ANALELE STIINTIFICE ALE UNIVERSITATII “AL.I. CUZA” DIN IASI (S.N.)
MATEMATICA, Tomul LV, 2009, f.1

CONVERGENCE OF SOLUTIONS OF SOME THIRD
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Abstract. In this paper, we consider the convergence of solutions of solutions of
equations of the form X +A4X + G(X) + H(X) = P(t,X,X,X)7 in which X € R",
P:RxR"xR"xIR"— IR", A, is an n X n constant matrices and the dots as usual
indicate differentiation with respect to t. We shall assume that the functions G and H
are of class C(IR"), and satisfy for any X1, X2,Y1,Y> in R,

G(Yz) - G(Yl) + Bg(Y1, YQ)(YQ — Yi)7
H(X;) = H(X1)+ Ch(X1, X2)(X2 — X1),

where Bgy(Y1,Y2), Crh(X1, X2) are n X n real continuous operators, having positive eigen-
values.

Under different conditions on P, we shall give new and sufficient conditions to estab-
lish the convergence of solutions.
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1. Introduction. Consider a third order system of nonlinear ordinary
differential equations of the form

(1.1) X +AX +GX)+H(X) = Pt X, X, X)
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or the equivalent system form

(1.2) X =Y
Y = Z
Z = —AZ-GY)-H(X)+P(t,X,Y,Z)

where X,Y, Z € IR", A is an nxn constant matrix; G(Y'), H(X), P(t,X,Y, Z)
are real vector functions, which are continuous in their respective argu-
ments.

Two solutions (X1,Y1,21), (X2, Ys, Z3) of (1.2) are said to converge to
each other if || X9 — X1|| — 0,||Y2 — Y1|| — 0, || Z2 — Z1|| — 0, as t — oo.

If any pair of solutions of (1.2) satisfy this relation, we shall say that
the solutions of (1.2) converge.

We note that in the special case of a linear third order system of the
form

(1.3) X =Y
Y = Z
7 = —-AZ - BY —-CX

convergence results are valid if the Routh-Hurwitz condition
(1.4) max \;(C) < min \;(A) min \;(B)

is satisfied, where \;(D) is the eigen-value of matrix D, with A, B,C as
n X n matrices.

In the particular cases when matrices A, B, C' are diagonal with positive
eigen-values, (1.4) is very obvious. However, when A, B, C' are are symmet-
ric or arbitrary, with positive eigen-values, it is still true. On the other hand,
when any of them is replaced by a non-linear function, the Routh-Hurwitz
condition (1.4) is replaced by a ”generalized” Routh-Hurwitz condition.
This condition depends on the properties of the non-linear function in the
system (see for example [12], [14]).

For example, when C'X in (1.3) is replaced by a differentiable function
H(X), TEJUMOLA in [10], (for the case when n = 1), imposed the conditions

h(0) =0, [h(ze) — h(z)|(x2 —x1) P >8>0 for x1 # o,
h(z) <c forall z, 0<c< ab.
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This was later in [11] improved upon to the situation when both BY and
CX in (1.3) are respectively replaced by non-linear differentiable functions
g(y) and h(x) for n = 1.

However, following the n—dimensional analogue of [10], AFUWAPE in
[1], AFUWAPE and OMEIKE in [4] gave an n—dimensional improved version
of [11].

Another line of thought was initiated by Ezeilo in [8], the case when n =
1, and G(Y) = by, with b > 0, and h(z) not necessarily differentiable was
considered, but with h(0) = 0, and incrementary ratio [h(§ +n) — h(§)]/n,
(with n # 0), lying in a closed subinterval [0, kab] (k < 1), of the Routh-
Hurwitz interval (0, ab). This was extended to the case when the equations
have two non-linear functions in [5]. This is an extension of [7, 9].

In this work, we shall give the n—dimensional generalized form of these
results to systems of the form (1.2). The main differences in this and the
earlier studies are in the type of Lyapunov functions to be used. While the
earlier generalizations ([1, 5, 6]) had Lyapunov functions that had direct
terms involving matrix A, the present uses only a property of A.

This also allows us to consider the extension of the convergence results to
larger types of systems. For example, when AX in (1.1) is replaced either by
F(X), F(X)X, or F(X)X, or if possible, following [13], by F(X, X, X)X,
where only the ultimate boundedness of solutions was studied. This may
demand an appropriate suitable conditions imposed on the functions F’, so
as to have the generalized Routh-Hurwitz conditions on the the sub-interval
of (0,ab). Thus in the present study, we are improving on [2], and [5] by
using a Lyapunov function that is freer for the type of matrix A, or a non-
linear function that may replace AX.

We shall make the following assumptions as initiated in [3], and subse-
quently used in [13], that

(1.5) G(Ya) = G(Y1) + By(¥1,Ya) (Vi — 2)

(1.6) H(X2) = H(X1) + Cp(X1, X2)(X2 — Xy)

where By(Y1,Y3), Cp(Y1,Y2) are n x n real continuous operators, with posi-
tive eigenvalues \;(By(Y1,Y2)), Xi(Ch(X1,X2)), (i =1,2,--- ,n) satisfying

0 <8y < Ni(Byg(Y1,Y2)) <Ay
0 < 0p < ANi(Ch(Y1,Y2)) < Ap.
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2. Notations and definitions. The notations adopted in [4] shall be
used throughout this paper. That is, the §’s, /A’s with or without suffixes
will be positive constants whose magnitudes depend on matrix A, vector
functions G, H and P. The ¢ ’s and A ’s with numerical or alphabetical
suffixes shall retain fixed magnitudes, while those without suffixes are not
necessarily the same at each occurrence. Finally, we shall denote the scalar
product (X,Y) of any vectors X,Y in IR", with respective components
(xl,a;g, coosxy) and (Y1, Y2, ..., Yn) by iy 2y, In particular, (X, X) =
X2

3. Main results. Our main result in this paper is the following:
Theorem 1. Suppose that in (1.2)
(1) G(0) = H(0) =0 and that G, H satisfy (1.5),(1.6) respectively;

(i7) the constant matriz A, operators By(Y1,Y2) and Cp(X1, X2) are as-
soctative and commute pairwise;

(7i1) the eigen-values of A, with 0 < 6, < A\i(A) < Ag, satisfy the general-
ized Routh-Hurwitz condition

(3.1) Ap < kdgdg, (k< 1);
and

(iv) P(t,X,Y, Z) satisfy for any two solutions (X1,Y1, Z1), (X2, Y2, Z2) of
(1.2)

”P(t7X27Y2722) - P(t7X17Y17Z1)||
(3.2) < ON|IXe — X1 |2+ Y2 — Vil + |1 Z2 — Z1| P}V,

for arbitrary t and where ¢(t) is a continuous function in t.

(3.3) /0 & (F)dr < Ao,

for some v in the range 1 < v < 2.

Then all solutions of (1.2) converge.
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A particular case of Theorem 1 is when inequality (3.2) is replaced by

(3.4) ||P(t,X2,Y2,Z5) — P(t,X1,Y1,71)||
< A - X+ Vo= Yil? + 22— Zu]P 32,
where A\ is a finite constant. The following is immediate

Corollary 1. Let the conditions of Theorem 1 hold with inequality (3.2)
replaced by (3.4). Then, there exists a finite constant §; > 0 such that if the
constant Ay < 1, the solutions of (1.2) converge.

4. Preliminary results and the function V. In this section, we
shall state the algebraic results required in the proof of our result. The
proofs are not given since they are found in [2, 4, 5].

Lemma 1. Let D be a real symmetric n X n matriz. Then for any X
m IR™

dall X|I* < (DX, X) < gl X
where §q, Ngq are respectively the least and greatest eigenvalues of D.

Lemma 2. Let Q, D be any two real n X n commuting symmetric ma-
trices. Then

(1) the eigenvalues N\;(QD), (i = 1,2,...,n) of the product matrix QD
are all real and satisfy

15%@ A (@)Ae(D) < Xi(QD) <  Jnax Aj (@) Ak (D);

(77) the eigenvalues \i(Q + D), (i =1,2,...,n) of the sum of matrices Q
and D are all real and satisfy

{ min )\](Q) + lg}clil )\k(D)} < )\z(Q + D)

1<j<n

< .
< {fgﬁg’% Ai(Q) + max Ak(D)} ,

where A\j(Q) and A\ (D) are respectively the eigenvalues of Q and D.
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Now, we define the main tool in the proof of our results. This is the
scalar function V = V(X,Y, Z) defined for any X,Y,Z € IR" by

(4.1)2V = B(L = B)5IX |1 + B34V I|* + adedy [ YI* + ady |2
+Z + 6. + (1 — B)5,X|?
with 0 < 8 < 1, and « > 0. This is a modification of a Lyapunov function

used in [2, 4].
This function has the following properties:

Lemma 3. Assume that all the assumptions on A, G(Y), and H(X)
hold. Then there exists positive constants do and d3 such that

(4.2) (I X7 + Y12+ [12]%) < 2V(X,Y, Z) < 6(I1X|* + [Y]* + 1 2]1%),
for arbitrary X,Y, Z in IR™.
These inequalities follow from (4.1) if we choose
5 = min{B(1 — B)6%; (8 + alr; oy s}
and

63 = max{d,(1 — B)(1+ 8, + Na); 0(B + adyl) + Au(1 405 4+ Ny);
L4+ ad; b +0,(1 = B) + Ao}

5. Proof of Theorem 1. It was proved in [3] that the solutions of
(1.2) are ultimately bounded.
Let (X1(t),Y1(t), Z1(t)), (Xa(t), Ya(t), Z2(t)) be any two ultimately bounded
solutions of (1.2).
Define

(5.1)  W(t) = V(Xa(t) = Xa(t), Y1(2) = Ya(t), Z1(t) = 22(1)),
Then, from (4.2), following the method used in [5] we have
(5.2) 52(S(t)) < 2W(t) < d3(S(1))

)
where S(t) = {[|X2(t) — X1 (1) [* + [Ya(t) = Yi(D)|? + | Z2(t) — Z1(1)]*}-
In view of inequalities (4.2), it suffices to prove that
to

(53) W(tg) < W(tl) exp{—ég(tg — tl) + 03 ¢V(T)dT}

t1
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for t9 > t4.
On differentiating (5.1), with respect to ¢, and using (1.2), we obtain
after some simplifications that W (t) = =Wy (t) + Wa(t), where

Wi(t) = (1—P8)dg(Xe — X1, H(X2) — H(X1))
+0a(Y2 — Y1, [G(Y2) — G(Y1)] — 04(1 — B) (Y2 — Y1))
faZy — Z1,Zo — Z1) + (1 + b, ) (Zy — Z1, H(Xs) — H(X}))
+0a(Y2 — Y1, H(X2) — H(X1))
+(1 = B)6,4(X2 — X1,[G(Y2) — G(Y1)] — 64(Y2 — Y1))
+(1+ ad; NalZy — Z1,[G(Yz) — G(V1)] — 64(Y2 — 1))
and Wa(t) = ( (1 =B)y(X2—X1)+0a(Ya=Y1) + (14+0d, ') (Z2— Z1), ) with
0 = P(t, Xa,Ys, Zo) — P(t, X1, Y1, Z1).

A re-arrangement of Wi (t), following the methods used in [5, 13], we
can easily conclude that

Wi(t) > 26| X2 — Xa | + Y2 = Va|* + (| Z2 — Z1]%)
and
1
Wat) < O5(I| X2 = Xal? + Yo = V1> + |22 — Z1]*)2 6]

using the assumptions (1.5) (1.6) and properties of H(X),G(Y),and P(t,X,Y, Z)
as given in the statement of the theorem. We thus have

(54) W(t) < —20(|1X2 = Xa[* + Y2 = Vi[> + [ 22 = Z1])
1
+05([| X2 — X112 + | Y2 = Yal* + (1 Z2 — Z1|?)2 |6,
The remaining part of the proof of Theorem 1 follows from [2]. Let v be
any constant such that 1 <v <2 andset p=1-— %1/, so that 0 < u < %
Consider inequality (5.4) in the form

(5.5) W + 645 < 6552 6]| — 645,

(5.6) W + 048 < 855HW*,

where W* = S (||| — 6455 1 S2).
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Considering the two cases (i) ||0]] < 646515% and (i) 0| > 545g15%
separately, we find that in either case, there exists some constant dg > 0
such that W* < &]|6]>(=#). Thus, using (4.2), inequality (5.6) becomes

(5.7) % + 648 < 5751 > gU=m),
where 07 > 2050¢. This immediately gives

dw
(5.8) 7 + (ds — 90" (¢))W <0,

after using (5.2) on W, with Jg, d9 as some positive constants.
On integrating (5.8) from t¢; to ta, (t2 > t1), we obtain

(5.9) W(tg) < W(tl) exp {—(58(t2 — tl) + 9 " ¢V(T)dT} .

t1

Thus, we obtain (5.3), with
(5.10) (52 = (58 and (53 = (59.

From inequality (5.3), if

to
d?V(T)dT S 52551(152 — tl),

t1
then, the exponential index remains negative for all (t2 — 1) > 0. As
t = (ta —t1) — oo, we have W(t) — 0. That is, || X2(t) — X1(¢)]| — O,
| Xa(t) — X1(t)|| — 0 and || Xa(t) — X1(t)|| — 0 as t — oco.
This completes the proof of Theorem 1.

6. Remarks

Remark 1. (i) Ifin (1.1), G(X) = BX, then we shall have the equa-
1

tion which was discussed in [1];

(ii) Ifin (1.1), H(X) = CX, then we shall have an independent result on
equation

(6.1) X +AX +G(X)+CX = P(t, X, X, X);

This again will require that the generalized Routh-Hurwitz condition
be max A\;(C) < min A\;(A) min A\ (B, (Y1,Y2)), with(i =1,2,---,n).
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Remark 2. Let P(t,X,X,X) = 0 and hypothesis (i) of Theorem 1
hold with inequality (3.1). Then, the trivial solution X (t) = 0 of (1.1) is
exponentially stable in the large.

Remark 3. We can equally use the present Lyapunov function defined
in (4.1) easily for the convergence of solutions systems of the form

(6.2) X +F(X)+G(X)+ H(X)=P(t,X,X,X);

if condition (iii) of Theorem 1 is replaced by the assumptions that
(6.3) F(Zy) = F(Z1) + A§(Z1, Z2) (22 — Z1)

for some continuous operator A(Z1, Z3), such that

(6.4) 0 <da < N(Af(Z1,27)) < Aq

with (3.1) valid as before for F(Z) € C(IR").

Remark 4. This same remark holds true if we consider systems of the
form

(6.5) X +F(X)X +GX)+ H(X) = P(t,X, X, X);
(6.6) X +F(X, X)X +G(X)+ H(X) = P(t, X, X, X);
6.7) X +F(X, X, X)X +G(X)+H(X)=P(t,X,X,X);

after making the appropriate assumptions as (6.3) and (6.4) on the non-
linearities following the ideas of [13], which is the adaptation of that of
3].
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