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SYNOPTIC ABSTRACT

In this article, the exact distribution and exact percentage points for testing equal-
ity of q bivariate Gaussian populations arve obtained. The distribution has been
derived using the inverse Mellin transformation and the vesidue theorem. The
percentage points have been computed for q = 2(1)5.
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1. Introduction

Let Xi1,..., X;n, be a random sample from a bivariate normal
population with mean vector p; and covariance matrix ¥;, ¢ =
I, ..., g. Consider testing the null hypothesis H : pty = --- = p, =
p; Xy =--- =%, =3, against general alternative K which says
that H is not true. In H the common mean vector g and the
common covariance matrix ¥ are unknown. Let X; and A; be the
mean vector and covariance matrix formed from the ith popula-
tion; thatis N; X; = Z;V;l X;;jand A; = Z;V;l (X;j— X)) (X;j— X)),
i=1,...,¢,and put N X=>7 NX;, A=A+ -+ A, B=
Zgzl M(X, — X) (Xz — X)/ and ]V() = N1 +--- —|—Nq The likelihood
ratio test criterion A for testing H can be expressed as

NI, det(Ay) N2
7 NN det (A + B)N/?
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Testing Homogeneity of Bivariate Gaussian Populations 229

This test statistic was first derived by Pearson and Wilks (1933).
They also derived null moments of A and the distribution of A
in special cases. It has been shown (e.g., see Perlman, 1980) that
the test given by A is unbiased. The Ath null moment of the test
statistic A is given by

N F(No—2) (o TIN(+h) —2]
B = o St a2l rv—y
(1)

where Re(N;h) > —(N; —2),i=1,..., ¢ and Re(-) denotes the
real part of (-). The asymptotic expansion of a constant multiple
of —21In A is available in Muirhead (1982).

In this article, we give the exact percentage points of V; =
AYN for Ny =.-. = N, = N. The exact distribution of V; has
been derived using the inverse Mellin transform and the residue
theorem. We compute percentage points using the distributional
results given in this article. The distribution and percentage
points of the likelihood ratio statistic for testing homogeneity of
several univariate Gaussian populations have been obtained by
Nagar and Gupta (2004).

=1

2. The Null Distribution

Substituting Ny =---=N;,=N, in (1) and wusing the
Gauss—-Legendre multiplication formula for gamma function, the
hth moment of Vi = AV is simplified as

TI(N—2+h) i~ T[N+ (k—2)/q]

hy
B = I (N —2) LIN+ A+ (k—2)/q]

k=0

Now, using the inverse Mellin transform and the above moment
expression, the density of Vj is obtained as

TN —2+h)
T[N+ h+ (k—2)/q]

Jf(uv1) = K(N, q)(?m)_l/; —1 ",

(2)
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where 0 < v; < 1,1 = +/—1, Cis a suitable contour and

k ()F[N+ (k_Q)/CI]
I'e(N —2)

K(N, q) =

Substituting N — 2 + h = ¢ and simplifying, the density (2) is
restated as

fw) = K(N, ) (2r0) o)

L' () .
Xf ortdt, (3)
G t(t—}—l)]—[k ooy Tt +24 (k—2)/q]

where 0 < v <1 and (; is the changed contour. The poles of
the integrand in (3) are given by t = —7, 7 =0,1,2, ..., and each
pole is of order g—1 except ¢ = 0, —1, which are of order ¢. Hence
by the residue theorem

f(o) = K(N, ¢)ol~ ZRJ», 0<wv <1, (4)
j=0
where R; is the residue at ¢ = — j. From the calculus of residues,
the remdue att = —jfor j > 2 is derived as
1 972 _
R; = 5 [Aj0], (5)
(q — Q)Y l—) j o1~
where
t+ Hirei
A (t+7) (?)

T+ ) 1 TLE+ 2+ (h—2)/q]
r=te+j+1)
t(t+1)ﬂ (t+£)q1]‘[k0(¢2)r[t+2+(k—2)/q]'
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By using the Leibnitz rule for successive differentiation of product
of two functions, we can write the expression (5) as

1 Sg-2 () 9
: t W g=2-u
R; = = Q)Ytl_l)m]v ;( . )A].( In o) . (6)
Also,
A(“) = 0! Ly _ A ma,
are’ T g1\ 9t ) T gt \ g ]
gu-l
= 7 (458)) (7)
where
9
1 1 U |
—(g—DYU+ij+])— = —— —(g—1 S
=Dy +j+D =5 — =5 g;tw
q_l 2
- Z:¢~t+2+——— (9)
k=0(#2) 1

Consequently, all the derivatives of A; can be obtained from the
following recursive relation, which has been derived from (7) by
using the Leibnitz rule. We have

u—1
() _ u—1\  (u—1-m) p(m)
45 —Z( m )AJ Bi™,

m=0
with
pon = g A (10)
J agm ! gt
= (—1)m+1m!|:(q—1)§(m+l,t+j—|—l)+ + !
tmtl (¢4 1)mH!
1 ! k—2
+(g—1 )ZW > §<m+1,t+2+7)j|.
=0 k=0(#£2)

(11)
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In the expressions (9) and (11), ¥ () and ¢(.,-) are
well known psi- and Hurwitz zeta functions respectively (see

Abramowitz & Stegun, 1992; Apostol, 2010; Askey & Roy, 2010).
From (6) it is now possible to write

1 =2 rg—2 (
L= ] (w) . —2—u
R; ( o) vy ( " )Ajo (—=Inwv)1? , (12)

where

u—1 (u_ 1)
= Al By (13)
jo jo >
0 m

with
A Z A0 a =
(—1)=DJj
G- DG Coep T2 =+ (k= 2)/q]

(0) (0) ;
Bjy =B;" at t=-—j

1 (i k=2
(q—l)W(]+1)+ +—1— > w( —]+—),
J k=0(£2) 1

(m) (m) —
Bj)" = B; at t=—j

1
e
(="t (=D

= (—1)m+1m!|:(q —De(m+1,1) +

q—1
2
+(q—1)Z )mﬂ Zi(m+12—]+7)i|.

£=0 k=0(#2)
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Similarly, the residue at ¢t = —j, j = 0, 1 is obtained as
R; = ﬁ o] > (" y 1) AQ (=o' (14)
where
A;%) _ (-1

Hk 0(752)1—‘[2_].—'_ (k_Q)/q]’

q—1
L k—2
B =(g—-DyW)+qj+j-1- Y. w( —]+—),
k=0(£2) 1

and

@@=(—nwﬂqu—num+1J)+ﬂ—ﬁHM+1_j

(i k=2
— Z:C(W+L2_7+_g_>-

k=0(#2)

Substituting (12) and (14) in (4), we get the density of Vj as

-1
f(v) =K(N, ¢)v) > |: Y Z {Z(q )

Jj=0,1 u=0

'S} q—2
AW (<o) Zv'jz<q_2)
(g —2)1 &1 u

where 0 < v; < 1.
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3. Computation

The computation of the percentage points has been carried out
by using F(v, q) = fov f(t) dt where f(¢) is given by (15). The
computation is carried out by using the series representation
given in (15). First, F(v, ¢) is computed for various values of v.
It is checked for monotonicity and for conditions F(v, g) — 0 as
v— 0 and F(v,q) — 1 as v— 1. Then v is computed for vari-
ous values of ¢, N and F(v, ¢) = a. These are given in Tables 1-4.
The tables are given for values of ¢ from 2 to 5. We have used

TABLE 1 Table of the percentage points of V; for ¢ = 2

N @ =0.01 a = 0.025 a = 0.05 a=01
3 0.000901093 0.00263465 0.00606903  0.0143968
4 0.0276701 0.0475534 0.072533 0.112431
5 0.088825 0.127788 0.169741 0.228003
6 0.160494 0.211187 0.26157 0.326837
7 0.229695 0.286293 0.340054 0.406719
8 0.292211 0.351278 0.405628 0.471122
9 0.347361 0.406885 0.460419 0.523616

10 0.395671 0.454515 0.506535 0.567002

1 0.437995 0.495534 0.545721 0.603357

12 0.4752 0.531104 0.579343 0.634207

13 0.508058 0.562174 0.60846 0.660684

14 0.537227 0.589506 0.633891 0.68364

15 0.563258 0.613711 0.656279 0.703722

16 0.586606 0.63528 0.676126 0.721432

17 0.60765 0.654611 0.693836 0.737162

18 0.626704 0.672028 0.709731 0.751223

19 0.644028 0.687796 0.724073 0.763866

20 0.659844 0.702136 0.737076 0.775294

21 0.674336 0.71523 0.748919 0.785672

29 0.68766 0.727232 0.759748 0.795138

23 0.699951 0.738273 0.769687 0.803806

24 0.711321 0.748461 0.778841 0.811774

25 0.72187 0.757891 0.787299 0.819122

26 0.731682 0.766644 0.795136 0.825919

27 0.740831 0.77479 0.802419 0.832226

28 0.749381 0.78239 0.809204 0.838093

29 0.75739 0.789496 0.815541 0.843564

30 0.764905 0.796155 0.821471 0.848679
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TABLE 2 Table of the percentage points of V; for ¢ = 3

N a=0.01 o =0.025 a =0.05 a=0.1
3 0.0000590665 0.000197137 0.000511359 0.0013989
4 0.00578465 0.0107401 0.0175603 0.0295888
5 0.029086 0.0442891 0.0618996 0.0883674
6 0.0671487 0.0924337 0.119244 0.156375
7 0.112297 0.145368 0.178588 0.222349
8 0.15917 0.197672 0.234957 0.282439
9 0.204874 0.246932 0.286595 0.335886

10 0.248053 0.292288 0.333174 0.383054

11 0.288184 0.333613 0.374949 0.42465

12 0.325174 0.371109 0.412378 0.461423

13 0.35914 0.4051 0.445963 0.494061

14 0.390291 0.435944 0.47618 0.523162

15 0.418869 0.463986 0.503457 0.549231

16 0.445117 0.489546 0.528167 0.572694

17 0.469266 0.512907 0.550633 0.593904

18 0.49153 0.534319 0.571129 0.613161

19 0.5121 0.554001 0.589892 0.630713

20 0.531147 0.572144 0.607125 0.646772

21 0.548823 0.588912 0.623002 0.661515

22 0.565262 0.604451 0.637671 0.675096

23 0.580584 0.618885 0.651263 0.687643

24 0.594894 0.632326 0.663888 0.699269

25 0.608285 0.64487 0.675646 0.710071

26 0.620839 0.656601 0.686619 0.720131

27 0.632632 0.667594 0.696884 0.729523

28 0.643727 0.677916 0.706505 0.73831

29 0.654184 0.687625 0.715541 0.746549

30 0.664055 0.696773 0.724042 0.754288

Mathematica 7.0 to carry out these computations. To compute v
for a given value of a = F(v, q), we have used FindRoot which
searches for a numerical solution to the given equation, using
Newton’s method or a variant of the secant method. An eight-
place accuracy is kept throughout. It may be noted here that
for ¢ > 6, the exact density of V can also be derived by apply-
ing the technique used in this article. But, the series expansions
so obtained are extremely lengthy and therefore it is difficult to
compute the percentage points. Hence, the tables are given for
g=2,3,4and ¢ =5.
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TABLE 3 Table of the percentage points of V; for ¢ =4

N o =0.01 a =0.025 a =0.05 a=0.1
3 4.97728x107%  0.0000185597 0.0000531041  0.000163148
4 0.00140554 0.00277975 0.00480586 0.00864993
5 0.010613 0.0169148 0.024611 0.0368412
6 0.0305724 0.0436293 0.0580986 0.0790881
7 0.0588413 0.0784817 0.0989837 0.127105
8 0.0919404 0.11714 0.142398 0.17575
9 0.12714 0.156709 0.185485 0.222451

10 0.162646 0.195501 0.226769 0.266105

11 0.197379 0.232625 0.265583 0.306369

12 0.23074 0.267661 0.301699 0.343269

13 0.262425 0.300465 0.335128 0.377001

14 0.292317 0.331047 0.365995 0.407829

15 0.320404 0.359496 0.394478 0.436028

16 0.346738 0.385942 0.420772 0.461867

17 0.371404 0.410529 0.445073 0.485593

18 0.394503 0.433405 0.467565 0.50743

19 0.416142 0.454713 0.488418 0.527575

20 0.436428 0.474587 0.507788 0.546205

21 0.455462 0.493151 0.525815 0.563474

22 0.473342 0.510517 0.542624 0.57952

23 0.490158 0.526789 0.558327 0.594461

24 0.505992 0.54206 0.573023 0.608405

25 0.520921 0.556415 0.586804 0.621444

26 0.535014 0.569927 0.599747 0.633661

27 0.548336 0.582667 0.611924 0.64513

28 0.560943 0.594696 0.6234 0.655915

29 0.572891 0.606069 0.634231 0.666075

30 0.584225 0.616837 0.644468 0.675661

4. Unequal Sample Sizes

When the sample sizes are unequal the problem is a bit compli-
cated because of the presence of parameters M, ..., N, but still
one can use the same technique considered in this article. Writ-
ing the gamma functions with the help of the Gauss-Legendre
multiplication formula for gamma function, the expression in (1)
can be rewritten as

sty = iz Ilio T U414 (k= 2)/N]
MDA+ 1+ (k- 2)/No]

(16)
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TABLE 4 Table of the percentage points of V; for ¢ =5

N @ =0.01 @ =0.025 a=0.05 a=0.1
3 4.73662x10~7 1.94749x 1076 6.07185x107%  0.000020635
4 0.000366893 0.000766726 0.00139126 0.0026503
5 0.00407826 0.0067619 0.010185 0.0158772
6 0.0144969 0.0213412 0.0292016 0.0410354
7 0.0318815 0.0436296 0.0562758 0.0741842
8 0.0546414 0.0711613 0.0881766 0.11129
9 0.0808794 0.101616 0.122301 0.149562

10 0.109009 0.183276 0.156899 0.187326

11 0.137871 0.164993 0.190895 0.22366

12 0.166675 0.196049 0.223671 0.258106

13 0.194906 0.226018 0.254903 0.290482

14 0.222249 0.25467 0.284451 0.320766

15 0.24852 0.281901 0.312284 0.349019

16 0.273628 0.307684 0.338438 0.375348

17 0.297541 0.33204 0.362983 0.399882

18 0.320264 0.355021 0.386009 0.422754

19 0.341826 0.376693 0.407614 0.444096

20 0.362273 0.39713 0.427895 0.464033

21 0.381657 0.416408 0.44695 0.482683

22 0.400035 0.434605 0.464871 0.500153

23 0.417465 0.451792 0.481742 0.516541

24 0.434003 0.468041 0.497644 0.531939

25 0.449705 0.483416 0.512651 0.546426

26 0.464623 0.49798 0.526829 0.560077

27 0.478808 0.511788 0.540242 0.572958

28 0.492306 0.524893 0.552945 0.585129

29 0.505161 0.537345 0.56499 0.596646

30 0.517415 0.549186 0.576425 0.607557

where

No—1 _
C=— k:ON-I:l[l + (k= 2)/No] ' (17)
i=1 1 limo T [1+ (B —2)/N;]

Then the density of A is available as the sum of the residues
at the poles of the gamma product in the numerator of the right-
hand side of (16). Depending on the values of My, ..., N,, some of
the poles may be of higher orders, some of the factors may be can-
celed with the denominator factors, and soforth. Once M, ..., N,
are known, the orders of the poles can be determined and the
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density can be written with the help of the residue theorem. Thus,
the exact percentage points can be computed by using this result
for the exact density. If ¢ is large and if a number of the sample
sizes are different, then it is more convenient to look for approx-
imations. The well known Box’s approximation is a good choice,
because it gives an expansion of the cumulative distribution func-
tion of —2In A in series involving cumulative distribution func-
tions of chi-square variables. The problem created by different
sample sizes is completely eliminated here. This is usually good
except for small values of ¢g. Hence, the Box’s approximation is
recommended for ¢ > 5 and N; > 5 when the sample sizes are
different.
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