) BO state φ0(x,R)χ0,41(R). We see in the Figure (6.9) how this wave functions
cannot be separated as the product of an electronic and vibrational Schmidt
functions. The first two highest eigenvalues at the Schmidt decomposition η1
and η2 have comparable weights; η1 = 0.550 and η2 = 0.448. This state has the

50



0.40 0.35 0.30 0.25 0.20 0.15
Energy (a.u.)

0.0

0.2

0.4

0.6

0.8

1.0

En
tro

py

E41 = 0.3013 E44 E47

E43
E46

S0
vN

S0
L

S1
vN

S1
L

S2
vN

S2
L

Figure 6.6:
von-Neumann and linear entropies for the total BO wave function φn(x;R)χn,m(R) for
n = 0, 1, 2. The upper index in the entropies correspond to values of the entropy associated
to each electronic state n. The vertical lines indicates the energy position of the first sharp
avoided crossing at RC = −3.023 a.u. and the energy region of the second avoided crossing
at R = 1.194 a.u.

highest value for entropy of entanglement and it is because this state is located
very close to the sharp crossing avoided, the first crossing avoided located at
Rc = −3.021 a.u.

51



30 20 10 0 10 20 30
0.0

0.1

0.2

En
er

gy
 (a

.u
.)

1 = 0.998
0(x; R = 3.490)

u1(x)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

0.1

0.0

0.1
W15 = -0.353 0, 15(R)

v1(R)

30 20 10 0 10 20 30
0.2

0.0

0.2

En
er

gy
 (a

.u
.)

2 = 0.001
u2(x)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

0.1

0.0

0.1

0.2 v2(R)

30 20 10 0 10 20 30

0.2

0.1

0.0

0.1

En
er

gy
 (a

.u
.) 3 = 0.000u3(x)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

0.2

0.1

0.0

0.1 v3(R)

30 20 10 0 10 20 30
x (a.u)

0.2

0.1

0.0

0.1

0.2

En
er

gy
 (a

.u
.)

4 = 0.000u4(x)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
R (a.u)

0.1

0.0

0.1 v4(R)

Figure 6.7:
First four lowest eigenfunctions and eigenvalues of the electronic and vibrational reduced
density operators (Schmidt bases) for the BO wave function Ψ(x,R) = φ0(x;R)χ0,15(R).

6.1.2 Born-Huang

To the calculates within the BH expansion, we start calculating the non-adiabatic cou-
plings A and B.
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Figure 6.8:
First four lowest eigenfunctions and eigenvalues of the electronic and vibrational reduced
density operators (Schmidt bases) for the BO wave function Ψ(x,R) = φ0(x;R)χ0,30(R).

In the Figure (6.10) we show the non-adiabatic couplings A, as we can see that there
are couplings between the electronic curves φ0(x,R), φ1(x,R) and φ2(x,R). Also one can
see that the non-adiabatic couplings A are anti-hermitian.

In the Figure (6.10) we show the non-adiabatic couplings B, as we can see that there
are couplings between the electronic curves φ0(x,R), φ1(x,R) and φ2(x,R). Also one can

53



30 20 10 0 10 20 30
0.0

0.1

0.2

En
er

gy
 (a

.u
.)

1 = 0.550

0(x; R = 3.490)
u1(x)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
0.1

0.0

0.1
W41 = -0.301

0, 41(R)
v1(R)

30 20 10 0 10 20 30
0.1

0.0

0.1

0.2

En
er

gy
 (a

.u
.)

2 = 0.448

u2(x)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

0.0

0.1

0.2 v2(R)

30 20 10 0 10 20 30
0.2

0.0

0.2

En
er

gy
 (a

.u
.)

3 = 0.002
u3(x)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0

0.2

0.1

0.0

0.1 v3(R)

30 20 10 0 10 20 30
x (a.u)

0.2

0.1

0.0

0.1

En
er

gy
 (a

.u
.) 4 = 0.000u4(x)

10.0 7.5 5.0 2.5 0.0 2.5 5.0 7.5 10.0
R (a.u)

0.2

0.1

0.0

0.1 v4(R)

Figure 6.9:
First four lowest eigenfunctions and eigenvalues of the electronic and vibrational reduced
density operators (Schmidt bases) for the BO wave function Ψ(x,R) = φ0(x;R)χ0,41(R).

see that the non-adiabatic couplings B are not symmetric or anti-symmetric.

Next, we computed the BH wave functions solving the equation (2.21). With this
we found the Schmidt decomposition of the functions Ψ0(x,R), Ψ25(x,R), Ψ50(x,R) and
Ψ75(x,R), which are mixed in the three first electronic wave functions. We note that the
BH wave functions Ψ0(x,R), Ψ25(x,R) have the same behavior compared with the BO
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Figure 6.10:
Non-adiabatic couplings A between the electronic functions φ0(x,R), φ1(x,R) and φ2(x,R)

wave functions φ0(x;R)χ0,0(R) and φ0(x;R)χ0,25(R), thus the BO and BH states which
energies are below the energy of the crossing avoided are very similar.

The von-Neumann entropy for the BH expansion is showed in the Figure 6.15, where
is observed how the entropy has a similar behavior in the BO (S0

vN) and BH systems until
we reach the region close to the first crossing avoided, where the the second curve of the
entropy has an important weigh, thus the entropy oscillates between the different BO en-
tropies.
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Figure 6.11:
Non-adiabatic couplings A between the electronic functions φ0(x,R), φ1(x,R) and φ2(x,R)
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Figure 6.12:
First four lowest eigenfunctions and eigenvalues of the total BH wave function Ψ25(x,R).
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Figure 6.13:
First four lowest eigenfunctions and eigenvalues of the total BH wave function Ψ50(x,R).
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Figure 6.14:
First four lowest eigenfunctions and eigenvalues of the total BH wave function Ψ75(x,R).
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Figure 6.15:
von-Neumann for the total BH wave function compared with the BO von-Neumman en-
tropy for the different electronic states
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Chapter 7

Results on Electro-Nuclear
Entanglement beyond the BO
approximation (Diabatic).

7.1 Diabatic Couplings

7.1.1 Entanglement within the diabatic coupling

We have computed the relation between the diabatic and adiabatic potential energy curves
using the relations 2.28 and 2.30 taking into account the adiabatic couplings between the
different electronic states for the Shin-Metiu model showed in the Chapter 6 .
In the Figure (7.1) we can see how the first two diabatic energy curves, D0(R) and D1(R)
(blue and black continuous line), are just generated by an exchange between the potential
energy curves E0(R) and E1(R) at R = −3.021 a.u.; orange and gray dotted lines respec-
tively. It is because at this point there is a sharp avoided crossing.

Also due to the soft avoided crossing (Rc = 1.148 a.u.), we see how are related the dia-
batic energy curves D1(R) and D2(R) and the potential energy curves E1(R) and E2(R),
where the diabatization is more appreciable in this case, the exchange does not occur in a
single point, it occurs around the neighborhood of the soft avoided crossing, the diabatic
curves are a mixture of these two adiabatic energy curves (inset Figure (7.1)).
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Figure 7.1:
Diabatic potential energy curves {Dn(R)}n=0,1,2 and their respective adiabatic potential
energy curves for the Shin-Metiu molecular model, for the parameters included in the Table
4.2. The diabatization is done around the two avoided crossings which are presented at
Rc = −3.021 a.u. and Rc = 1.148 a.u.

Electronic energies and wave functions, which depend parametrically of each nuclear
geometry in the adiabatic and consequently in the diabatic case can be compared seeing
the Figures (6.2) and (7.2). In Figure (7.2) we have showed the electronic diabatic wave
functions (shifted to their diabatic energy eigenvalues) along the corresponding interaction
potential, close to the sharp avoided crossing located at Rc = −3.021 a.u. = R1, where
Figures (7.2A), (7.2B) and (7.2C) are for nuclear configurations below R = R1 and Figures
(7.2D), (7.2E) and (7.2F) for distances such that R > R1. One can see how the shape of
the diabatic electronic wave function is affected by the diabatization around the avoided
crossings.
The total interaction potential V (x,R) has two non-symmetric wells, each one for x < 0
and x > 0, the former wider than the latter. There is an exchange in the character between
the two lowest electronic states across the avoided crossing Rc = −3.021 a.u.. An almost
total exchange of character is a typical feature of sharp avoided crossing.
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Figure 7.2:
Diabatic electronic wave functions for different possible nuclear configurations around the
first avoided crossing at R1 = −3.021. Figures A, B and C are for distances below R1 and
Figures D, E and F are for distances beyond the first avoided crossing.

Next, solving the nuclear Hamiltonian for the diabatic energy curves D0(R), D1(R)
and D2(R), we obtain a set of BO vibrational diabatic eigenfunctions for each potential
curve. This wave functions, shifted to their energy eigenvalue for the three lowest electronic
diabatic states are shown in the Figures (7.3A), (7.3B) and (7.3C) respectively.

Entropy

With the previous data, we have computed the entanglement measure with von-Neummann
and linear entropies for each eletro-nuclear BO (diabatic) state φdn(x;R)χdn,m, with n =
0, 1, 2 which have been showed in the Figure (7.7).

1. States φd0(x;R)χd0,m(R). In this case we can see how the entropy for states whose
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Figure 7.3:
Vibrational diabatic wave functions χdn,m(R) (shifted to their eigenvalues) computed for
the three lowest diabatic potential energy curves Dn(R) for: n = 0 (Figure A), n = 1
(Figure B) and n = 3 (Figure C) in the Shin-Metiu molecular model.

energy is below of the sharp avoided crossing and located in the configurational
Subspace H2 (Figure (7.4)) is the same in the both diabatic and adiabatic cases.
Specifically, both are the same until the entropy energy reaches the vibrational state
E37.
In order to understand the oscillations in the entropy beyond the vibrational state
with energy E37, we have splitted the configurational space in four subspaces, how
is showed in the Figure (7.4). According to this, the subspace upon the oscillations
appear is the Subspace H2 with x < 0.

To show that, in Figure 7.5C, as an approximation, we have compared the von-
Neumann and linear entropy with the entropy computed within the subspace H2

with x < 0, and according with this the functional form of the entropy is upon this
configurational space.
In Figures 7.5A and 7.5B we plot different electronic have functions for several nu-
clear configurations; R ∈ [−3.021,−2.834], for the subspaces located to the left of
x = 0 a.u. and the subspaces located to the right of x = 0 a.u., respectively, where we
can see how the electronic wave functions varies abruptly, mostly it occurs close to
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Figure 7.4:
Figure A: Hilbert configurational space separated at the position of the avoided crossing
Rc = −3.021 a.u. in two half-spaces H1 (for R > Rc) and H2 (for R < Rc).
Figure B: Hilbert configurational spaces separated at the position of the avoided crossing
Rc = −3.021 a.u. in the nuclear coordinate and also in four half-spaces in the electronic
coordinates, for x < 0 and x > 0.

the avoided crossing, for x < 0 (Figure 7.2), opposite case upon happens for nuclear
configurations below the first avoided crossing.

In the previous chapter, we see how the sum of the square modulus of each maxima
value for each nuclear wave function have a direct relations with the linear entropy
and the nature of the oscillations. But in this case, considering only the main values
of the density operators (diagonal elements), the nuclear wave functions modulates
the result obtained by integrating the product of two electronic wave functions in the
equation (4.13).
With this, we see how the local maxima in the entropy coincide with the nuclear wave
functions which have a local maxima or minima very close to the first avoided crossing
(black lines in Figure 7.6), vibrational states χd0,m(R) with m ∈ {43, 49, 50, 54, ...},
in this cases the electronic wave functions for x < 0 are modulated with the max-
ima values in the vibrational state. On other hand, vibrational states χd0,m(R) with
m ∈ {47, 52, 56, ...} (blue lines in Figure 7.6) are local minimum in the entropy and
have an inflection point close to the first avoided crossing, which modulates the elec-
tronic wave function in this subspace to zero. The transitions between a local maxima
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Figure 7.5:
Figure A: Electronic wave functions for x < 0 for different nuclear configurations above
R = −3.021 a.u.; first crossing avoided. In this subspace we can see how the electronic
wave functions have an abrupt change between different nuclear configurations, specifically
for nuclear configurations close to the first crossing avoided. Figure B: Electronic wave
functions for x > 0 for different nuclear configurations above R = −3.021 a.u.. In this
subspace we can see how the electronic wave functions does not have an abrupt change
between different nuclear configurations.
Figure C: Von-Neumann and linear entropies (orange and green lines respectively) for
the total BO wave function φ0(x;R)χ0,m(R) compared with the von-Neumann entropy
computed in the configurational spaces H2, with x < 0, where this three entropies follow
the same functional form.

and minima are because the crossing avoided cross the function in a mid point be-
tween a local maxima or minima and and inflection point, which are the green states
in the Figure 7.6.

We tabulate the von-Neumann and linear entropy for the first sixty states and the
first four Schmidt eigenvalues in the Table 7.1.
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Figure 7.6:
Vibrational wave functions χd0,m(R) with m ∈ {43, ..., 56} computed from −5 < R < 5,
where the black lines represent the vibrational states which are maximum values in the
entropy and blue lines represent the vibrational states which compute minimum values in
the entropy. Also the green dotted lines are the vibrational states between a maxima and
minima value in the entropy. The black lines intercept with the red line R = −3.021 a.u.
in a local maxima or minima and the blue lines intercept the red line in a inflection point.

2. States φd1(x;R)χd1,m(R). In this case we see in the Figure ()

3. States φd2(x;R)χd2,m(R). In the Figure (6.6) we can see how both von-Neumann and
linear entropies increase monotonically with the vibrational excitations energy. We
understand that the energy region close to the second avoided crossings for the po-
tential energy curve D2(R) involve a noticeable increase of the entanglement, the
second crossing avoided match with its minimum value of energy of the curve D2(R)
generating a faster increase in the enhancement in the first region of the entangle-
ment entropy. Also, the enlargement of the configurational space available for the
vibrational wave functions for distance energies above a given avoided crossing made
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State Eigenvalues ηi Entropies
φ0(x;R)χ0,m(R) i = 1 i = 2 i = 3 i = 4 SvN SL H2(x < 0)

m = 0 1.000 0.000 0.000 0.000 0.001 0.000 0.001
...

...
...

...
...

...
...

...

m = 37 0.995 0.003 0.001 0.001 0.033 0.009 0.010

m = 38 0.994 0.003 0.002 0.001 0.042 0.012 0.018

m = 39 0.991 0.006 0.003 0.001 0.058 0.017 0.030

m = 40 0.987 0.010 0.003 0.001 0.080 0.026 0.047

m = 41 0.980 0.016 0.003 0.001 0.107 0.038 0.066

m = 42 0.974 0.022 0.003 0.001 0.131 0.050 0.083

m = 43 0.971 0.025 0.003 0.001 0.143 0.056 0.090

m = 44 0.974 0.022 0.003 0.001 0.133 0.051 0.082

m = 45 0.982 0.014 0.003 0.001 0.099 0.035 0.056

m = 46 0.992 0.005 0.003 0.001 0.056 0.017 0.021

m = 47 0.995 0.003 0.001 0.001 0.037 0.010 0.008

m = 48 0.990 0.007 0.003 0.001 0.067 0.021 0.034

m = 49 0.982 0.014 0.003 0.001 0.100 0.035 0.059

m = 50 0.982 0.014 0.003 0.001 0.100 0.035 0.057

m = 51 0.990 0.006 0.003 0.001 0.064 0.020 0.028

m = 52 0.995 0.003 0.001 0.001 0.037 0.010 0.007

m = 53 0.990 0.006 0.003 0.001 0.064 0.020 0.031

m = 54 0.984 0.012 0.003 0.001 0.093 0.032 0.053

m = 55 0.987 0.009 0.003 0.001 0.080 0.026 0.041

m = 56 0.994 0.003 0.002 0.001 0.043 0.012 0.010

m = 57 0.993 0.003 0.003 0.001 0.051 0.015 0.019

Table 7.1: Highest four eigenvalues of the reduced density matrices for the Schmidt de-
composition of the total wave function φ0(x;R)χ0,m(R) with (m = 0, 37, ..., 57). The von
Neumann SvN and linear SL entropies for each state are included in the last two columns
and the von-Neumann entropy computed within the configurational subspace H2(x < 0)
is the last column. The rows in gray belong to the states which are local maximum in
the entropy and the rows in yellow belong to the states which are local minimum. The
electro-vibrational BO states from m = 0 to m = 37 are the same in the diabatic and
adiabatic case, they are included in the Table C.1

that the entropy increase slowly.
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Figure 7.7:
von-Neumann and linear entropies for the total BO wave function φn(x;R)χn,m(R) for
n = 0, 1, 2. The upper index in the entropies correspond to values of the entropy associated
to each electronic state n. The vertical lines indicates the energy position of the first sharp
avoided crossing at RC = −3.023 a.u. and the energy region of the second avoided crossing
at R = 1.194 a.u.
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Chapter 8

Conclusions

We can conclude and remark that we have proposed here a minimal model for charge
transfer reactions, which has the virtue that it can be solved numerically exactly and
can be used for testing various approximations and physical pictures of the process. The
system consists of two fixed ions, a moving ion, and an electron, all confined to a line.
It has two degrees of freedom, the position of the ion and that of the electron. This
can be viewed as an imitation of a doped zeolite system in which an electron and an
ion can migrate from one zeolite cage to another. One can also think of the moving
ion as being a simplified representation of a medium, which is polarized (it is displaced)
when the electron changes its location. The properties of the system can be varied by
changing the length scale of the interaction between the electron and the moving ion.
This changes the barrier on the lowest adiabatic state and the energy gap between the
ground and the first excited adiabatic state. The distance between the fixed ions is an
additional parameter. we have analyzed modifications of ground state chemical reactivity
in hybrid cavity-molecule systems, motivated by experimental results showing this effect
for vibrational strong coupling.
The BO is good enough for states below of any crossing avoided. As we compute in the Shin-
Metiu model, the BO and the BH wave functions are the same. The BO approximation does
not have information about the mixture between the different electronic and nuclear states,
which are important under the presence of crossings avoided. Thus, the BH treatment in
general is correct. The entanglement is presented in the BO solutions too, not only in the
BH wave functions. Increasing the electronic or nuclear states generates an increase in the
entanglement entropy.
The one-dimensional model for the molecule of H+

2 is a good approximation to generate
the curve 3dσg in the the three dimensional molecule of H+

2 . The p curves cannot be
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generated correctly under this model. It would be necessary to adjust more parameters in
the interaction potentials.
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Appendix A

Off-diagonal Hellmann-Feynman
Theorem

The Hellmann-Feynman theorem that governs the linear changes in the energy with respect
to a parameter of the Hamiltoninan is extended to functions of the Hamiltonian. The
extension, applicable to a Hamiltonian with both discrete and continuous spectrum is of
particular importance for semi-empirical theories of molecular rate processes.
A simple derivation of the off-diagonal formula starts with the Schrodinger equation

Ĥ |φn〉 = En |φn〉 , (A.1)

and taking inner product with (|φn〉)† and applying the derivative respect to a parameter
ν we have that

∂

∂ν
(En 〈φm| φn〉) =

∂

∂ν

(
〈φm| Ĥ |φn〉

)
, (A.2)

and operating, we find that

∂En

∂ν
(〈φm| φn〉) + En

(
〈φm|

∂φn
∂ν

〉)
+ En

(〈
∂φm
∂ν

∣∣∣∣ φn〉)
=

〈
∂φm
∂ν

∣∣∣(Ĥ∣∣∣φn〉)+

(〈
φm

∣∣∣Ĥ)∣∣∣ ∂φn
∂ν

〉
+

〈
φm

∣∣∣∣∣∂Ĥ∂ν
∣∣∣∣∣φn
〉
, (A.3)

where we have used the symmetry of the operator. Noting that the first term on the
left side is zero by the orthogonality condition of the eigenfunctions and that the last term
on the left side is equal to the first term on the right side, thus, simplifying we obtain
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(En − Em)

〈
φm |

∂φn
∂ν

〉
=

〈
φm

∣∣∣∣∣∂Ĥ∂ν
∣∣∣∣∣φn
〉
. (A.4)

This off-diagonal Hellmann-Feynman theorem [16, 27].
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Appendix B

Square matrix and its representation

Consider a operator A which can be represented in a discrete base (it can be done in the
continuous representation, and the procedure is analogous changing the summations by
integrals) i, j by a set of coefficients ci,j as

A =
∑
i,j

ci,j |i〉 〈j|. (B.1)

Thus, the square of the operator A is

A2 = A ·A =
∑
i,j

ci,j |i〉 〈j| ·
∑
l,k

cl,k |l〉 〈k|, (B.2)

=
∑
i,j

∑
l,k

ci,jcl,k 〈j|l〉 |i〉 〈k|, (B.3)

=
∑
i,j,k

ci,jcj,k |i〉 〈k|, (B.4)

=
∑
i,k

(∑
j

ci,jcj,k

)
|i〉 〈k|, (B.5)

=
∑
i,k

Si,k |i〉 〈k|. (B.6)

The n,m matrix element of the square value of the operator A is given by(
A2
)
n,m

= Sn,m =
∑
j

cn,jcj,m. (B.7)

Obtaining thus the matrix element for an operator [22].
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Appendix C

Von-Neumann and Linear entropies
for the Shin-Metiu model (Adiabatic)
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State Eigenvalues ηi Entropies
φ0(x;R)χ0,m(R) i = 1 i = 2 i = 3 i = 4 SvN SL

m = 0 1.000 0.000 0.000 0.000 0.001 0.000

m = 1 1.000 0.000 0.000 0.000 0.002 0.000

m = 2 1.000 0.000 0.000 0.000 0.002 0.001

m = 3 1.000 0.000 0.000 0.000 0.003 0.001

m = 4 1.000 0.000 0.000 0.000 0.004 0.001

m = 5 0.999 0.000 0.000 0.000 0.005 0.001

m = 6 0.999 0.001 0.000 0.000 0.006 0.001

m = 7 0.999 0.001 0.000 0.000 0.007 0.002

m = 8 0.999 0.001 0.000 0.000 0.007 0.002

m = 9 0.999 0.001 0.000 0.000 0.008 0.002

m = 10 0.999 0.001 0.000 0.000 0.009 0.002

m = 11 0.999 0.001 0.000 0.000 0.010 0.002

m = 12 0.999 0.001 0.000 0.000 0.011 0.003

m = 13 0.999 0.001 0.000 0.000 0.011 0.003

m = 14 0.998 0.001 0.000 0.000 0.012 0.003

m = 15 0.998 0.001 0.000 0.000 0.013 0.003

m = 16 0.998 0.001 0.000 0.000 0.014 0.003

m = 17 0.998 0.001 0.000 0.000 0.014 0.004

m = 18 0.998 0.002 0.000 0.000 0.015 0.004

m = 19 0.998 0.002 0.000 0.000 0.016 0.004

m = 20 0.998 0.002 0.000 0.000 0.016 0.004

m = 21 0.998 0.002 0.000 0.000 0.017 0.004

m = 22 0.998 0.002 0.000 0.000 0.018 0.005

m = 23 0.998 0.002 0.000 0.000 0.018 0.005

m = 24 0.998 0.002 0.000 0.000 0.019 0.005

m = 25 0.997 0.002 0.000 0.000 0.019 0.005

m = 26 0.997 0.002 0.000 0.000 0.020 0.005

m = 27 0.997 0.002 0.000 0.000 0.020 0.005

m = 28 0.997 0.002 0.000 0.000 0.021 0.006

m = 29 0.997 0.002 0.001 0.000 0.021 0.006

m = 30 0.997 0.002 0.001 0.000 0.022 0.006

m = 31 0.997 0.003 0.001 0.000 0.022 0.006

m = 32 0.997 0.003 0.001 0.000 0.023 0.006

m = 33 0.997 0.003 0.001 0.000 0.023 0.006

m = 34 0.997 0.003 0.001 0.000 0.024 0.007
...

...
...

...
...

...
...
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State Eigenvalues ηi Entropies
φ0(x;R)χ0,m(R) i = 1 i = 2 i = 3 i = 4 SvN SL

...
...

...
...

...
...

...

m = 35 0.996 0.003 0.001 0.000 0.026 0.007

m = 36 0.996 0.003 0.001 0.001 0.031 0.008

m = 37 0.994 0.003 0.002 0.001 0.042 0.012

m = 38 0.989 0.008 0.003 0.001 0.071 0.023

m = 39 0.971 0.026 0.003 0.001 0.145 0.057

m = 40 0.893 0.104 0.003 0.001 0.356 0.192

m = 41 0.550 0.448 0.002 0.000 0.702 0.497

m = 42 0.608 0.389 0.002 0.000 0.684 0.478

m = 43 0.720 0.277 0.002 0.000 0.610 0.405

m = 44 0.587 0.410 0.002 0.000 0.694 0.487

m = 45 0.669 0.329 0.002 0.000 0.652 0.445

m = 46 0.679 0.319 0.002 0.001 0.646 0.438

m = 47 0.622 0.375 0.002 0.001 0.681 0.472

m = 48 0.672 0.325 0.002 0.001 0.651 0.442

m = 49 0.667 0.331 0.002 0.001 0.655 0.446

m = 50 0.638 0.359 0.002 0.001 0.674 0.464

m = 51 0.671 0.326 0.002 0.001 0.653 0.444

m = 52 0.662 0.335 0.002 0.001 0.659 0.449

m = 53 0.645 0.352 0.002 0.001 0.670 0.460

m = 54 0.669 0.328 0.002 0.001 0.655 0.445

m = 55 0.660 0.337 0.002 0.001 0.662 0.451

m = 56 0.650 0.347 0.002 0.001 0.669 0.457

m = 57 0.667 0.330 0.002 0.001 0.657 0.446

m = 58 0.658 0.339 0.002 0.001 0.664 0.452

m = 59 0.652 0.345 0.002 0.001 0.668 0.456

Table C.1: Highest four eigenvalues of the reduced density matrices for the Schmidt de-
composition of the total wave function φ0(x;R)χ0,m(R) with (m = 0, ..., 59) i.e., the BO
wave functions. The von Neumann SvN and linear SL entropies for each state are in-
cluded in the last two columns. The closer state for the Sharp avoided crossing located at
R = −3.021 a.u. and with energy E = 0.301 a.u. is the state φ0(x;R)χ0,41(R), which has
the highest entropy value.
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Figure D.1:
Total BO wave functions Ψ(x,R) for the states φ0(x,R)χ0,0(R) and φ0(x,R)χ0,17(R) for
the one-dimensional model of H+
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Figure E.1:
Total BO wave functions Ψ(x,R) for the states φ0(x,R)χ0,0(R), φ0(x,R)χ0,15(R),
φ0(x,R)χ0,30(R), φ0(x,R)χ0,41(R) and φ0(x,R)χ0,45(R) for the Shin-Metiu model.
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Figure F.1:
Total BH wave functions Ψ(x,R) for the states Ψ0(x,R), Ψ25(x,R), Ψ50(x,R) and
Ψ75(x,R) for the Shin-Metiu model.
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