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DISTRIBUTIONS OF THE PRODUCT AND THE QUOTIENT OF
INDEPENDENT KUMMER-BETA VARIABLES
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ABSTRACT. The univariate Kummer-beta family of distributions has been proposed
and studied recently by K. W. Ng and Samuel Kotz. This distribution is an univariate
extension of the beta distribution. In this article, we derive the distributions of the
product and the quotient of independent Kummer-beta variables.

1 Introduction. The beta type I random variable is often used for representing pro-
cesses with natural lower and upper bounds. For examples, refer to Hahn and Shapiro [4].
Indeed, due to a rich variety of its density shapes, the beta distribution plays a vital role
in statistical modeling. The beta distribution is useful for modeling random probabilities
and proportions, particularly in the context of Bayesian analysis. Varying within (0, 1) the
standard beta is usually taken as the prior distribution for the proportion p and forms a
conjugate family within the beta prior-Bernoulli sampling scheme. Applications of the den-
sities of the ratio and the product of independent beta variates in the field of stress-strength
analysis and availability can be found in Pham-Gia [11]. A natural univariate extension
of the beta distribution is the Kummer-beta distribution defined by the density function
(Gupta, Cardefio and Nagar [2], Gordy [1], Nagar and Gupta [9] and Ng and Kotz [10]),

I(a+B3) 2711 —2)?Lexp (—Az)

(1.1) fla) = T'(a)L(3) 1Fi(a;a+ 8;5-N) ,

0<x <1,

where a, 3 > 0, —o0 < A < oo and 1F} is the confluent hypergeometric function. The
Kummer-beta distribution can be seen as bimodal extension of the beta distribution (on
a finite interval) and thus can help to describe real world phenomena possessing bimodal
characteristics and varying within two finite limits. The Kummer-beta distribution is used in
common value auctions where posterior distribution of “value of a single good” is Kummer-
beta (Gordy [1]). Several generalizations and properties of the beta distribution are given
in Javier and Gupta [5], McDonald and Xu [8] and Johnson, Kotz and Balakrishnana [6].

In this article, we will derive distributions of the product and the ratio of two independent
random variables when at least one of them is Kummer-beta.

2 Some Definitions. In this section we will give definitions and results that will be used
in the subsequent sections. The generalized hypergeometric functions of one and several
variables will be used to derive the density functions of the product and the ratio of the
random variables. Throughout this work we will use the Pochammer symbol (a),, defined
by (a), =ala+1)---(a+n—-1)=(a)p—1(a+n—1)forn=1,2,..., and (a)y = 1.
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The generalized hypergeometric function of scalar argument is defined by

: )k "\ )k
(2.1) oF (a1, ... yap;by,... b Z ) o
k=0
where a;, i =1,...,p; bj, 1 = 1,... ,q are complex numbers with suitable restrictions and

z is a complex variable. Conditions for the convergence of the series in (2.1) are available in
the literature, see Luke [7]. From (2.1) it is easy to see that oFo(z) = Y 7o 0 k]: = exp(z),
1Fo(a; x) = Zzio(a)k% =(1-2)"%z| <1,and 1 Fi(a;b;z) = Y oo (a)’“ T . The integral
representations of the confluent hypergeometric function and the Gauss hypergeometrlc
function are given as

1
(2.2) 1Fi(a;¢;2) = %/0 t27 1 — )7 L exp(zt) dt
and
(2.3) Sy (a, b c; 2) = %/{) 19=1(1 = )e==1(1 — 2~ dt

respectively, where Re(a) > 0 and Re(c —a) > 0. By changing ¢ to 1 — ¢ in (2.2) it is easy
to see that

(2.4) 1F1(a;¢;2) = exp(z) 1Fi(c — a;¢; —2).

The Humbert’s confluent hypergeometric function ®; is defined by

21,92
(25)  Pifa,bic;zr, 2] = ZZ Jl*” Vi AE 1 () < oo

- 9
=iz @ae 2!

It is straightforward to show that

o0 j
(2.6) Qqa,b;c;21,22) = JZO a)(Jcl —— L Fi(a+ ji;c+ ji; 29)
=
= c)» ,2 1(a + j2,b; ¢+ o3 21).
J2=0
Using the results
1
(a)j1+j2 _ F(C) / va+j1+j271(1 _ U)cfafl dv Re(a c— a) >0
()ji+sa  T(@(c—a) Jo ’ ’ ’

for jl,jg = 0,1,2,..., and

> ) J1
Z M =1Fo(byvz) =(1— vzl)_b, lvzg] < 1,

|
Jj1=0 Jr:

> vz j2

E ( j2') = oFo(—;v22) = exp(vza)
. 2!
j2=0
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in (2.5), one obtains

(2.7) ®q[a,b;c; 21, 22] = L(e) ] /0 2 1 =) 1 = wzy) Pexp(vz) dv

I(a)'(c—a
where |z1] < 1 and |z2| < co. For further results and properties of this function the reader
is referred to Srivastava and Karlsson [12].

Finally, we define the gamma, the beta type I and the beta type II distributions. These
definitions can be found in any text in mathematical statistics. First we re-define Kummer-

beta distribution in a form convenient to use in the derivations of the densities of products
and ratios.

Definition 2.1 A random variable X is said to have a Kummer-beta distribution, denoted
by X ~ KB(a, 3, )), if its p.d.f. is given by

7 11— 2)PLexp [\(1 — )]
B(a, )1 Fi(B;0+ 65 A)

where a > 0, >0, —0o < A < 00 and

(2.8) fa) =

0<x<l,

INCUNE)

(2.9) Ble.d) = Tt 5

Definition 2.2 A random variable X is said to have a gamma distribution with parameters
0(>0),k(>0), denoted by X ~ Ga(0, k), if its p.d.f. is given by

(2.10) {0°T ()} " 2" Lexp (—%) , =>0.

Definition 2.3 A random variable X is said to have a beta type I distribution with param-
eters (a,b), a >0, b > 0, denoted as X ~ B!(a,b), if its p.d.f. is given by

{B(a,b)} 'z* 1 —2)t, 0<z<l1.

Definition 2.4 A random wvariable X is said to have a beta type II distribution with pa-
rameters (a,b), denoted as X ~ B (a,b), a >0, b > 0, if its p.d.f. is given by

{B(a,b)} 'z YA +2)" @ 2> 0.

The matrix variate generalizations of the gamma, the beta type I and the beta type II
distributions have been defined and studied extensively. For example, see Gupta and Na-
gar [3].

3  Distribution of The Product. In this section we obtain distributional results for
the product of two independent random variables involving Kummer-beta distribution.

Theorem 3.1 Let Xy and X5 be independent, X; ~ KB(ay,Bi, M), i@ = 1,2. Then, the
p.d.f of Z = X1X5 is given by

TB(ﬂl + 1, B2)

2z~ H(] — z)Artpz—1 i AT (1—2)
[ {B(ai, B;) 1F1(Bi; i + Bis M)} = r!
X®[fr, a1+ 1 —aa+r; i+ o+l —2z,M(1-2)], 0<z<Ll
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Proof: Using the independence, the joint p.d.f. of X; and Xs is given by
(31) leal 1(1 — x1)51_1$3271(1 - 1‘2)52_1 exp[/\1(1 — xl) + )\2(1 - 33‘2)]

where

2
= [ {B(a, 8:) 1 Fi(Bi; i + Bi; A

=1

Transforming Z = X7 X2, X2 = X5 with the Jacobian J(z1,22 — z,22) = 1/x2 we obtain
the joint p.d.f. of Z and X5 as

(3.2) Kz a2 (1 — gp) 2 (2 — 2)PLexp {)\1 <1 - i) + Ao (1 - xg)] ,
x2

where 0 < z < g < 1. To find the marginal p.d.f. of Z, we integrate (3.2) with respect to
z2 to get

1
(3.3) Klzarl/ xg‘ral*’gl(l —29)P2 (g — 2)P1 L
X exp |:)\1 <1 - f) + /\2(1 — .CCQ):| darg.
2

In (3.3) change of variable w = (1 — z2)/(1 — 2) yields

By Koot [t e
0
X exp {)\1—(1 : Zzgl__;) + Xw(l — z)}dw

Now, expanding exp [A1(1 — w)(1 — 2)/{1 —w(1 — z)}] in the integral (3.4) in terms of
power series we arrive at

Kz~ 1( ﬂ1+52 12 1_2

1
x / w2 (1 — )L = (1= 2)w] o) expAow(1 — 2)] dw.
0
Finally, applying (2.7) and substituting for K; we obtain the desired result. ®

Corollary 3.1.1 Let X7 and X5 be independent random variables, X1 ~ BI(al,ﬁl) and
Xo ~ KB(aa, P2, \). Then, the p.d.f. of Z = X1X5 is

B(B2,81)z 7 1(1 — z)Prtha—l
B(ay, B1)B(az, B2) 1F1(B2; az + B2; A)

where 0 < z < 1. Further, if as = ay + (1, then the p.d.f. of Z = X1 Xs is given by

Q1 [Ba, 1 + 1 — 3 B1 + Bo; 1 — 2, AM(1 = 2)],

D(aq + B+ f2)z* 1 (1 — 2) et
()L (B1 + B2) 1F1(B2; 1 + B1 + B23 A)

1P (B2; B+ B M1 —2)), 0<z<1.
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Corollary 3.1.2 Let X7 and X2 be independent random variables, X; ~ BI(ai,ﬁi), 1=
1,2, then the p.d.f. of Z = X1 X5 is

I'(ag + B1)T(ag + f2) La1—1
L(B1 + B2)l' (1) (a2)

where 0 < z < 1. Further, if aa = a1 + (1, then Z = X1 X2 ~ Bl (a1, 81 + 32).

(1= 2) 2L B (By, a1 + B — ao; By + B2 1 — 2),

Theorem 3.2 Let the random variables X1 and X be independent, X1 ~ KB(a1, (1, \)
and Xo ~ B (ag, B2). Then, the p.d.f. of Z = X1 X3 is given by

B(B1, a1 + B2)z°1(1 + z)~(e2t52)
B(OlQa 52)B(a1761) 1F1(ﬁ1; a1 + 61; )\)

Proof: Since X; and X5 are independent, their joint p.d.f. is given by

1
DBy, 0 + Boy 1 + B +52;1—,/\}7 z > 0.
+z

Kgx?l_l(l — xl)ﬂlfl eXp[/\(l _ xl)}fﬂg@_l(l + x2)7(a2+52).
where
Ka = {B(a1, f1)B(ag, B2) 1F1(Br; a1 + Bi; M)}

Now consider the transformation Z = X;Xs, W = 1 — X7 whose Jacobian is J(z1,22 —
w,z) = 1/(1 —w). Thus, we obtain the joint p.d.f. of W and Z as

1
(3.5) Koz (14 z)(eatB2)yfri=l(q _ yy)ea+pz-1 [1 - w( ) exp (Aw)

—(a2+pB2)
142 }

where 0 < w < 1. Now, integrating w using the integral representation of the Humbert’s
confluent hypergeometric function (2.7) and substituting for K, in (3.5), we obtain the
desired result. m

Corollary 3.2.1 Let X7 and X5 be independent random variables, X1 ~ Bl(al,ﬂl) and
Xo ~ B (ag, 32). Then, the p.d.f. of Z = X1Xo is given by
B(B1, a1 + f2)2%2 (1 + z)~(@2t52)
B(ax, p1)B(az, B2)

4 Distribution of The Quotient. In this section we obtain distributional results for
the quotient of two independent random variables involving Kummer-beta distribution.

1
2F1(51,042+52;041 +51+52;—)7 z > 0.
142

Theorem 4.1 Let the random variables U and V be independent. Further, U ~ KB(«, 3, \)
and V ~ Ga(0, k). Then, the p.d.f. of Z1 =V /U is given by

T(a+ &) (a+ B)25 " exp(—21/6)
05T (k)T (o)L (o + B+ k)1 F1 (B o+ By A)

Proof: The joint p.d.f. of U and V is given by

a (6;a+ﬁ+/~€;)\+ %), z1 > 0.

(4.6) Ky a1 (1= w)"exp A1 — ) - 7]

where

(4.7) K3 ={0"T(r)B(a, ) 1F1 (B + B A)} .
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Now, transforming Z; = V/U, V = V with the Jacobian J(u,v — z,v) = v/z} we obtain
the joint p.d.f. of of Z and V as

19w (1-2) [0 3) - 2)- 3]

where 0 < v < 21 < co. Now, integrating v, we get the marginal density of Z as

09w (3) o (12 2) e[ 2) (- )]

1
= K32 texp (—%) / (1 —w)2T P ~Lexp [(/\ + %) w} dw
0
where the last line has been obtained by substituting w = 1 — v/z1. Finally, using integral
representation (2.2) in (4.9), substituting for K3 and simplifying the resulting expression,
we obtain the desired result. m

Corollary 4.1.1 LetU andV be independent random variables distributed as Kummer-beta
and gamma with parameters (a, 8, X) and (0, k), respectively. Then, the p.d.f. of Zo =U/V
s given by

D(a+ k)T (a+ B)z; " Lexp(—1/022)
05T (k)L () (o + B+ k)1 F1(B; o0+ B; \)

1
wa <ﬁ;a+ﬁ+n;)\+—>,22>0.
02’2

Next, in the following theorem, we consider the case where both the random variables
are distributed as Kummer-beta.

Theorem 4.2 Let the random variables X1 and Xo be independent, X; ~ KB(ay, Bi, \i),
i =1,2. Then, the p.d.f. of Z = X1/X2 is given by

Bl + a2, B2) exp(A1 + Xg)z* !
H?:1{B(Oéi, Bi) 1F1(Bis ci + Bis \i) }

for0< z<1, and

Qa1 + az, 1 — ;00 + s+ P23 2, — (A2 + A2)]

B(on + a2, 1) exp(Ar 4 Xp)z— 227!
T2, {B(eu, 8i) 1F1(Bi; i + Bis M)}

for z > 1.

1 A
o, 041+a271_ﬁ2;a1+0€2+61§27_(>\1+§):|

Proof: The joint p.d.f. of X; and X5 is given by (3.1). Consider the transformation
7Z = X1/ X2, Xo = X5 whose Jacobian is |J| = x2. Thus, using (3.1), we obtain the joint
p.d.f. of Z and X5 as

(4.10) Ky20 ey tee = — 220)P 71 (1 — 29) P2 L exp[ A (1 — 222) + Xa(1 — 29)]

where 0 < 29 < 1for0 <z <1,and 0 < zg < 1/z for z > 1. For 0 < z < 1, the marginal
p.d.f. of Z is obtained by integrating (4.10) over 0 < z2 < 1. Thus, the p.d.f. of Z, for
0 < z <1, is obtained as

K ar1—1 1
(4.11) L2 i / vortee=(] — ) (1 — )2 L exp— (A2 + A2)v] do.
0

exp[—(A1 + A2
_ K1B(aq + az, 2)z*1 71
exp[—(A1 + A2)]

Q1log + az, 1 — fiy01 + az + f2; 2, — (A2 + A2)]
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where the last line has been obtained by applying (2.7). Finally, substituting K4 in the
density (4.11) we get the desired result. For z > 1, the density of z is given by

1/z
(4.12) Kpz27! / vortez—1(] _ )71 — )2 L exp[A (1 — v2) + Ao(1 — v)] do.
0

Substituting w = vz in the above expression we obtain
K=ot ! B2—1 A
12—/ wa1+a271(1 _ w)ﬂl*l (1 _ E) 2 exp |:_ ()\1 4 _2) ’LU:| dw.
exp [—(M + A2)] Jo z z

Finally, using integral representation of Humbert’s confluent hypergeometric function (2.7)
and substituting for K7, we obtain the p.d.f. of Z for z > 1. =

Corollary 4.2.1 Let the random variables X, and Xo be independent, X; ~ B (ay, 3;),
i=1,2. Then, the p.d.f. of Z = X1/X> is given by

B(ag + ag, B2)z* 71

F; , 1 — (1 ;2), 0<z<1
3(01,51)3(0@752) 2 1(a1+a2 Prios + o2+ fs z) ‘

and
Blog + g, 1)z}
B(a1, f1)B(az, £2)
Theorem 4.3 Let the random variables X1 and X5 be independent, X; ~ K B(ay, Bi, \i)
i =1,2. Then, the p.d.f. of T = X1/(X1 + X2) is given by
B(ai + ag, B2) exp(A + M)t 11 —t) 1!
H?:r{B(O%, Bi) 1F1(Bi; cui + Bis i)

t At
x®y [041 +042,1—51§041+042+52;1—_t,— <1—it+)\2)]

1
oF (061-1-012,1—52;041—1-0124-51;;), z> 1

h(t) =

for0<t<1/2, and
Blan 4 ag, B1) exp(A + )t~ 21 (1 — )21
[T7_1{ Bl B) 1Fy (Bis i+ B \o)}
X Py [041 +ag,1 = fa;on + g + Bi; ! _t, - <)\2(1 ) + )\1”

h(t) =

t t
forl/2 <t <1.

Proof: The joint p.d.f. of X; and X5 is given by (3.1). Now consider the transformation
T=X1/(X1+X2), Y = X1 + Xo whose Jacobian is |J| = y. Thus, using (3.1), we find the
joint p.d.f. of T and Y as

(4.13) g(t,y) = Kyexp(A + A)t® 711 — )2 lyaatea—l(q _ gyl
x[1—y(1 — )2 exp[— (Mt + Xa(1 — t))y).

Now, to evaluate the p.d.f. of T, we integrate (4.13) with respect to y. For 0 < ¢ < 1/2,
the density h(t) of T is derived as

1/(1—t)
(4.14)  h(t) = Kyexp(A + X)t* (1 — t)"‘2‘1/ yortea=l(] — yp)hr—t
0

x[1—y(1-— L‘)]ﬁr1 exp[— (A1t + A2(1 —t))y] dy.
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Substituting w = y(1 —¢) in (4.14), we obtain
1
h(t) = K1 exp(h + Aa)t ~1(1 — t)’o‘l’l/ w1 (] _ )Pl
0
B1—1
4 At
x[l—w(l—_t>} exp{—(l_t—i-)\g)w] dw
= Kiexp(A + M)t 11 =)™ I Bay + ag, f2)

t Mt
XDy |:041 +az, 1 - B a + o +ﬁ2;1—_t,— (l—it +)\2>}

where the last line has been obtained by using (2.7). For 1/2 < t < 1, we have

1/t
h(t) = Kt 711 — )22 Lexp(\ + )\2)/ yoatee=l] _yp)hr—t
0
x[1—y(1 = 1)) exp[— (Mt + Ao(1 — 1))yl dy

1
= Ky exp(A + M)t 1(1 - t)‘”‘l/ W (] )it
0

x [1 - @}&Aexp [— ()\1 +/\21;t> w] dw

where we have used the substitution w = yt. Finally, using (2.7) and resorting to Ks, we
get the density of T for 1/2 <t < 1. =

Corollary 4.3.1 Let the random wvariables X1 and Xo be independent, X; ~ Bl(ai,ﬁi)
i =1,2. Then, the p.d.f. of T = X;1/(X;1 + X2) is given by

Blog + g, fo)tr (1 —t) !
B(ai, f1)B(az, B2)

for0<t<1/2, and

t
2 F1 (Oél + 2,1 = PBr;00 + az + fBa; m)

B(O[l + aa, ﬂl)tiazil(l —
B(ala ﬁl)B(Oéz, 52)

forl/2 <t < 1.

t)2—! 11—t
) o F <a1+a2,1—ﬁg;a1+a2+61; ; )

Finally, it may be remarked here that, by using (2.6), alternative expressions for the den-
sities that are given in terms of ®; can be obtained in series involving Gauss hypergeometric
function or confluent hypergeometric function.
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