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Abstract 

 

Mathematical models have allowed a better understanding of the excitation-

contraction coupling (ECC) during the activation of skeletal muscle fibers. 

Experiments with isolated mammalian muscle fibers loaded with Mag-Fluo-

4 have revealed differences in the kinetics of the Ca²⁺ transients, as key 

experimental manifestation of the ECC, in the continuum of fiber types. 

However, a comprehensive mathematical description of the ECC, that 

considers most of the Ca²⁺-binding sites (e.g. parvalbumin, troponin, the dye, 

transporters, and pumps) in that continuum of fiber types has not been 

developed. Also, besides the classical mechanisms, namely parvalbumin (PV) 

and sarcoplasmic reticulum Ca²⁺ ATPase (SERCA), it has been determined 

that the Ca²⁺ removal from cytoplasmic compartment also depends on the 

mitochondrial Ca²⁺ movements and the Na⁺/Ca²⁺ exchanger (NCX) when the 

Ca²⁺ concentration is high in the cytoplasm and the PV and SERCA are 

saturated. 

In this work, changes in the concentration of Ca²⁺ through the sarcomere due 

to the ion’s movement were simulated for different mammalian fiber types (I, 

IIA, IIX/D and IIB) using single Ca²⁺ transients experimentally measured in 

mouse fibers loaded with the fast fluorescent indicator Mag-Fluo-4 AM at 

room temperature. Considering an estimated dye concentration of 246.5 µM, 

we found that the amplitude of the peak of the release rate of Ca²⁺ from the 

sarcoplasmic reticulum of the fibers type IIA, IIX and IIB, was 22.7%, 
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437.6% and 528.5%, respectively, higher than the type I. The cytoplasmic 

peak Ca²⁺ concentration was 14.32 µM, 14.32 µM, 10.96 µM and 8.63 µM. 

On the other hand, the mitochondrial peak Ca2+ concentration was 10.3%, 

77.8% and 79.6% lower in the fibers type IIA, IIX and IIB than in the type I. 

The Ca²⁺ extruded from the cytoplasm by the NCX was 27.1%, 466.1% and 

405.1% higher in fibers type I, IIX and IIB than in the type IIA. The decay 

phase of the Ca²⁺ transient can be fitted with a biexponential function (with τ1 

and τ2). An increase of 50% in the parvalbumin content differentially changed 

the τ1 of the IIB-IIX group by -6.0% and of the IIA-I group by 16.2%, whilst 

the τ2 always decreased, by 26.1% in the IIB-IIX group and 6.1% in the IIA-

I group.  

In conclusion, we presented for the first time a comprehensive model of Ca²⁺ 

movements based on kinetic parameters of the four mammalian fiber types 

and the molecular machinery involved in the ECC, including the 

mitochondria and the NCX. The proposed model allowed us to gain insight 

into the kinetics of the Ca²+ transients obtained with a fast Ca²+ dye, for the 

continuum of muscle fiber types. 

Keywords: 

Skeletal muscle, fiber types, Ca²⁺ transients, mitochondria, Na⁺/Ca²⁺ 

exchanger, mathematical simulation. 
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Chapter 1 

Introduction 

 

In the skeletal muscle fiber, the action potentials (AP) leads to contractions 

mediated by the release of Ca²⁺ ions from the sarcoplasmic reticulum (SR) 

(Ridgway & Ashley, 1967). Experiments on electrically elicited Ca²⁺ 

transients measured in mammalian muscle fibers loaded with fluorescent 

indicators have revealed differences in the kinetic parameters associated with 

the type of fiber and the molecular machinery involved in the Ca²⁺ transients 

(Calderón et al., 2010). 

The excitation contraction coupling (ECC) phenomenon represents the 

relation between the electrical events occurring in the plasma membrane and 

the Ca²⁺ release from the SR, which leads to the muscle contraction (Fig. 1). 

The sequence of events in skeletal muscle fibers involves: (1) initiation and 

propagation of an AP along the plasma membrane, (2) radial spread of the 

potential along the transverse tubule (T-tubule) system, (3) detection of 

changes in the membrane potential mediated by the dihydropyridine receptors 

(DHPR, L-type Ca²⁺ channel CaV1.1), (4) allosteric interaction of the DHPR 

with the SR ryanodine receptors (RyR), (5) release of Ca²⁺ from the SR and 

transient increase of Ca²⁺ concentration in the myoplasm (cytoplasm in 

muscle cells), (6) transient activation of the myoplasm Ca²⁺ buffering system, 

formed by proteins such as the troponin (Trop), parvalbumin (PV) and the 

Ca²⁺-binding molecules such as the adenosine triphosphate (ATP), and the 

contractile apparatus, followed by (7) disappearance of Ca²⁺ from the 
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myoplasm mediated by its movement to the mitochondria (MITO), its 

transport outside the cell by the Na⁺/Ca²⁺ exchanger (NCX) and its final 

reuptake by the SR through the SR Ca²⁺ adenosine triphosphatase (SERCA) 

(Calderón et al., 2014a). Store-operated Ca²⁺ entry (SOCE) allows Ca2+ enter 

the fiber, as a response to the intra SR Ca2+ sensing function of the stromal 

interaction molecules (STIM) (Stiber et al., 2008). In fast twitch fibers, SOCE 

acts in a transient fast mode during an individual AP and after each AP in a 

train of stimulations (Koenig et al., 2018). 

 

 

Fig. 1. Illustration of the Ca²⁺ release and removal mechanisms. Taken and 

modified from the supplementary material of Calderón et al. (2014). 

Detailed works have permitted the identification of a continuum of fiber 

types, divided into two groups, fast and slow. The slow twitch fibers have 

important differences in the ECC when compared to the fast twitch fibers. 

Two main differences are the quantity and kinetics of the proteins present in 

the cytoplasm (Calderón et al., 2014a). In terms of quantity, one of the most 
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notable differences is the concentration of parvalbumin (PV), being almost 

negligible in slow-twitch fibers and up to 0.43 mM in the fastest (Heizmann, 

1984). It is known that these high concentrations of PV are involved in the 

muscle relaxation process (Calderón et al., 2014a; Heizmann et al., 1982). 

Higher amount of SERCA in the fast fibers have also been known for three 

decades already (Ferguson & Franzini-Armstrong, 1988; Leberer & Pette, 

1986). 

Mathematical models that integrate information obtained on mammalian 

ECC under different experimental conditions have been used to simulate Ca²⁺ 

transients in slow-twitch and fast-twitch fibers (Stephen M. Baylor & 

Hollingworth, 2007b; Stephen Hollingworth et al., 2012). A better 

understanding of the kinetics of Ca²⁺ and its relationship with the amount of 

proteins in the cytoplasm has thus been allowed. A more complete model that 

compares the kinetics of slow and fast-twitch fibers was presented by Baylor 

and Hollingworth (Stephen M Baylor & Hollingworth, 2012). The model, 

however, was built on data of fibers whose nature (fast or slow) was not 

certain, since the authors did not use gold-standard techniques, like i.e., 

myosin heavy chain detection, to classify the fibers. Furthermore, it did not 

include the role of MITO and NCX in the ECC, basically because they were 

largely ignored by that time. The dependency of Ca²⁺ removal from the 

cytosolic compartment on the kinetics of PV and SERCA kinetics and content 

of mammalian fibers of slow-twitch and fast-twitch have been previously 

described in a mathematical model (Stephen M Baylor & Hollingworth, 

2012). However, this removal from the cytoplasmic compartment also 

depends on the MITO and the NCX. Since the NCX has low-affinity and high 

transport capacity compared to the SERCA, it is a more appropriate 

mechanism for Ca²⁺ removal at higher [Ca²⁺] (Balnave & Allen, 1998). Also, 

the influence of the MITO to the regulation of Ca²⁺ in the cytosol may be 
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relevant in slow-twitch fibers, given their higher content in slow fibers. A 

major drawback of the mentioned papers is that they used an oversimplified 

dichotomic approach (slow of fast), to model the ECC, even when there are 

at least four fiber types, I, IIA, IIX/D and IIB. 

The mitochondrial effective volume is a morphological difference between 

fiber types, being higher in the slow twitch fiber (Jackman & Willis, 1996; 

Schwerzmann et al., 1989). Partly because of this, slow-twitch fibers are more 

resistant to fatigue (Schwerzmann et al., 1989). This is evidenced by an 

alteration of the kinetics of the decay phase of the Ca²⁺ transients when 

mitochondrial Ca²⁺ uptake is inhibited (Calderón et al., 2014b; Stephen 

Hollingworth et al., 2012). 

We rely on the model initially proposed by Cannell and Allen (1984) and on 

models that use a similar structure to describe the movement of Ca²⁺ and 

compare the kinetics of slow-twitch and fast-twitch fibers (Stephen M Baylor 

& Hollingworth, 2012). In this type of models, the sarcomere is assumed to 

be cylindrical and divided into compartments with radial symmetry. Thus, the 

change in the concentration of Ca²⁺ of each compartment generated by a 

twitch or by a series of stimuli, is 3-D considered. 

Overcoming some of the above mentioned limitations, a recent model of 

skeletal muscle ECC interestingly included the MITO and proteins such as 

the mitochondrial Ca²⁺ uniporter (MCU) and the mitochondrial NCX (NCE) 

(Marcucci et al., 2018). In fact, the model of Marcucci et al. (2018) included 

a description of [Ca²⁺] changes in the cytosolic compartment, SR and MITO. 

A validation of this model is obtained by the determination of [Ca²⁺] in the 

compartments by ratiometric, slow probes. In the case of the cytosolic 

compartment, [Ca²⁺] was measured with Fura-2. However, the Fura-2 dye 
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seem not to reliably track the kinetics of fast, large and brief Ca²⁺ transients 

such as those found in skeletal muscles. The most suitable dyes to study ECC 

in skeletal muscle seem to be the low affinity, fast Ca²⁺ dyes, like Mag-Fura-

2 and Mag-Fluo-4 (Stephen M. Baylor & Hollingworth, 2011; Calderón et 

al., 2014a). Also, the amplitude achieved by a single Ca²⁺ transient of about 

0.4 µM is very low compared to previous reported values of about 3.9 µM in 

measurements with the dye fluo-3 AM in intact single muscle fibers of the 

tropical toad Leptodactylus insularis (Caputo & Bolaños, 1994), 4.6 µM with 

the dye Mag-Fura-2 in cut fibers of rat extensor digitorum longus muscle 

(EDL) (Delbono & Stefani, 1993), and 16 µM with the dye Mag-Fura-2 in 

fast-twitch muscle fibers (Stephen Hollingworth et al., 2012). Also, the lack 

of a fiber type approach limits the extent of impact of the Mariucci’s work. 

In this work we use measurements with the fluorescent indicator Mag-Fluo-

4 AM and a multi compartment model to estimate the Ca²⁺ movements 

produced during single and tetanic Ca²⁺ transients in four mammalian skeletal 

muscle fiber types. This allows us to make a simulated comparison of the Ca²⁺ 

movement between different fiber types, including the variations in the 

mitochondrial [Ca²⁺], the sarcolemmal NCX, and their influence on the 

cytoplasmic Ca²⁺ regulation. 

.



 

 

 

Chapter 2 

Preliminaries 

 

In this chapter we briefly introduce the skeletal muscle physiology and the 

classification of fiber types. We later presented measurements of the [Ca²⁺] 

changes in skeletal muscle fibers with fluorescent indicators and the resulted 

insights that motivated our simulations. Then we described the models that 

have been used to describe the mechanisms involved in ECC and the models 

used to convert fluorescent measurements into [Ca²⁺]. 

2.1 Skeletal muscle 

Mammalian muscles are divided into three main categories: smooth, cardiac 

and skeletal. Skeletal and cardiac muscle are also called striated muscles, 

since when they are observed under a microscope it is possible to observe 

stripes that are transverse to the longer axis. Skeletal muscles are composed 

by a set of muscle cells, also called fibers. These fibers have an almost 

cylindrical shape and belong to a group of cells that are electrically excitable, 

with contractile capacity responsible for the main part of voluntary motion in 

mammals. Altogether, it accounts for about 40% of body weight (Rolfe & 

Brown, 1997). 

Skeletal muscles fibers can be distinguished on the basis of their color as red 

or white and their contractile properties as fast and slow since the first half of 

the 19th century (Needham, 1926; Ranvier & M L., 1873). The slow and fast 

fibers can also be named as type I and type II fibers, respectively (Dubowitz 
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& Pearse, 1960; Engel, 1998). This initial classification has become more 

complex since the development of new methods to differentiate fibers types 

in the last decades. 

Four fiber types have been distinguished based on the presence measurements 

of the myosin heavy chain (MHC) isoform: I, IIA, IIX/D and IIB (Calderón 

et al., 2010; Schiaffino et al., 1989). A resulting question from this 

classification is: how do the proteins involved in the ECC mechanism and 

Ca²⁺ transient kinetics change according to the fiber types? insight have 

emerged from measurements using fluorescent Ca²⁺ indicators. 

2.2 Measurements of Ca²⁺ transients during ECC with fluorescent 

indicators in skeletal muscle fibers 

The Ca²⁺ plays an important role in biological systems. For the ECC, Ca²⁺ 

serves as a messenger that couples the electrical excitation at the skeletal 

muscle fiber membrane to the contractile machinery inside the fiber. In 

general, when cytoplasmic [Ca²⁺] rises, the muscle contracts, and when [Ca²⁺] 

decreases, the muscles relaxes (Berchtold et al., 2000).  

The rise and fall of free Ca²⁺ produced in the cytoplasm during the activation 

of the fibers, so called Ca²⁺ transient, can be experimentally measured by 

using a Ca²⁺ sensitive fluorescent indicator such as Mag-Fura-2 or Mag-Fluo-

4 AM (Stephen M. Baylor & Hollingworth, 2011). The light intensity signals 

as a function of time are recorded and used to estimate the changes in [Ca²⁺].  

Fluorescent indicators can be divided according to whether they are 

ratiometric or non-ratiometric. Non-ratiometric dyes, such as Mag-Fluo-4, 

can be excited with visible light and are characterized because when they bind 

to Ca²⁺ the wavelength at which they present the maximum excitation or 

emission does not change. Ratiometric indicators, on the other hand, show 
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not only a change in intensity, but also in the wavelength at which the 

maximum excitation or emission occurs. 

To reliably estimate the amplitude and the time course of the change in [Ca²⁺], 

an indicator of fast response and low affinity for Ca²⁺ is required (Hirota et 

al., 1989; Konishi et al., 1993). An indicator of Ca²⁺ can be considered of low 

affinity when it has a dissociation constant (Kd) for Ca²⁺>25 μM (Stephen M. 

Baylor & Hollingworth, 2011). Dyes such as Mag-Fura-2 and Mag-Fluo-4 

have low affinities for Ca²⁺, however, Mag-Fura-2 is technically more 

difficult to use and has lower quantum efficiency when Ca²⁺ binds compared 

to Mag-Fluo-4 (Calderón et al., 2014a). 

The basic unit of mechanical activity is the twitch, in which a single AP on 

the surface membrane of the fiber elicits a brief contractile response. 

Intracellular Ca²⁺ transients can thus be experimentally elicited by applying 

supra-threshold rectangular current pulses (0.6–1.4 ms) through two silver or 

platinum plate electrodes placed on either side along the experimental 

chamber (Fig. 2). 
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Fig. 2. Simultaneous measurements of action potential (AP), Ca²⁺ transient and 

force in fibers of the flexor digitorum muscle (FDB) of mouse. Note that the 

electrical phenomenon precedes the Ca2+ appearance in the cytosol, which in turn 

starts a couple of milliseconds before the initial rise in tension. The amplitude of 

the three signals was normalized for the sake of simplicity. Taken from Hill and 

Olon (2012). 

The Ca²⁺ transient kinetics is produced by several mechanisms involving a 

great number of proteins that determine the different characteristics such as 

rise time, peak amplitude, half-width and time course of decay. Thus, the 

release and reuptake mechanisms of Ca²⁺ have different roles depending on 

the fiber type (Calderón et al., 2010, 2014b), which means that there are 

biochemical and structural differences according to the fiber types, such as 

the cytosolic Ca²⁺ buffers concentration and reaction rates between Ca²⁺ and 

the binding proteins that play a role during the ECC phenomenon.  

The molecular machinery involved in the ECC includes ion channels, 

transporters, and pumps. Specifically, the higher content of the DHPR and 

RyR in fast fibers explains the differences in the rising phase of the Ca²⁺ 

transients, since they produce the activation of the Ca²⁺ channels associated 

to the Ca²⁺ release. Whereas the higher content of the PV transporter and the 

higher content and kinetics of SERCA pump explains the lower decay time 

required for fast fibers during a Ca²⁺ transient (Calderón et al., 2010). Other 

proteins such as mitochondria and NCX also have an influence in the decay 

rate, however with a minor role (Calderón et al., 2014b). Fig. 3 shows 

experimental measurements of the fluorescence intensity (F) in different fiber 

types (I, IIA, IIX/D and IIB) produced by an AP when measured with Mag-

Fluo-4. 
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Fig. 3. Fluorescence intensity obtained during single Ca²⁺ transient’s 

measurements in different fiber types (I, IIA, IIX/D and IIB) of mouse. Redrawn 

from Calderón et al. (2014). 

The Ca²⁺ transient measurements can be classified into two different 

morphologies according to their kinetics (Calderón et al., 2009, 2010, 2014a). 

Morphology type I (MT-I), characteristic of fibers type I and IIA, has a lower 

peak, is broader and slower during the decay phase compared to morphology 

type II (MT-II). On the other hand, MT-II, defines fibers type IIX and IIB 

(Fig 2. B). 

The Ca²⁺ transients produced by a repetitive stimulation, so called tetanic Ca²⁺ 

transients, also have a typical appearance. Tetanic Ca²⁺ transients of fibers 

types I and IIA show a staircase morphology (MT-I), whilst fibers type IIX 

and IIB are characterized by a first large peak followed by a plateau (MT-II). 

Fig. 4. shows the fluorescence intensity obtained during (A) single Ca²⁺ 

transients measurements of different fiber types (I, IIA, IIX/D and IIB) and 

tetanic Ca²⁺ transients in fiber types I (MT-I, B) and morphology type IIB 

(MT-II, C) for both morphologies during a train of APs with a frequency of 

100 Hz and variable duration, from a single twitch to tetanic stimulus with a 

duration of 350 ms.  
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Fig. 4. Fluorescence intensity obtained during (A) single Ca²⁺ transients 

measurements of different fiber types (I, IIA, IIX/D and IIB) and tetanic Ca²⁺ 

transients in fiber types I (MT-I, B) and morphology type IIB (MT-II, C). 

Redrawn from Calderón et al. (2014). 

In fibers MT-I, the decay of the last Ca²⁺ transient peak can be fitted by a 

single exponential function of the form: F = C + A1 ∙ [-e-t/τ1]. On the other 

hand, fibers with MT-II have tetanic Ca²⁺ transients whose decay can be fitted 

with high proximity with a bi-exponential function F = C + A1 ∙ [-e-t/τ1] + A2 

∙ [-e-t/τ2] (Calderón et al., 2009, 2010). Where A1 and A2 represent the 

amplitudes. Thus, the decay phase of MT-I transients can be quantified by the 

time constant τ1, while with τ1 and τ2 for MT-II transients Fig. 5. 

The different fiber types also show different resistance to fatigue. The 

amplitude of the whole tetanic Ca²⁺ transient, when so called slow dyes are 

used, differentially changes in slow and fast fiber types. This behavior is 

presumably associated to the inactivation of the Ca²⁺ release mechanism 

(when the cytoplasmic concentration of Ca²⁺ is higher). Furthermore, since in 

fast fibers the SERCA and PV concentration is higher, a grater fatigue effect 

is expected. 
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Fig. 5. Normalized decay phase of tetanic Ca²⁺ transients in fiber types I (MT-I, 

black line) and type IIB (MT-II, red line) fitted by a single and double 

exponential function (gray line), respectively. Taken from Calderón et al. (2014). 

The Ca²⁺ measurements with fluorescent indicators have been an important 

method to study the sequence of events that occur during the ECC, however, 

there are questions that still remain unanswered, such as: i) what is the 

difference in the release of Ca²⁺ and peak [Ca²⁺] among all four different fiber 

types? ii) what is the influence of the NCX and mitochondria in the Ca²⁺ 

removal from the cytoplasm? iii) what is the kinetics of Ca2+ movements in 

different compartments of the four fiber types? 

2.3 Modelling of Ca²⁺ movements during ECC in skeletal muscle fibers 

Mathematical models have been used to describe the Ca²⁺ kinetics in skeletal 

muscle fibers. Binding and enzymatic reactions, in combination with 

diffusion, are the basic building blocks to model the intracellular Ca²⁺ 

dynamics. For example, the reaction-diffusion equation in cylindrical 

coordinates and the law of mass action have been used to describe the 

diffusion of Ca²⁺ in the cytoplasm and its reaction with the binding sites in 

skeletal muscle. The Michaelis-Menten kinetics have allowed a description 

of the SERCA and the MCU in models of Ca²⁺ movements (S M Baylor & 
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Hollingworth, 1998; Cannell & Allen, 1984; Hollý & Poledna, 1989; 

Marcucci et al., 2018). Also, mathematical expressions to convert the 

measurements of fluorescent intensity into [Ca²⁺] have been obtained from 

the comprehension of the reaction between Ca²⁺ and the fluorescent indicator 

with the law of mass action. A description of these mathematical models, 

which were used in the computational simulations in this thesis are included 

in the next sub-sections. 

2.3.1 Reaction diffusion equation 

Consider a chemical species C whose concentration c varies in both time and 

space in a region Ω with a volume V. The conservation of C can be expressed 

in words as (Fall, 2004; James & Keener, 2009): 

rate of change of C = rate of production of C + accumulation of C due to 

transport. 

The total amount of C at any time t in a region of space Ω can be obtained by 

integrating c over the volume V: 

 rate of change of C = 
d

dt
∫Ω c dV , (1) 

assuming that C is free to move about randomly, so that C moves in and out 

of the volume by passing through the volume’s surface S. If J is the flux 

density of C and n is the outward unit normal to the boundary of Ω we get 

that: 

 accumulation of C due to transport of C = -
d

dt
∫Ω J∙n dA ,  
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where dA is the surface integration element. Because n is the outward normal, 

J·n is positive when the motion is from inside to outside, which accounts for 

the negative sign in this equation. According to the divergence theorem: 

 accumulation of C due to transport of C =−
d

dt
∫ ∇∙J dV 
Ω

 . (2) 

Considering f as the local production density of C per volume unit: 

 rate of production of C = 
d

dt
∫Ω f dV . (3) 

From Eqs. 1, 2 and 3 we obtain the following expression: 

 
dc

dt
= f - ∇ ∙ J  (4) 

Many physiological mechanisms depend on diffusion. If a molecule is not 

constrained, it will move randomly in three dimensions. However, for a 

gradient of c, it is reasonably intuitive that the chemical species will move 

from regions of high concentration to regions of low concentration. Thus: 

 
dc

dt
 = J = -Dc , (5) 

where the rate of change of c over the time is a flux J and the proportionality 

constant D is called diffusion coefficient of the C molecules. The negative 

sign indicates the direction of the flux, from regions of high concentrations to 

regions of low concentration. Eq. 5, for chemical species, is called first Fick’s 

law, and when it is applied Eq. 4 becomes the reaction diffusion equation: 

 
dc

dt
 = ∙ (Dc) + f   

or, if D is a constant, 
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dc

dt
= D2c + f . (6) 

The reaction diffusion equation describes the concentration variations of one 

or more substances in a volume produced by local chemical reactions and 

diffusion that causes the substances to distribute in the volume (Helms, 2018).  

Particularly, for the multi compartmental modelling in skeletal muscle fibers 

is useful to consider the reaction diffusion equation in cylindrical coordinates, 

given the near-cylindrical shape of the skeletal muscle cells. Eq. 6 in 

cylindrical coordinates is expressed as: 

 
dc

dt
= D (

d
 2

c

dr
2 +

1

r

dc

dr
+

1

r2

d
 2

c

dΘ
2 +

d
 2

c

dx
2)  + f (x, r, Θ, t)  (7) 

for longitudinal distance x, radial distance r and axial rotation Θ. 

2.3.2 Law of mass action  

A great variety of chemical reactions take place both in the cytoplasm and 

within the intracellular compartments. The rate of change in a chemical 

reaction described by a kinetic diagram can be determined by a 

phenomenological law, the law of mass action. This law states that the rate of 

a chemical reaction is proportional to the product of the concentrations of the 

molecular species involved in the process (Fall, 2004). Suppose that a 

molecule A binds to a molecule B (substrate) to form the complex C (product) 

as is described in the following scheme:  

 

where the molecules A and B are the substrates and C is the product, and k+ 

and k- are the forward and reverse rate constants of the reaction. According 

A + B C
k 

+

k 
-
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to the law of mass action the reaction rate depends on the concentrations of 

the reacting species. The rate of this reaction is the rate of accumulation of 

the product, d[C]/dt. Since the quantity A is consumed by the forward reaction 

and produced by the reverse reaction, the rate of change of [A], and also of 

[B] is 

 
d[A]

dt
= - k+[A][B] + k−[C]. (8) 

The time evolution of the product [C] is the negative of this expression, given 

by: 

 
d[C]

dt
= k+[A][B] - k−[C]. (9) 

The dissociation constant of the reaction is defined by: 

 Kd= 
 k−

 k+
. (10) 

At equilibrium, when the concentrations of the reactions do not change, we 

obtain: 

 Kd=
[A][B]

[C]
. (11) 

The inverse of Kd is called association constant Ka. 

The total concentration of A, [A]T, which can either be bound to B or free is 

given by: 

 [A]
T
 = [A] + [C] . (12) 

From Eq. 10 and 12 we obtain: 

 [A]
T
 = 

[C](𝐾𝑑+[𝐵])

[B]
.  



 

Preliminaries 

17 

 

or 

 [C]= 
[A]T[B]

𝐾𝑑+[𝐵]
. (13) 

Then, [C] can be obtained from the value of Kd, [B] and [A]T. 

More complex binding reactions should include different types of molecular 

species. Also, more than a single molecule of a specific species can be 

required to form the product. For example, if we consider a reaction where 

two molecules of the same species A bind to one molecule of B to form the 

complex C, 

 

where, from the law of mass action, the rate of change of [A] is expressed as:  

 
d[A]

dt
=2(- k+[A]

2 [B] + k-[C]) ,  (14) 

and in the case of [C], its rate of change over time is:  

 
d[C]

dt
= k+[A]

2 [B] - k-[C]=-
1

2

d[A]

dt
 . (15) 

In the equilibrium the reaction rate is zero, d[C]/dt=0. From the Eq. 11 and 

15 we obtain a dissociation constant 

 Kd=
[A]2[B]

[C]
. (16) 

In a third case, when two reactions occur simultaneously, the molecule A 

reacts with B and D, separately, to form the complexes C and E: 

2A + B C
k 

+

k 
-
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The dissociation constants K1d= k1-/k1+ and K2d= k2-/k2+ thus are: 

 K1d=
[A][B]

[C]
  (17) 

and 

 K2d=
[A][D]

[E]
 . (18) 

We also define [A]T as the total concentration of A, which can be bound to B, 

D and free, 

 [A]T = [A] + [C] + [E]  (19) 

From Eqs. 17, 18 and 19, [A], [C] and [E] are given by: 

 [A]=
[A]TK1dK2d

[B]K2d+K1dK2d+[D]K1d

, (20) 

 [C]=
[A]T[B]K2d

[B]K2d+K1dK2d+[D]K1d

  (21) 

and 

 [E]=
[A]T[D]K1d

[B]K2d+K1dK2d+[D]K1d

. (22) 

[A] [C] and [E] can be obtained from [A]T, [B], [D], K1d and K2d. This type of 

reaction can describe, for example, the binding of the PV molecules ([A]) to 

Ca²⁺ ([D]) and Mg²⁺([E]) in the cytoplasm of the skeletal muscle fiber (Gillis 

et al., 1982).  

A + B C
k 

1
 
+

k 
1

 
-

A + D E
k 

2
 
+

k 
2

 
-
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2.3.3 The Michaelis-Menten model 

Enzyme kinetics is the study of the chemical reactions that are catalyzed by 

enzymes. The Michaelis-Menten model describes enzymatic kinetic as a two-

steps reaction in which an enzyme E converts a subtract S into a product P 

according to the following scheme of the reaction sequence:  

 

In the scheme, E reacts with S to form an intermediate complex ES, which 

then breaks down into the product P releasing E in the process. The constants 

k1+, k1- and k2+ represent the different rates of reaction. The step leading to 

product P in the scheme is assumed to be irreversible and E itself is not 

consumed or changed. From the law of mass action, we get that 

 
d[ES]

dt
=-k1+[E][S]-(k-1 + k2+)[ES]  (23) 

and 

 
d[P]

dt
=k2+[ES]  (24) 

If the reactions are sufficiently fast, it can be assumed that all species are in 

equilibrium. From Eq. 10 the dissociation constant is given by 

 Kd= [E][S] [ES]⁄  . (25) 

Considering that the total [E], [E]T, can be expressed as: 

 [E]T = [E] + [ES] (26) 

Then from Eqs. 25 and 26 

E + S ES
k 

1
 
+

k 
1

 
-

E + P
k 

2
 
+
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 [ES]=
[E]T[S]

Kd+[S]
  (27) 

and from Eqs. 24 and 27 the flux or the rate of change of [P] is 

 
d[P]

dt
=k2+

[E]T[S]

Kd+[S]
   

if k2+[E]T = Vmax 

 
d[P]

dt
=𝑉max

[S]

Kd+[S]
  (28) 

where Vmax is the maximum rate of production of [P] and Kd is the half-

maximum production rate. The Eq. 28 is called the Michaelis-Menten model. 

If the rate of change of P is given by the binding of a number n of molecules 

of S simultaneously, the rate of reaction can be expressed as: 

 
d[P]

dt
=Vmax

[S]n

Kd
n+[S]n  (29) 

where n is known as the Hill coefficient.  

2.3.4 Models of ECC in skeletal muscle fibers 

Mathematical models of the Ca²⁺ movements have been developed to have a 

better understanding of the ECC mechanism during the activation of skeletal 

muscle fibers. Cannell and Allen (1984) proposed the first multi compartment 

model to describe the diffusion and reaction of Ca²⁺ in frog skeletal muscle 

fibers. Subsequent models have been developed over the time by the 

integration of information gathered on ECC. An extension to this model was 

developed by Holly and Poledna (1989) to include terms for Ca²⁺ uptake by 

the SERCA (Hollý & Poledna, 1989). 

In the models then proposed by Baylor and Hollingworth, the role of ATP 

was considered and also an accurate description of the mammalian skeletal 
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muscle, discriminating between fast and slow fibers (S M Baylor & 

Hollingworth, 1998; Stephen M. Baylor & Hollingworth, 2007b; Stephen M 

Baylor & Hollingworth, 2012; Stephen Hollingworth et al., 2012). 

A model developed by Liu and Olson (2015) focused on modelling the 

membrane ion channels, with a detailed description of the Ca²⁺ release from 

the SR, its dependency with the membrane potential and its inactivation when 

the Ca²⁺ concentration is high in the cytoplasm (Liu & Olson, 2015). 

In a more recent work by Marcucci and coworkers (2018), the Ca²⁺ flux 

through the mitochondria is included for the first time. Measurements of Ca²⁺ 

transients in the mitochondria support the theorical results (Marcucci et al., 

2018). 

In general, the Ca²⁺ reaction-diffusion simulations of skeletal muscle fibers, 

divide the sarcomere into a 3-dimensional array of smaller compartments, and 

use a series of ordinary differential equations (ODE) to represent the 

diffusion, binding, and pumping reactions that occur within and between the 

compartments. 

Together, these sarcomere simulations have proven to be valuable tools for 

the identification of the large localized concentration gradients that exist 

during muscle activation, the importance of Ca²⁺ buffers, and for identifying 

experimental errors that can arise when using Ca²⁺ indicators (Stephen M. 

Baylor & Hollingworth, 2011). However, some limitations are still found in 

above quoted models, such as: i) they are based on experimental results 

performed without a reliable identification of the fiber type used; ii) they do 

not take into account all the known mechanisms leading to Ca²⁺ disappearance 

of the fiber type used; iii) they derive from experiments using intracellular 

Ca²⁺ dyes with slower Ca²⁺ kinetics than the Ca²⁺ buffers and Ca²⁺ uptake 
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kinetics which in turn do not reliably track the Ca²⁺ transients in skeletal 

muscle fibers. 

2.3.5 Conversion of fluorescent intensity to [Ca²⁺] 

Measurements of Ca²⁺ transients obtained from non-ratiometric fluorescent 

indicators such as Fluo-4 can be calibrated and expressed in terms of [Ca²⁺] 

(Caputo et al., 1994; Grynkiewicz et al., 1985). Assuming that the reactions 

of the fluorescent indicator with Ca²⁺ can be described as the following 

reversible reactions: 

 

where the Dye and CaDye represent the Ca²⁺-free and Ca²⁺-bound forms of 

the indicator. From Eq. 10 we obtain the following expression: 

 [Ca
2+

] = 
Kd[CaDye]

[Dye]
 , (30) 

and the total [Dye] is given by: 

 [Dye]T = [Dye] + [CaDye] . (31) 

The fluorescent intensity F can be described as (Grynkiewicz et al., 1985): 

 F = Sf [Dye] + Sb[CaDye] (32) 

where Sf and Sb are proportionality coefficients of the indicator in free and 

bound form. The value of F varies between two limits, the minimum and 

maximum fluorescence (Fmin and Fmax). The fluorescence achieves the 

minimum value when [CaDye]=0 and the maximum when [Dye]=0, so the 

[CaDye] is maximal. Thus, we have that:  

Ca 
2

 
+ + Dye CaDye

k 
+

k 
-
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 Fmin = Sf [Dye]T (33) 

and  

 Fmax = Sb [Dye]T  (34) 

From Eqs. 30, 31, 33 and 34 we get that 

 [Dye]=
F

max
 – F

S
b
-S

f

  (35) 

and 

 [CaDye]=
F - F

min

S
b
-S

f

  (36) 

Replacing Eqs. 35 and 36 in 30 we obtain the following expression: 

 [Ca
2+

] = Kd
F - F

min

F
max

 – F
 ,  (37) 

which allows us to obtain the [Ca²⁺] from measurements of F by determining 

the values of Kd, Fmax and Fmin. This model was proposed by Grynkiewicz et 

al. (1985) and has been widely used previously (Stephen M. Baylor & 

Hollingworth, 2007b; Delbono & Stefani, 1993; Stephen Hollingworth et al., 

2012). Under dynamic conditions, such as during a Ca²⁺ transient, the rate of 

change of [CaDye] over time, d[CaDye]/dt, can be obtained from Eq. 9  

 
d[CaDye]

dt
=  k+[Ca

2+
][Dye] - k−[CaDye].  (38) 

Replacing Eqs. 35 and 36 in 38 we get that the rate of change of fluorescence 

is: 

 
dF

dt
 =  k+[Ca

2+
](Fmax - F) - k-(F - Fmin), (39) 

and considering that: F = Frest + ΔF, where Frest is the resting fluorescence 

and ΔF the change of fluorescence, the Eq. 38 can be rewritten as: 
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 [Ca
2+

] = 
k-(Frest+ ∆F - Fmin) +dF dt⁄  

 k+(Fmax - Frest+ ∆F)
, (40) 

From the Eq. 37 we obtain that at rest:  

 F
rest

 - F
min

 = k+ [Ca
2+

]
R
(Fmax - Frest)  k-⁄ . (41) 

Replacing Eqs. 41 in 40 we obtain the following expression:  

 [Ca
2+

] = 
[Ca2+]R

(Fmax - Frest) k+ + ∆F k- +dF dt⁄  

 k+(Fmax - Frest+ ∆F)
, (42) 

which allows us to obtain the [Ca²⁺] from measurements of F by determining 

the values of k-, k+, Fmax, Frest and [Ca²⁺]R. This model was presented by 

Caputo et al. (1994) and unlike the model of Grynkiewicz et al. (1985) it does 

not requiere the Fmin measurement. 

2.3.6 Objectives  

General objective  

To propose a mathematical model to simulate Ca²⁺ movements during ECC 

in different fiber types of mammalian skeletal muscle fibers. 

 

Specific objectives 

• To propose a multi-compartment model of the Ca²⁺ movements based on 

kinetic parameters associated with the four fiber types (I, IIA, IIX and 

IIB) and the molecular machinery involved in the mammalian ECC. 

• To include in the mathematical model the Na⁺/Ca²⁺ exchanger and the 

mitochondria. 

• To compare the role of the release and reuptake mechanisms during single 

Ca²⁺ transients. 

 



 

 

 

Chapter 3 

Methods 

 

In this chapter we present the Ca²⁺ transients measurements that we used as 

input of the model to obtain the simulated results. We also propose a model 

to describe the [Ca²⁺] changes and we present the simulated values that 

change according to each fiber type. 

3.1 Measurements of ∆[Ca²⁺] used for the simulations 

The experimental data used for the simulations were obtained with a 

calibration that allows converting the fluorescence signals generated with the 

Mag-Fluo-4 AM fluorescent indicator into [Ca²⁺]. The measurements of F 

during single Ca²⁺ transients of fiber types I, IIA, IIX/D and IIB were taken 

from Calderón et al. (2010), and during tetanic Ca²⁺ transients of MT-I and 

MT-II produced by trains of APs with different durations and at 100 Hz were 

taken from Calderon et al. (2014). 

Recent measurements, carried out by our group, of the properties of Ca²⁺ and 

Mg²⁺ fluorescent dye Mag-Fluo-4 suggest that in the Ca2+-Mag-Fluo-4 

reaction two molecules of the fluorescent indicator bind to one Ca²⁺ (Milán et 

al. in prep.), which is in disagreement with the initial assumption used in the 

models of Grynkiewicz et al. (1985) and Caputo et al. (1994) for other Ca²⁺ 

dyes. Assuming that the reactions of the fluorescent indicator with Ca²⁺ can 

be described as the following reversible reactions: 
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The steady-state binding equation associated with the scheme is: 

 [Ca²⁺][D]2=Kd[CaD2], (43) 

where [Ca] and [D] are the concentrations of free Ca²⁺ and free dye, [CaD2] 

is the concentration of the Ca²⁺-dye complex and Kd is the dissociation 

constant of the reaction. The total dye concentration [D]T is given by 

 [D]T =[D]+2[CaD2]. (44) 

The experimental fluorescent intensity F can be described as (Grynkiewicz et 

al., 1985): 

 F = Sf [D] + Sb[CaD2] , (45) 

where Sf and Sb are proportionality coefficients of the indicator in free and 

bound form. From Eq. 44 and 45 we get: 

   F = S
f
[D] + 

S
b

2
([D]T-[D]) . (46) 

The value of F varies between two limits, the minimum and maximum 

fluorescence (Fmin and Fmax). The fluorescence achieves the minimum value 

when no indicator molecule is bound to Ca²⁺ ([CaD2]=0 and [D]= [DT]) and 

the maximum when all is bound (2[CaD2]= [DT] and [D]=0)  

 F
max
 = 

S
b

2
[D]T  (47) 

and 

 F
min
 = Sf[D]T  (48) 

From Eqs. 46 and 48 we get that the fluorescent signal produced by the bound 

dye is: 

Ca 
2

 
+

D

D

+

+

k 
f

k 
r

CaD 
2
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  F-F
min

 = 2 (
S

b

2
-Sf) [CaD2] , (49) 

With an analogue approach, from Eqs. 46 and 47, the relationship between 

the reverse of fluorescence (Fmax-F) and the free dye is:  

 

 F
max

-F = (
S

b

2
-Sf) [D]  (50) 

And from Eqs. 47 and 48: 

 F
max

-F
min

 = (
S

b

2
-Sf) [D]

T
 . (51) 

Replacing Eqs. 49, 50 and 51 in 43  

  [Ca
2+]=

Kd

[D]T

(F-Fmin)(Fmax-Fmin)

2(Fmax-F)2
 . (52) 

which allows us to obtain the [Ca²⁺] from measurements of F by determining 

the values of Kd, Fmax, Fmin and [D]T. 

The fluorescence signals are converted into measurements of [Ca²⁺] with Eq. 

52. Where Fmin is taken as 0.14, Fmax as 150.889 and [D]T=246.54 µM (Milán 

et al. 2020, in prep.). In order to estimate the Kd we use a Mag-Fluo-4 

calibration curve in situ which relates the [Ca²⁺] to F. We consider Eq. 52 

when F = (Fmax+Fmin)/2: 

  
Kd

[D]T
=[Ca

2+] . (53)  

So, Kd/[D]T can be estimated from the value obtained for the [Ca²⁺] when F = 

(Fmax+Fmin)/2 in the calibration curve (Fig. 6). 
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Fig. 6. Ca2+-Mag-Fluo-4 calibration curve in situ. Fluorescence intensity (in 

arbitrary units) was recorded with a photomultiplier in fibers from flexor 

digitorum brevis of mouse loaded with 6 µM extracellular Mag-Fluo-4 and was 

plotted against the pCa (-log10([Ca2+])) reached in the cytoplasm after different 

experimental treatments. The curve is fitted by the Boltzmann equation for Kd 

estimation. The parameter x0 of -3.14202 is equivalent to the pCa value at half 

response (when F = (Fmax+Fmin)/2). Taken from Milán et al., (2021). 

3.2 Model of Ca²⁺ movements 

3.2.1 Geometry of the model 

Given the extensively reported regularity and the radial symmetry of the 

muscle fiber, we describe half sarcomere (Fig. 7), from line m to line z, 

assuming a cylindrical geometry with a radius between 0.5 m and 0.7 µm 

(Hirose et al., 1994a; Hodge et al., 1954) and a length of 1 µm (Bolaños et 

al., 2008; Calderón et al., 2009). The cylinder was divided into a set of 

compartments of equal volume, with n radial divisions and m longitudinal 

divisions. We assumed that the number of radial and longitudinal 

subdivisions were n=5 and m=10 (i.e. 50 compartments), since simulations 
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using finer divisions (up to 300 compartments) show similar results 

(Marcucci et al., 2018). Fig. 7 shows a schematic representation of the 

compartmentalized geometry of the model for typical slow-twitch (Fig. 7A) 

and fast-twitch (Fig. 7B) muscle fibers. The set of values used in the 

simulation for the geometry of the model along with the other parameters are 

presented in the Table 1. 

The occupancy of the mitochondria relative to the cytoplasm, referred to as 

MITO volume, for the fast-twitch fibers ranges from 2.2% (in gastrocnemius 

fibers of rat) to 8% (in EDL fibers of mouse) (Eisenberg, 2011a). For the 

slow-twitch muscle fibers it ranges from 5.9% (in soleus of rat) (Eisenberg, 

2011a) to 15% (in soleus of mouse) (Chen et al., 2001). The relative 

occupancy of the SR is also different for fast and slow-twitch and up to 3.2 

times higher in fast-twitch fibers. For example, the SR volume in rats varies 

from 5.5% (soleus) to 9.3% (EDL), and in mice from 2.9% (soleus) to 5.5% 

(EDL) (Eisenberg, 2011a).  

Consequently, we took the average values 5.1% and 7.4% as the fraction 

volume occupied by MITO and SR, respectively, in fast-twitch muscle fibers. 

The cytoplasmic water volume is thus 87.5%. The corresponding average 

values for slow-twitch muscle fibers were 10.45% (MITO) and 4.2% (SR) 

leaving a cytoplasmic water volume of 85.4%. 
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Fig. 7. Schematic representation of geometry and Ca²⁺ fluxes in the model for 

slow-twitch (A) and fast-twitch muscle fibers (B). The symmetric of half 

sarcomere is divided into m longitudinal sections and n radial sections (indicated 

with the discrete variables i and j). The myofibrillar space (MS) occupies the 

radial compartments from i=1 to i=n−2. Row i=n−1 is occupied by the 

extramiofibrillar space (ES) and in i=n is the sarcoplasmic reticulum (SR). The 

mitochondria (MITO) are close but external to the ES. In both cases (fast and 

slow) Ca²⁺ is free to diffuse along these compartments and into the MS, ES and 

SR (dashed arrows). Ca²⁺ movements between the SR and the ES are determined 

by the release (R) from the TC, the Ca²⁺ uptake (U) from the ES by the SERCA 

pump and a small constant Ca²⁺ leak (L) from each SR element (which is small 

and constant). The arrows representing the fluxes through the compartments 
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have differences in their thickness that indicate a quantitative change in the 

simulated values. 

Since the concentrations of the muscle proteins are frequently reported in 

units of mol/kg whole muscle, we estimate a correction factor to convert from 

mol/kg whole muscle to mol/kg cytoplasmic H2O. Following the procedure 

proposed in Baylor et al. (1983), with the assumed fractional volume 

occupied by the SR and the MITO in our model, a factor of 0.58 (g 

cytoplasmic H2O)/(g whole muscle) is obtained for fast fibers and 0.56 (g 

cytoplasmic H2O)/(g whole muscle) in slow fibers. 

3.2.2 Diffusion and reaction of Ca²⁺  

The diffusion and binding of a chemical species, in this case the Ca²⁺ in a 

homogeneous isotropic medium with cylindrical geometry, is described with 

the reaction diffusion equation in cylindrical coordinates, which is expressed 

as 

 
∂[Ca2+]

∂t
=

1

r

∂(D r [Ca2+])

∂r
+

∂(D [Ca2+])

∂x
-F([Ca2+], S) , (54) 

where [Ca²⁺] is the concentration of Ca²⁺, D is the diffusion coefficient, x is 

the longitudinal coordinate, r is the radial coordinate and F accounts for local 

reactions with binding sites S.  

By considering circumferential symmetry, [Ca²⁺] does not depend on axial 

rotation. So, Eq. 54 is a particular case of Eq. 7. We then used the approach 

proposed in Crank (1975) that was also applied in previous models (Cannell 

& Allen, 1984; Marcucci et al., 2018),  

 ∂[Ca2+]

∂t
=

4Dn

R2 [i([Ca2+]i+1, j-[Ca2+]i, j)-(i-1)([Ca2+]i, j-[Ca2+]i-1, j)]  
(55) 
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+D (
m

L
)

2

([Ca2+]i, j+1-2[Ca2+]i, j+[Ca2+]i, j-1)-F([Ca2+]i, j, S) ,  

where R and L are the radius and length of the cylindrical geometry, and m 

and n are the number of radial and longitudinal divisions. The diffusion 

coefficient for cytoplasmic free Ca²⁺ was taken as 0.7 µm²/ms (J. H. Wang, 

1953). This approach allows to numerically solve the set of ODE that 

describes the changes in [Ca²⁺]. For that aim, the ode15s solver in MATLAB 

2019b was used.  

3.2.3 Ca²⁺ binding to the skeletal muscle buffers  

The local reactions of Ca²⁺ with the other chemical species present in each 

compartment are described by the law of mass action, with the following 

general expression: 

  F([Ca²⁺], S) = k-[SCa2+]-k+[Ca2+][S] ,  (56) 

where S are the binding sites, k₊ is the binding rate constant and k₋ is the 

separation rate constant. 

The interactions of Ca²⁺ and Mg²⁺ with the binding sites are described with 

different types of reversible reactions (Fig. 8). The reactions with ATP, Trop, 

mitochondrial buffers (B) and calsequestrin (CSQ) are described as single 

reversible reaction (Fig. 8a). Since Mg²⁺ competes with Ca²⁺ for the PV, their 

interaction are described with two simultaneous reversible reactions (Fig. 8b). 

Also as described in (Milán et al., 2021), in the reaction between Ca²⁺ and 

Mag-Fluo-4, two molecules of the fluorescent indicator bind to one of Ca²⁺ 

(Fig. 8c).  
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Fig. 8. Simplified reaction schemes for ATP, Trop, mitochondrial buffers and 

calsequestrin (A), parvalbumin (B) and the fluorescent indicator Mag-Fluo-4 

AM (C). 

The Trop content in skeletal muscle is 0.07 mmol/kg (Ebashi et al., 1969), 

and we assume that it is uniformly distributed through the MS. Using 1/0.58 

and 1/0.56 as factors for converting mol/kg whole muscle to mol/kg of 

cytoplasmic H2O, the concentration of Trop is 120 µM and 125 µM. 

Consequently, we used 240 µM and 250 µM of low affinity Ca²⁺ binding for 

fast and for slow-twitch fibers, respectively. The reaction between the Trop 

sites and Ca²⁺ was modeled with an off-rate constant of 23.0 s⁻¹ (Robertson et 

al., 1981), and an on-rate constant of 1.15×108 M⁻¹ s⁻¹ obtained with a binding 

constant of 5×106 M⁻¹ (Potter & Gergely, 1975). 

The PV content in the fastest fibers of mouse (IIB) can be as high as 4.9 g/kg 

whole muscle (Heizmann et al., 1982). Assuming a molecular weight of 12 

kDa and the previously estimated conversion factor, [PV] in the IIB type is 

1500 µM. Fibers type I have 200-300 times less [PV] (Leberer & Pette, 1986), 

leading to 5-7 µM. Fibers IIA have PV concentrations closer to fibers type I 

than type II (Füchtbauer et al., 1991; Leberer & Pette, 1986), giving values 

from 7 to 155 µM. The off-rate constant for Ca²⁺ was taken as 1.01 s⁻¹ 

Ca 
2

 
++S CaS

k 
+

k 
-

 

Ca 
2

 
++PV CaPV

k 
1

 
+

k 
1

 
-

Mg 
2

 
++PV MgPV

k  
2

 
+

k  
2

 
-

 

Ca 
2

 
++2Dye CaDye

k 
+

k 
-

 



Model of Ca²⁺ movements 

34 

 

(Donaldson et al., 1978), and the on-rate constant as 2.5×108 M⁻¹s⁻¹ obtained 

with a binding constant of 2.5×108 M⁻¹ (Robertson et al., 1981) The assumed 

Mg²⁺ off-rate constant was 6 s⁻¹ (Donaldson et al., 1978), and the on-rate 

constant 6.6×104 M⁻¹s⁻¹ (Robertson et al., 1981). The similarity of the values 

of the on and off rate for Mg²⁺ and Ca²⁺ agree with the assumption that both 

compete to bind to PV. A uniform distribution of the PV through the MS and 

the ES was assumed.  

The ATP concentration at rest is about 1.6-1.9 times higher in fast than in 

slow-twitch muscle fibers of mammals, including murine models (Hintz et 

al., 1982; Kushmerick et al., 1992; Racay et al., 2006). In rat fibers the ATP 

content is 18.3 mmol/kg dry wt in slow and 30.3 mmol/kg dry wt in fast fibers. 

Assuming a ratio around 5 between mmol/kg dry wt and mM units (Schiaffino 

& Reggiani, 2011), we obtain a concentration of 3.66 mM for slow fibers and 

6.06 mM for fast fibers. In mouse, measurements of the ATP content has 

ranged from 4.3 to 8 mM for fast fibers from 2.2 to 5 mM for slow fibers 

(Kushmerick et al., 1992; Racay et al., 2006). We assumed that the ATP 

reaction with Ca²⁺ has off-rate and on-rate constants of 3×103 s⁻¹ and 

0.1364×108 M⁻¹ s⁻¹ , respectively (S M Baylor & Hollingworth, 1998). We 

also assumed that the ATP is distributed uniformly through the MS and the 

ES. 

CSQ is a Ca²⁺ binding protein that is predominantly located in the terminal 

cisternae (TC) of the SR (Jorgensen et al., 1979), with two isoforms (CSQ1 

and CSQ2) depending on the fiber type (Damiani & Margreth, 1994). Both 

isoforms can be found in slow fibers, whereas only CSQ1 is expressed in fast 

fibers. We assumed 2.9 mM sites on CSQ1 for fast fibers and, for slow fibers 

1.07 mM (0.77 mM and 0.3 mM sites on CSQ1 and CSQ2, respectively) 
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(Murphy et al., 2009). The on-rate constant 3 10-3 µM-1 s-1, and the off-rate 

value is 3 ms-1 (Westerblad & Allen, 1994). 

As explained before, the reaction of the Mag-Fluo-4 with Ca²⁺ is reversible 

and their stoichiometry is 2:1 (i.e. two molecules of Mag-Fluo-4 for every 

one of Ca²⁺). The assumed off-rate constant is 8.72 105 s⁻¹, and the on-rate 

constant of 4.9 M⁻2 s⁻¹ is obtained with a binding constant of 1.5977 105 µM2 

(Milán et al. 2020). 

The occupancy fraction of the binding sites at equilibrium was calculated 

from the Kd values of each buffer, the total binding sites and the assumed 

values of free [Ca²⁺] and [Mg²⁺] at rest of 106 nM, and 0.78 mM, respectively 

(Westerblad & Allen, 1992; Williams et al., 1990). In the SR compartment 

we assumed a [Ca²⁺] at rest of 1.01 mM for fast fibers and 1.14 mM for slow 

fibers (Fryer & Stephenson, 1996). The concentration of Ca²⁺ and Mg²⁺ bound 

to each buffer is determined by the law of mass action. Each case was 

described in section 2.3.2 and the expression that relates dissociation 

constants to the concentration of chemical species were used to estimate the 

occupation fraction of the binging sites by Ca²⁺ (also Mg²⁺ in the case of PV). 

3.2.4 Reuptake rate of Ca²⁺ for SERCA 

The reuptake of Ca²⁺ by SERCA is described by the Michaelis-Menten 

kinetics, which relates the reuptake rate to the SR, with the Ca²⁺ available in 

the cytoplasm by the following expression:   

 JSERCA=VSERCA

[Ca2+]hSERCA

[Ca2+]hSERCA+KSERCA
hSERCA

 (57) 
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where VSERCA represents the maximum reuptake rate, reached at a saturating 

[Ca²⁺], KSERCA is the [Ca²⁺] at which the reaction rate is half of VSERCA and 

hSERCA is the Hill coefficient.  

The SERCA 1a isoform is expressed in fast-twitch muscle fiber from adult 

mammalian, whereas in slow-twitch muscle fiber from adult mammalian the 

isoform SERCA 2a is expressed predominantly (Periasamy & 

Kalyanasundaram, 2007). 

The KSERCA and the maximal Ca²⁺ uptake per unit of pump mass of the 1 and 

2a SERCA isoforms are similar (Campbell et al., 1991; Lytton et al., 1992). 

Thus, the VSERCA for the different fiber types depends mainly on the different 

amount of the pump present in the studied volume. Given that the fast-twitch 

fibers have between 2 and 6 fold higher concentration of SERCA than the 

slow-twitch fibers (Ferguson & Franzini-Armstrong, 1988; Leberer & Pette, 

1986), the VSERCA values assumed for the present work ranged from 0.831 µM 

ms⁻¹ for fiber types IIX/D and IIB (Stephen M. Baylor & Hollingworth, 

2007b), to 0.415 µM ms⁻¹ and 0.138 µM ms⁻¹ for fiber types IIA and I, 

respectively. 

3.2.5 Mitochondrial MCU inflow and NCE outflow 

The equation that describes the change of Ca²⁺ concentration in the 

mitochondria is 

 
∂[Ca2+]

mito

∂t
= JMCU([Ca2+]cyto) - JNCE([Ca2+]mito,[Ca2+]cyto)-F([Ca2+]mito, B)  (58) 

where JMCU is the inflow through the mitochondrial Ca²⁺ uniporter (MCU) 

and JNCE the outflow through the mitochondrial Na²⁺/Ca²⁺ exchanger (NCE). 

Fig. 9 shows a simplified schematic representation of Ca²⁺ movement in 

mitochondria. The description of these two flows is based on previous models 
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of Ca²⁺ movement in mitochondria of cardiac and skeletal muscle fibers (Dash 

& Beard, 2008b; Marcucci et al., 2018; Wüst et al., 2017). The mitochondrial 

buffers B are assumed to be uniformly distributed and to react with Ca²⁺. We 

took 2 µM of binding sites, which react with Ca²⁺ with binding and unbinding 

rate constants of 0.8 µM⁻¹s⁻¹ and 0.192 s⁻¹ (Marcucci et al., 2018). 

We also assume JMCU as a saturable first-order transporter independent of the 

internal [Ca²⁺]MITO: 

 JMCU=VMCU

[Ca2+]
hMCU

[Ca2+]
hMCU

+kMCU
hMCU

  (59) 

where VMCU is the maximum flux rate, [Ca²⁺]cyto is the Ca²⁺ concentration in 

the sub-compartment of ES where the mitochondrion resides in and kMCU is 

the [Ca²⁺] where the “pump” rate is half-maximum. 

We estimated a maximum rate of the Ca²⁺ uptake, for both slow-and fast-

twitch muscle fibers, following Baylor et al. (2007) and Hollingworth et al. 

(2012). We took 145 and 65 nmol Ca²⁺ (mg protein)⁻¹ min⁻¹ for slow and fast-

twitch muscle fiber, respectively. Given a mitochondrial volume by protein 

content of 2.63 mm³/mg in soleus and 2.58 mm³/mg in gracilis (Schwerzmann 

et al., 1989), we obtain 918 nmol Ca²⁺/cm³ of mitochondria per second in slow 

fibers and 420 nmol Ca²⁺/cm³ of mitochondria per second of fast fibers. 

Additionally, by considering the assumed values for fraction volume 

occupied by the MITO and the SR, maximum rates of Ca²⁺ uptake of 111.8 

µM/s in slow fibers and 24.5 µM/s in fast fibers were obtained. 

The kinetics of the MCU Ca²⁺ flux was modeled with a kMCU of 1.97 µM in 

slow fibers and 1.2 µM in fast fibers, and the Hill coefficients assumed were 

2 and 2.5 (Sembrowich et al., 1985). 
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Fig. 9. Simplified model of Ca²⁺ flow in mitochondria. Typical Ca2+ inflow 

fluxes are through the MCU, driven by the negative potential inside the 

mitochondria, while typical outflow fluxes are through the NCE. 

The flux through the NCE was modeled assuming a stoichiometry of 3:1 and 

described with the following expression (Dash & Beard, 2008b): 

 JNCE=VNCE
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  (60) 

where ∆Ψm is the mitochondrial membrane potential, VNCE is the NCE activity 

and kCa,NCE and kNa,NCE are the Michaelis–Menten constants for the Ca²⁺ and 

Na²⁺ binding to the NCE. F, R and T denotes the Faraday constant, ideal gas 

constant and temperature, respectively. The equation considers a chemical 

and an electrical behavior on which the flow of Ca²⁺ in the mitochondria 

depends. 

We assumed a kCa,NCE of 1.1 µM and a kNa,NCE of 8.2 mM, which fitted the 

experimental curve of [Ca²⁺]MITO performed by Marcucci and coworkers 

(2018). The assumed ∆Ψm was 190 mV. VNCE was modulated to reproduce 

the speed of the [Ca²⁺]MITO decay phase, completed in a period of about 100 
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ms and measured in skeletal muscle fibers during a single twitch, as in Rudolf 

et al. (2004). 

3.2.6 Ca²⁺ flux through NCX 

Since the NCX is predominantly located in the T-tubules membrane 

(Sacchetto et al., 1996), we assumed that it senses the [Ca²⁺] in the cytoplasm 

compartment closest to the T-tubule membrane, located at i=n-1 and j=m-3, 

and that removes the Ca²⁺ to the extracellular space. To describe the 

sarcolemmal NCX, the same expression for the NCE, with stoichiometry of 

3:1 was used, although with different simulated values. 

The rate of Ca²⁺ transport of the SERCA in membrane vesicles was reported 

as about 10 nmol mg⁻¹ min⁻¹ (Hidalgo et al., 1986), while for the NCX1 and 

NCX3 isoforms, 14 and 13 nmol mg⁻¹ min⁻¹ were reported (Linck et al., 

1998). The NCX1 isoform predominates in slow-twitch and NCX3 in fast-

twitch skeletal muscle fibers (Fraysse et al., 2001; Hudecova et al., 2004). 

Assuming that the maximum transfer rate for the NCX is 0.4 and 0.3 times 

higher than for the SERCA, the assumed VNCX was 1.163 µM/ms and 0.179 

µM/ms in fast and slow fibers, respectively. For kCa,NCX and kNa,NCX, we 

respectively took values of 140 µM and 14 mM in fast fibers, and 130 µM 

and 11 mM in slow fibers (Linck et al., 1998). The assumed sarcolemmal 

membrane potential was 80 mV. 

3.2.7 The effect of store-operated Ca²⁺ entry (SOCE) 

We described the flux, JSOCE, as a fraction, PSOCE, of a given maximum value, 

VSOCE as JSOCE= VSOCE PSOCE (Croisier et al., 2013). As said, PSOCE change as 

a function of the [Ca2+] in the SR, which can be described by the function: 
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 PSOCE=
KSOCE

hSOCE

[Ca2+]
SR

hSOCE+KSOCE

hSOCE
                                                                              (6) 

where KSOCE and hSOCE are the Ca2+ dissociation constant of STIM1 (0.35 

mM) and the Hill coefficient (4.7) (Koenig et al., 2019). We assumed that the 

VSOCE in the fastest IIB fibers achieved up to 35 µM s-1 (Koenig et al., 2019). 

Lower values were used for IIX, IIA and I fibers. 

 

3.3 Estimation of the release rate of Ca²⁺ 

3.3.1 Single compartment estimation 

The release rate of Ca²⁺ from the SR can be estimated from measurements of 

cytoplasmic Ca²⁺ transients obtained with a fluorescent indicator, which in 

this case is the Mag-Fluo-4 AM, used as an input of the models of the Ca²⁺ 

movements (S M Baylor & Hollingworth, 2003b). Since spatially averaged 

[Ca²⁺] in the cytoplasm was used, it was also assumed that Ca²⁺ and other 

chemical species that react with Ca²⁺ are uniformly distributed in the 

cytoplasm. Thus, the cytoplasm is described with a single-compartment 

model to estimate the release rate of Ca²⁺. The time derivative of the total Ca²⁺ 

concentration in the cytoplasm, d[CaT]/dt, is given by the sum of the inflows 

and outflows, JRec, through the membrane. Increases in d[CaT]/dt are caused 

by the release rate of Ca²⁺ and falls are due to the JRec. Therefore, from the 

sum of d[CaT]/dt and JRec, it is possible to obtain the release rate of Ca²⁺. 

The d[CaT]/dt can be determined by the sum of the change in the 

concentration of free Ca²⁺, the Ca²⁺ coupled to the buffers in the cytoplasm 

(Trop, PV and ATP) and to the fluorescent indicator that is used during the 

measurement (Dye). [Ca²⁺] is determined by the measurement of the 
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fluorescence signal generated by an electrical stimulus; whilst [CaDye], 

[CaTrop], [CaPV] and [CaATP] are estimated with the available information 

on the concentration and the speed with which these proteins react with Ca²⁺ 

for different fiber types, with the law of mass action that describe the 

reversible reactions rates and with [Ca²⁺] measurements as input. 

The JRec is calculated by the sum of the fluxes produced by the SERCA, the 

sarcolemmal NCX and the mitochondria (MCU and NCE), which are 

described with Eqs. 57-60. As in the description of the buffers, it is assumed 

that these flows are uniformly distributed in the cytoplasm. 

3.3.2 Multi-compartment estimation 

We implemented a method to reduce the normalized root mean square error 

(NRMSE) obtained when compared experimental and simulated ∆[Ca²⁺]cyto. 

The following function was used to simulate the flux of release elicited by a 

single AP 

   f
Rel
(t) = a +∑ bie

-(
t-ci
di
)

2

N
i=1 , (61) 

where a, bi, ci and di are coefficients initially adjusted to fit the JRel estimated 

with the single-compartment model for each fiber type. This expression was 

used since it properly fits to the estimated release rate of Ca²⁺ and allowed us 

to reproduce the kinetic parameters. N=6 is the minimum number of terms 

that we required to obtain similar kinetic parameters to the estimated release 

rate of Ca²⁺ with the single-compartment model mentioned in the table 1. The 

coefficients obtained were used as an initial guess.  

The simulation was performed iteratively, and in each iteration the 

coefficients of fRel were adjusted to minimize the differences between 
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experimental and simulated ∆[Ca²⁺]cyto. In each iteration the function 

FMINCON of MATLAB 2021a was used to find the coefficients that 

minimize this difference. 

Table 1. Parameters used for the multi-compartment model simulations of Ca²⁺ 

transients in skeletal muscle fibers types I, IIA, IIX/D and IIB skeletal muscle 

fibers. 

Parameter Description 

Value 

Reference IIA, IIX and 

IIB 
I 

General 

L 
Half sarcomere 

length 
1 µm 1 µm 

(Bolaños et al., 2008; 

Calderón et al., 2009) 

R 
Radius of 

sarcomere 
0.5-0.7 µm 0.5-0.7 µm 

(Hirose et al., 1994b; 

Hodge et al., 1954) 

m 
Longitudinal 

subdivisions 
10 10 (Marcucci et al., 2018) 

n 
Radial 

subdivisions 
5 5 (Marcucci et al., 2018) 

Vtot 

Half-sarcomere 

volumen  

(VT=πR2L) 

0.78 µm3 0.78 µm3 (Present study) 

VSR Volume of SR 7.4% 4.2% (Eisenberg, 2011b) 

VMITO Volume of MITO 5.1% 10.4% 
(Chen et al., 2001; 

Eisenberg, 2011b) 

Vcyto 
Volume of 

cytoplasmic water 
87.5% 85.4% (Present study) 

D 
Ca²⁺ diffusion 

coefficient  
0.7 µm2s-1 0.7 µm2s-1 

(Stephen M. Baylor & 

Hollingworth, 2007b) 

JL Constant leak flux    (Present study) 

T 
Absolute 

temperature 
296.15K 296.15K (Present study) 

Pump rate for SERCA 

VSERCA 
Maximum pump 

rate for [Ca²⁺] 
2 µM/ms 0.4-1 µM/ms 

(Ferguson & Franzini-

Armstrong, 1988; Leberer 

& Pette, 1986) 

kSERCA 

SERCA half-

maximum pump 

[Ca²⁺]  

 0.44 µM  0.38 µM/ms 
(Campbell et al., 1991; 

Lytton et al., 1992) 

h Hill coefficient 2.1 2.2 (Lytton et al., 1992) 

NCE 

kNCE,Ca²⁺  
Ca²⁺ binding 

constant of NCE 
1.1 mM 1.1 mM (Marcucci et al., 2018) 
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kNCE,Na⁺ 
Na⁺ binding 

constant of NCE 
8.3 mM 8.3 mM (Dash & Beard, 2008a) 

ΔΨm,mito 

Delta of 

Mitochondrial 

inner potential 

190 mV 190 mV (Dash & Beard, 2008a) 

fNCE 
Multiplication 

factor NCE 
0.92 0.92 (Marcucci et al., 2018) 

 [Na]cyto 
Cytosolic sodium 

concentration 
10 mM 10 mM (Wüst et al., 2017) 

[Na]mito 
Mitochondrial Na+ 

concentration 
5 mM 5 mM (Wüst et al., 2017) 

MCU 

VMCU 
Maximum flux 

rate MCU 
24.5 μM s−1 111.8 μM s−1 

(Stephen Hollingworth et 

al., 2012; Sembrowich et 

al., 1985) 

hMCU 
MCU hill 

coefficient 
2 3.5 (Sembrowich et al., 1985) 

Kd,MCU 

MCU half-

maximum pump 

[Ca²⁺] 

1.2 µM 1.97 µM  (Sembrowich et al., 1985) 

NCX 

KCa,NCE 
Ca²⁺ binding 

constant of NCX 
3 mM 3 mM 

(Donoso & Hidalgo Tapia, 

1989) 

KNa,NCE 
Na+binding 

constant of NCE 
72 mM 72 mM 

(Donoso & Hidalgo Tapia, 

1989) 

ΔΨm 

Delta of 

sarcolemmal inner 

potential 

80 mV 80 mV (Sperelakis, 2012) 

 [Na]cyto 
Cytosolic sodium 

concentration 
10 mM 10 mM (Sperelakis, 2012) 

[Na2+]extra 
Extracellular 

[Na+] 
140 mM 140 mM (Sperelakis, 2012) 

[Ca2+]extra 
Extracellular 

[Ca2+] 
1 mM 1 mM (Sperelakis, 2012) 

Bulk Concentrations and Ca²⁺ and Mg²⁺ reaction rates 

[Ca2+]R,cyto 

Resting free Ca²⁺ 

in cytoplasm 

(Cyto) 

106 nM 105 nM (Williams et al., 1990) 

[Ca2+]R,SR 
Resting free Ca2+ 

in SR 
1.01 mM 1.14 mM 

(Fryer & Stephenson, 

1996) 

[Mg2+]R,cyto 

Resting free Mg²⁺ 

in cytoplasm 

(Cyto) 

0.78 mM 0.78 mM 
(Westerblad & Allen, 

1992) 

[Trop]T 
Trop binding sites 

concentration 
240 µM 240 µM 

(S M Baylor et al., 1983; 

Ebashi et al., 1969) 

[PV]T 
PV binding sites 

concentration 
1260-1500 μM 155 μM 

(Heizmann, 1984; Leberer 

& Pette, 1986) 
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k+
PV PV binding rate 

0.417x108 M-

1s-1 

0.417x108 M-

1s-1 

(Stephen M. Baylor & 

Hollingworth, 2007b) 

k-
PV

 PV unbinding rate 0.5 s-1 0.5 s-1 
(Stephen M. Baylor & 

Hollingworth, 2007b) 

[ATP]T 
ATP binding sites 

concentration 
6.06 - 8 mM 3.66 - 5 mM 

(Hintz et al. 1982; 

Kushmerick et al. 1992; 

Racay, Gregory, and 

Schwaller 2006) 

[CSQ]T 
CSQ 

concentration 
82.8 mM 82.8 mM (Murphy et al., 2009) 

k+
CSQ

 CSQ binding rate 3∙10
-3

μM-1s-1 3∙10
-3

μM-1s-1 
(Westerblad & Allen, 

1994) 

k-
CSQ

 
CSQ unbinding 

rate 
3 s-1 3 s-1 

(Westerblad & Allen, 

1994) 

hCSQ 
CSQ hill 

coefficient 
3 3 (Fénelon et al., 2012) 

 [Mg²⁺]T  
Mg²⁺ 

concentration 
3300 µM 3300 µM 

(Westerblad & Allen, 

1994) 

k+
Mg

 
Mg²⁺ binding rate 

to PV 
1.2∙105M-1s-1 1.2∙105M-1s-1 

(Westerblad & Allen, 

1994) 

k-
Mg

 
Mg²⁺ unbinding 

rate to PV 
3.4 s-1 3.4 s-1 

(Westerblad & Allen, 

1994) 

For type II fibers, in several cases, different simulated values are used for 

fiber type IIA, IIX/D and IIB in order to reliably evidence the differences 

among these fibers.  

 



 

 

 

Chapter 4 

Results 

 

In this chapter we calculate the concentration of the biding sites in free and 

bound forms at equilibrium, these values are used as the initial concentrations. 

We estimated the kinetics of [Ca²⁺] produced by each mechanism during 

single transients. Then we apply these simulations to analyze the importance 

of the different mechanisms in the whole ECC phenomenon. 

4.1 Conversion of fluorescence signals to [Ca²⁺]  

The calibration curve was fitted with the Boltzmann’s equation and we 

obtained from Eq. 53 that the [Ca²⁺] is 721.07 µM (pCa=-3.14202) when 

F=(Fmax+Fmin)/2 (Fig. 6). Assuming a [D]T of 229.1 µM we obtain a Kd of 

1.5977 105 µM2 (229.1 µM×721.07 µM). Also, assuming that Kd for Mg²⁺ 

(Kd,Mg) in situ is 22.88 times higher than in vitro, such was obtained with 

Ca²⁺(1.77 105 µM2/7.76 105 µM2) then Kd,Mg in situ would be 148.72 mM (6.5 

mM×22.88). 

By taking a maximum fluorescence of 6.3635 A.U., for fibers type IIB and 

IIX, 4.9929 A.U. for IIA and 4.0139 A.U. for I, as derived from papers 

previously published by our group, and a Kd of 1.5977 105 µM2, a Fmin of 

0.1427 A.U. and Fmax of 150.88 A.U., by using the Eq. 53 The peak [Ca²⁺] for 

the continuum of fiber types was: IIB and IIX: 16.58 µM, IIA: 12.77 µM and 

I: 10.13 µM (Fig. 10A). For the tetanic Ca²⁺ transients, subsequent peaks were 
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also calculated (slow: 11.24, 12.95, 14.81 and 16.47 µM; fast: 12.13, 12.29, 

12.24 and 11.96 µM) (Fig. 2B). (Fig. 10). 

 

Fig. 10. Experimental measurements of [Ca²⁺] during Ca²⁺ transients elicited by 

a single and a train of APs. Fluorescence records generated with Mag-Fluo-4 

AM are used to obtain the ∆[Ca²⁺] in the cytoplasm produced by a single AP in 

fiber types I, IIA, IIX and IIB (A) and a train of 100 Hz and 5 APs in fibers slow 

and fast fibers (B). 

The fluorescence signal of Mag-Fluo-4 is approximately 100 times greater 

when it is bound to Mg²⁺ and Ca²⁺ than when it is free (Invitrogen on-line), 

and the resting [Mg²⁺] and [Ca²⁺] are about 1 mM and 0.1 µM, respectively. 

Then, the fluorescence intensity at resting estate in the fiber (Frest) is mainly 

produced by the indicator that is bound to Mg²⁺ and only a small fraction by 

Ca²⁺. The fluorescence obtained for a [Ca²⁺] of 0.1 µM in the proposed model 

(Eq. 10) is 0.1914 A.U., which is associated with the fluorescence intensity 

produced by Ca²⁺. The measured Frest was 10.2 A.U., so the 1.87% ((0.1914 

A.U.×100%)/10.2 A.U.) of the resting fluorescence is caused by Ca²⁺. 

4.2 Ca²⁺ movements produced during a twitch 

4.2.1 Single-compartment estimation of release rate of Ca²⁺ 

The release rate of Ca²⁺ was determined using measurements of single Ca²⁺ 

transients (Fig. 10) and by the sum of d[CaT]/dt and JRec. The resulting release 

flux shows an increase with short duration and high magnitude produced by 
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the single AP, with differences in its shapes depending on the fiber type. 

However, differences between the experimental and the simulated ∆[Ca²⁺]cyto 

with the multi-compartment model are produced since the latter includes the 

Ca²⁺ diffusion, unlike the single-compartment model. 

4.2.2 Multi-compartment estimation of release rate of Ca²⁺ 

Table 2 shows the estimated kinetics parameters of fRel for the different fiber 

types. the release rate peak was higher for fast fibers (50% for IIA and 140% 

for IIB and IIX). The JRel estimated in tetanic Ca²⁺ transients shows that the 

last peak’s amplitude is reduced over 15 times for slow fibers and over 7 times 

for fast fibers (Fig. 11. B; Table 2). Simulations with the multi-compartment 

model were performed to estimate Ca²⁺ movements in fibers types stimulated 

by a single AP. In all simulations, the fRel estimated was used as the input. 

Fiber type I IIA IIX IIB 

Peak amplitude (µM ms−1) 64.7 96.6 156.1 154.5 

10-50% Rise time (ms) 1.8 1.3 1.2 1.4 

10-90% Rise time (ms) 1.9 1.5 1.3 1.3 

Half-width (ms) 2 1.7 1.4 1.3 

Table 2. Kinetic parameters of release rate estimated after the coefficients 

adjustment. 

4.2.3 Simulation of Ca²⁺ movements during Ca²⁺ transient 

The ∆[Ca²⁺] was estimated in three regions of the skeletal muscle fiber: the 

cytoplasm, the SR and the MITO (Fig. 11. A-C). There was a higher value in 

∆[Ca²⁺]MITO for the slow fibers (up to seven times) as compared to the three 

fast fiber types. Regarding the SR compartment, our calculations show that 

the available Ca²⁺ is reduced up to ~70% (I:70%, IIA:81%, IIB and IIX:74%) 
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for single transients, but to almost 60% (I:62%, IIB:63%) after a train of five 

shocks. 

 

Fig. 11. Simulation of single Ca²⁺ transients in different fiber types. Release rate 

of Ca²⁺ estimated from the measurements of ∆[Ca²⁺] in fibers type I, IIA, IIX and 

IIB (A and B). The model was used to reproduce the Δ[Ca²⁺] obtained 

experimentally in the sarcoplasm (C and D) and to estimate the Δ[Ca²⁺] in the 

SR (E and F) and MITO (G and H). 

We also calculated the variations in [Ca²⁺] for each buffer present in the three 

simulated compartments (Fig. 12 and 13), for both single (left column) and 

tetanic transients (right column). Fibers IIB and IIX form a close duple, in 

each case separated from the I and IIA duple. The total [Ca²⁺] that remains in 

the cytoplasm [Ca²⁺]T is the sum of the Δ[Ca²⁺] in both free and bound forms 



 

Results 

49 

 

(Fig. 4I, J). Fibers IIB and IIX form a close duple, in each case separated from 

the I and IIA duple. Noticeably, the amount of ∆[CaDye] achieves only ~2% 

of the total Ca²⁺ available, thus ensuring unsaturation (I:1.3%, IIA:1.7%, IIB 

and IIX:2.2%). 

 

 

Fig. 12. Simulation of single (left column) and tetanic (right column) Ca²⁺ 

transients buffering in the sarcoplasm.. The Δ[Ca²⁺] coupled to the sarcoplasmic 

buffers: PV (A and B), Tn (C and D), ATP (E and F) and the Dye (G and H). 

The total [Ca²⁺] in the cytoplasm is calculated as the sum of the Δ[Ca²⁺] in both 

free and bound forms (I and J). 



Ca²⁺ movements produced during a twitch 

50 

 

Figure 13 shows the Ca²⁺ transients buffering in the SR and MITO (i.e., for 

CSQ and B, respectively). Since the concentration of Ca²⁺ in the SR decreases 

rapidly, is of relevance to notice the contribution of the Ca²⁺ unbinding from 

the CSQ molecules to inhibit a complete drop of [Ca²⁺] inside the SR. 

 

Fig. 13. Simulation of single (left column) and tetanic (right column) Ca²⁺ 

transients buffering in the SR and MITO. The CSQ (A and B), and the B (C and 

D) kinetics are shown. 

We found that during the tetanic stimulation, the SERCA (Fig. 6A, B), in IIB 

fibers achieved 0.95, of its maximum capacity 0.6 ms after the first release 

rate peak and in fiber type I 0.94 after 0.3 ms. Indicating the SERCA 

mechanism achieves almost its saturation in a short time compared with the 

other mechanisms. Interestingly, the maximum Ca²⁺ extruded from the 

cytoplasm by the NCX was 2-3-fold higher in fibers type IIA, IIX and IIB, 

respectively, than in type I (Fig. 6C). This behavior was also observed for a 

train of transients (Fig. 6D). However, the [Ca²⁺] returned into the cytoplasm 

by the SOCE even after 5 shocks was found too low compared to the average 

[Ca²⁺] in the cytoplasm and the SR, being 27.59 nM and 186.72 nM in slow 

and fast (Fig. 6E, F). 
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Fig. 13. Simulation of single (left column) and tetanic (right column) Ca²⁺ 

transients fluxes across the sarcolemma in the continuum of fiber types. The 

[Ca²⁺] is recaptured from the cytoplasm by the SERCA (A and B), extruded to 

the extracellular space through the NCX (C and D) and entered to the sarcoplasm 

through the SOCE (E and F). The fluxes were spatially averaged across the 

sarcoplasm. 

 

Fiber type 
I IIA IIX IIB I IIB 

Single Tetanic 

Maximum value 

∆[CaTn]max (µM) 149.09 156.5 156.56 155.12 154 159.19 

∆[CaPv]max (µM) 0.54 15.51 97.02 108.02 1.74 202.48 

∆[CaATP]max (µM) 22.89 35.12 59.52 59.65 37.17 59.64 

∆[CaDye]max (µM) 3.16 3.99 5.1 5.12 5.12 5.12 

∆[CaB]max (µM) 0.78 0.13 0.11 0.09 6.67 0.45 

∆[Ca2+]NCX,max (µM) 1.77 4.14 5.19 4.39 17.03 19.86 

∆[Ca2+]SERCA,max (µM) 9.51 28.1 45.86 42.73 78.56 148.68 

∆[Ca2+]SOCE,max (nM) 2.44 3.45 12.13 12.52 27.59 186.72 

∆[Ca2+]MITO,max (µM) 1.97 0.31 0.3 0.26 3.73 0.67 

∆[Ca2+]T,max (µM) 170.83 194.06 257.54 259.58 213.26 365.81 
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|∆[CaCSQ]|max (mM) 2.01 4.28 6.13 6.2 2.75 9.57 

|∆[Ca2+]SR|max (mM) 0.34 0.2 0.27 0.28 0.44 0.4 

Area under the curve 

∆[CaTn]AUC (µM ms) 8216.3 8346.67 7335.07 7044.91 69174.52 32797.71 

∆[CaPv]AUC (µM ms) 21.43 650.09 4618.92 5199.67 606.23 91283.22 

∆[CaATP]AUC (µM ms) 674.78 678.67 529.44 433.31 6982.42 2214.72 

∆[CaDye]AUC (µM ms) 93.84 77.83 45.9 37.57 966.65 191.91 

∆[CaB]AUC (µM ms) 18.17 3.47 3.28 2.89 2219.78 189.72 

∆[Ca2+]NCX,AUC (µM ms) 57.71 155.59 239.91 206.94 5831.1 8747.61 

∆[Ca2+]SERCA,AUC (µM ms) 275.01 810.13 1472.5 1410.69 19506.55 54574.14 

∆[Ca2+]SOCE,AUC (nM ms) 69.84 101.09 361.32 370.87 7902.54 50173.87 

∆[Ca2+]MITO,AUC (µM ms) 82.34 13.88 11.57 9.72 1087.27 50.42 

∆[Ca2+]T,AUC (µM ms) 9304.1 10000.33 12675.45 12835.06 80815.67 127098.86 

|∆[CaCSQ]|AUC (mM ms) 108.73 219.44 304.72 310.34 1045.85 3550.85 

|∆[Ca2+]SR|AUC (mM ms) 18.36 10.33 13.86 14.08 172.86 155.07 

Table 3. Maximum values reached and area under the curve during the simulated 

time interval for a single and tetanic Ca²⁺ transient in muscle fibers. 

4.2.4 Influence of reuptake mechanisms on the decay phase of the single 

Ca²⁺ transients 

The decay phase of the Ca²⁺ transient can be fitted with a biexponential 

function (with τ1 and τ2). An increase of 50% in the PV content differentially 

changed the τ1 of the IIB-IIX group by -6.0% and of the IIA-I group by 16.2%, 

whilst the τ2 always decreased, by 26.1% in the IIB-IIX group and 6.1% in 

the IIA-I group (Fig. 14).  
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Fig. 14. The simulations were performed with different values of [PV] and the 

decay phase is fitted with a biexponential function. The changes in cytoplasmic 

Δ[Ca²⁺] decay phase was estimated with the parameters τ1 and τ2 of the 

biexponential function. 

 



 

 

 

Chapter 5 

Discussion 

 

5.1 Discussion 

The main findings of the present work were: i) during a single twitch, the 

sarcoplasmic peak [Ca2+] for fibers type IIB and IIX is between 15-25 µM, 

and for fibers type I and IIA reaches 6-12 µM, ii) both the pattern of change 

and the peak concentrations of the Ca2+-bound species in the sarcomere, the 

sarcolemma and inside the SR showed the order IIB≥IIX>IIA>I, iii) the 

mitochondrial peak [Ca2+] and the MITO buffers saturation showed the 

pattern I>>IIA>>IIX≥IIB. 

Previous models of mammalian ECC were affected by either uncertainty in 

the classification of fiber types, unreliable kinetics of the raw Ca2+ signals due 

to the use of slow Ca2+ dyes or the lack of information about the role of several 

intracellular compartments in Ca2+ handling. To overcome these limitations, 

we based our model on the first calibration of Ca2+ transients of the four main 

fiber types found in mammals, obtained using the fast Ca2+ dye Mag-Fluo-4, 

and integrated new information gathered on MITO, SR, NCX and SOCE, 

along basic knowledge on sarcoplasmic Ca2+ movements and buffering. 
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5.1.1 Reliable [Ca2+] kinetics: slow vs fast Ca2+ dyes 

The Ca2+ transients modeled in the present study were obtained with the fast 

Ca2+ dye Mag-Fluo-4. Two issues with quantitative impact on the results 

deserve attention: the biochemical properties of the dye and its loading 

conditions. 

This dye has a 2:1 Mag-Fluo-4―Ca2+ binding stoichiometry, with an in situ 

Kd of 1.652x105 M2 (Milán et al., 2021). This explains why it can reliably 

track the Ca2+ transients even in the fastest types, i.e., IIB, demonstrate subtle 

differences among all four fiber types and resolve every peak in a tetanic 

transient, being a trustable source for the model. On the other side, since the 

fibers typically have ~200 µM of Mag-Fluo-4 (Milán et al., 2021), we found 

that less than ~3% of the dye is bound to Ca2+. 

The very low affinity of the dye, and the lack of saturation, confer Mag-Fluo-

4 the ability to determine a trustable peak sarcoplasmic [Ca2+]. Our results 

with Mag-Fluo-4 (present study and (Milán et al., 2021)) join those with Mag-

Fura-2 (Baylor and Hollingworth, 2003, 2007) showing that the peak [Ca2+] 

in fast fibers IIX or IIB is typically between 15 and 25 µM in mammalian 

skeletal muscle (16-22°C). The numbers for type I and IIA fibers also agree 

with a study reporting peak Ca2+ for soleus slow fibers (Hollingworth et al., 

2012). That work, however, may have really used type I and IIA fibers, 

because the periphery of the soleus muscles of mouse used in the experiments 

have both types of fibers evenly distributed, as we have verified using specific 

antibodies and confocal microscopy (not shown). In conclusion, that paper 

and our results agree in that peak [Ca2+] for fibers types I and IIA is between 

6 and 12 µM (Hollingworth et al., 2012). The above numbers are one order 

of magnitude higher than those misleadingly reported with slow, saturable 

dyes (Olsson et al., 2020; Weiss et al., 2010; Koenig et al., 2019; Marcucci et 

al., 2018). This fact may, for instance, reduce the estimated maximum rate of 
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Ca2+ flux during SOCE or ECCE activations (Launikonis et al., 2009; Koenig 

et al., 2019), since this value depends on the driving force for Ca²⁺ 

(Launikonis et al., 2010), which in turn is reduced if sarcoplasmic [Ca2+] is 

raised. Trustable peak sarcoplasmic [Ca2+] also permits a better quantitation 

of the chemical species involved in ECC ([CaTn], [CaTNS], [CaPV], 

[CaATP], [CaDye], free [Ca2+], etc), including peak [Ca2+] inside 

compartments such as MITO. 

5.1.2 The Ca²⁺ release 

Differences between the release rate of Ca²⁺ obtained with the single-

compartment analysis and the coefficients adjustment with the multi-

compartment model were found. Those differences are presumably because 

the single-compartment analysis does not consider the Ca²⁺ diffusion within 

the sarcomere. The coefficients adjustment increases the computational 

complexity of the simulation, but permits to consider valuable information, 

that is, the geometry of the sarcomere and the diffusion coefficient of Ca²⁺ to 

finally determine the release rate of Ca²⁺.  

A function chosen empirically (Eq. 61) permitted to simulate the release rate 

of Ca²⁺. Although other functions have also been proposed (S M Baylor & 

Hollingworth, 1998; Cannell & Allen, 1984; Gillis et al., 1982), we could not 

reproduce all the kinetic parameters obtained for the release rate of Ca²⁺. In 

Baylor et al. (2007) and Hollingworth et al. (2012) the coefficients of the 

chosen function were adjusted to reproduce the full-duration at half-

maximum (FDHM) of 1.7 ms and 1.6 ms for slow and fast fibers, 

respectively, obtained with a single-compartment analysis using Mag-Fura-2 

signals in mouse fibers (S M Baylor & Hollingworth, 2003b). In our 
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simulations, the coefficients were successfully adjusted to reproduce the Ca²⁺ 

kinetic obtained in different fiber types using Mag-Fluo-4 AM signals. 

The simulation of Ca²⁺ movements indicate that the release rate of Ca²⁺ 

elicited by a single AP has differences in its kinetic parameters according to 

the fiber type. The peak flux differences are consistent with measurements of 

RyR content in fast fibers, which are about 3 times higher than the slow ones; 

whilst type IIA are intermediate between I and IIB (Appelt et al., 1989; 

Damiani & Margreth, 1994; Franzini-Armstrong et al., 1988; S Hollingworth 

& Marshall, 1981; Lamb & Walsh, 1987; Renganathan et al., 1998). The 

similarities between half-width, rise time and decay time in different fiber 

types can be explained by the fact that all fiber types share the RyR1 isoform, 

which is in part responsible for the release rate of Ca²⁺ (Lee et al., 1991). 

Importantly, the model demonstrates that the conditions of loading of the 

Mag-Fluo-4 in our experiments lead to a [Dye] that is far from saturation. It 

was unknown if the saturation may have affected previous data published 

using Mag-Fluo-4 (Calderón et al., 2010, 2014b). Since our cells typically 

have around 200 µM of Mag-Fluo-4, and the model showed that during the 

twitch the [Ca2+-Dye] is about 15 µM, only ~7% of the dye is bound to Ca2+. 

This suggests that previous published data is not affected by this artifact, and 

that the [Dye] used in the experiments can be reduced. Furthermore, this rises 

a new advantage of Mag-Fluo over other dyes such as Fura-2 or Fluo-4, which 

become saturated inside the skeletal muscle fibers. 

5.1.3 The mechanisms of Ca²⁺ reuptake  

The peak amplitude of [Ca²⁺] recaptured reached by the MITO and NCX 

mechanisms are much smaller than Δ[Ca²⁺] in the cytoplasm. However, due 
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the differences in the mitochondrial volume between fiber types, the [Ca²⁺] in 

the MITO is higher in fibers I and IIA than in IIX and IIB.  

Our simulations were based on measurements of [Ca²⁺] in the cytoplasm of 

different fiber types. However, experimental measurements of [Ca²⁺] in the 

SR and MITO, differentiating the kinetics of fiber types I, IIA, IIX and IIB, 

are still required to validate the simulated results in these compartments. 

5.1.4 The classification of fiber types 

Preceding models addressed ECC in one or two fiber types, mainly because 

most previous functional and biochemical information came from a 

dichotomic approach of muscle fibers: either slow vs fast, or type I vs type II 

(Bakker et al., 2017; S M Baylor & Hollingworth, 2003a; Stephen M. Baylor 

& Hollingworth, 2007a; Gillis et al., 1982; Stephen Hollingworth et al., 2012; 

Marcucci et al., 2018). Also, simulations that have recently become spatially 

and mathematically more complex, have remained biochemically 

oversimplified (Holash & MacIntosh, 2019; M. Wang et al., 2020). By taking 

as experimental source Ca2+ transients obtained in molecularly typed fibers 

covering the whole spectra from I to IIB, our model goes beyond the 

dichotomic approach. 

The fact that molecular and biochemical differences (i.e. isoforms and their 

biochemical properties) underlie the differences in ECC among fiber types 

has been described in detail elsewhere and we refer the readers to those papers 

(Bottinelli & Reggiani, 2000; Calderón et al., 2010, 2011, 2014a). However, 

there is still a lack of molecular and biochemical information particularly for 

fibers type IIA and IIX. Our adjustments and results for these two types of 

fibers seem reliable because most values obtained laid between those of fibers 

type I and IIB. This agrees with the fact that fibers IIA and IIX showed 
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kinetics of the Ca2+ transients, Ca2+ sensitivity and other dynamic properties, 

which are mostly intermediate between I and IIB (Calderón et al., 2010). 

Together, this confirms that most values of molecular, biochemical and 

physiological parameters follow a continuum from I, to IIA, to IIX, to IIB. 

5.1.5 Final remarks 

Although the above analyses give averages of peak 

sarcoplasmic/compartments [Ca2+], spatially refined models for fast fibers 

have shown up to a 20-fold gradient in the sarcoplasmic [Ca2+], depending on 

the distance of a subcellular region from the Ca2+ release units (Baylor and 

Hollingworth, 2007; Holash and MacIntosh, 2019; Hollingworth et al., 

2012).This phenomenon is also expected to apply to all fiber types, but the 

magnitude of those gradients inside the fibers was not explored in the present 

study. 

Also, since our Ca2+-bound chemical species had higher concentrations than 

those recently estimated, the thermal changes associated with ECC in 

mammalian muscle should be higher than proposed (Barclay and Launikonis, 

2021). Our model may be a source to build a more complete model on thermal 

changes in all fiber types during single and tetanic stimulation. 

5.2 Conclusion 

Our mathematical, comprehensive model allows us to gain insight into the 

kinetics of the Ca²⁺ transients obtained with the fast Ca²⁺ dye Mag-Fluo-4, for 

the continuum of skeletal muscle fiber types. Sarcoplasmic peak [Ca2+] is one 

order of magnitude higher than reported with slow dyes. The magnitudes of 

change of the Ca2+-bound forms of the Ca2+ buffers studied follow the order 

IIB≥IIX>IIA>I, except for mitochondrial peak [Ca2+] which showed the 

pattern I>>IIA>>IIX≥IIB. The kinetics for fibers IIA and IIX proved to be 
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intermediate between I and IIB fibers, supporting dynamic data. The results 

may help better quantitate SOCE fluxes and thermal changes in mammalian 

fiber types in the future and support the use of fast Ca2+ dyes for most 

experimental approaches in skeletal muscle. 
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