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Abstract

This article deals with the problem of testing the hypothesis that ¢
p-variate normal distributions are independent and that their covariance
matrices are equal. The exact null distribution of the likelihood ratio
statistic when ¢ = 2 is obtained using inverse Mellin transform and the
definition of Meijer’s G-function. Results for p = 2, 3, 4 and 5 are given
in computable series forms.
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Resumen

Este articulo trata el problema de probar la hiptesis de que ¢ dis-
tribuciones normales p-variadas son independientes y con matrices de
covarianza son iguales. La distribucion exacta nula del estadistico de
razén de verosimilitudes cuando ¢ = 2 se obtiene usando la transfor-
mada inversa de Mellin y la definicin de la G-funcin de Meijer. Los
resultados para p = 2, 3, 4 y 5 se dan en forma de series calculables.
Palabras y frases clave: esfericidad por bloques, distribucién, trans-
formada inversa de Mellin, funcién G de Meijer, teorema del residuo.
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1 Introduction

Suppose that the pg x 1 random vector X has a multivariate normal distri-
bution with mean vector p and covariance matrix ¥ and that X, g and %
are partitioned as

Vi /
X= (X0 Xy oo X)) ope(uomb o )
and
Y1 X2 o0 Xig
Yor Moz -- Mg
E =
qu Zq2 e qu

where X; and p; are p x 1 and ¥;5 is p X p, ¢,5 = 1,...,q. Consider testing
the null hypothesis H that the subvectors X, X»,..., X, are independent
and that the covariance matrices of these subvectors are equal, i.e.,

A O --- 0

0O A --- 0
H:Y=

o o0 --- A

against the alternative H, that H is not true. In H the common covariance
matrix A is unspecified. Olkin, while extending the circular symmetric model
to the case where the symmetries are exhibited in blocks, defined H and called
it block sphericity hypothesis (see [13]). Let A be the sample sum of squares
and product matrix formed from a sample of size N = n + 1. Partition A as
A = (A;;) where A;; ispxp, i,j =1,...,q. The likelihood ratio statistic for
testing H (see [17]) is given by

det(A)zN

A= —
3aN
det (% g:l A”>

The null hypothesis is rejected if A < Ag where Ay is determined by the null
distribution and level of significance. When p = 1, the hypothesis of block
sphericity reduces to the Mauchly sphericity hypothesis H : ¥ = %1, which
has been studied extensively, e.g., see Sugira [15, 16], Khatri and Srivastava
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[6, 7], Muirhead [10], Gupta [3], Nagar, Jain and Gupta [11] and Amey and
Gupta [1]. The hypothesis of block sphericity is useful in multivariate repeated
measures designs (see [17]). Since, A ~ Wy, (n,X), the A" null moment of A
can be obtained by integrating over Wishart density. We have

det(A)zNh

h 1pgNh
E(A") = gzpiNte, q ToNh
A>0 det(E Aii)2

=1

det(A)z("PI=D etr(— 1271 4) dA

q —3qNh
L / det (Z A”> det(A)z(Vh+n=pa=D (1371 4) dA
A>0 =1
where
-1
1 [1
Cmn = 237 3 (m=1) H {Q(n —j+ 1)} det(E)%” . (1.1)
Jj=1
Consequently,
q —5qNh
E(A") = gbraNt P90 g det 3 Ay (1.2)
Cpq,Nh+n i—1

where A ~ Wy,(n+ Nh,3). Under H, A1, ..., Ay are independent Wishart
matrices, A;; ~ Wy(n+Nh,A). Hence, > | A;; ~ Wy((n+Nh)g, A). Using
Theorem 3.3.22 of [5], we obtain

q —%th
i=1

(1.3)

p
(ng —i+1)]
=27 mthet H 1
Py 5nq+th—z+1)]

Substituting (1.3) in (1.2) and using (1.1) we obtain the A" null moment of
A as

pq 1 p .

3 +Nh—]+1 2(ng—i+1)]
Ah _ 2quh 2(7’L

B(AY) =4 I Tin—j+1 HF

=1 i=1

The exact non-null distribution of A, for ¢ = 2 and under two specific al-
ternatives, has been derived by Gupta and Chao [4]. The asymptotic null
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distribution of —2In A is chi-square with $p(q — 1)(pg + p + 1) d.f. The null
distribution of A%, in series involving Bernoulli polynomials, is available in
[?, CG]

In this article we will derive the exact null distribution of V = A~ by
using inverse Mellin transform and residue theorem (see [14, 12]).

2 Exact density of V

In order to obtain the exact density function f(v) of V = A~ we start with
the null moment expression. Substituting ¢ = 2 in (1.4) the A*® moment of V'
is simplified as

o [Th+ i =+ D\ &/ Tln—3G - 1)
E(Vh)zzhjl:[l{ PE(n—j+1)] }H{r[mn—;(j—l)]}

This will be rewritten in a slightly different form by using duplication formula
for gamma function

22z—1 1
I'(2z) = NG I'(z)I (z + 2) .
Then
B — K(n T'(h+n—2p—1+2j)
B(V") = K( 7p)j]:[1{ T } (2.1)
where
ff Tl (- 1)
K("’p)H{r(n—2;_1+2j)}' (2.2)

Now the density function f(v) of V = AW is obtained by taking inverse Mellin
transform of E(V") as

fw)=2m)™ " [ BEV"Mo™"tdn, 0<v <1, (2.3)

—

where ¢ = /—1 and L is a suitable contour. Substituting (2.1) in (2.3) and
applying the transformation h + n — 2p = t, one obtains

_ n—2p—1 -1 £ L(t+2j—1) -
) = Koyt [T g 2 f o

Ll j:l
0<v<l, (2.4)
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where L, is the changed contour and K (n,p) is defined in (2.2). Now, using
the definition of Meijer’s G-function (see [8]), the density of V is written as

oy p—iG-1),5=1,...,
fv) = K(n,pp"?-1Gro I:U‘Qi—f(j]—l)] . Pllo<w<t,

where G29[] is the Meijer’s G-function.

Explicit expressions for the density of V for particular values of p will
be obtained by evaluating the integral in (2.4) with the help of of residue
theorem.

From (2.4), the density for p = 2 is obtained as

flv)= K(n,2)v”_5(2m)_1/ e+ 1)

t —t
— T ytdt, 0<v< 1. 2.5
L E+3)(t+2) (25)

The integrand has simple poles at t = —r — 1, r = 0,1, 3,4, ..., and a pole of
order two at t = —3. The residue at t = —r — 1, r #£ 2, is

lim {(t +1+rI(t+ 1)@_%
tm—r=1| (t4+3)T(t+ 1)

_ {(t—kl+r)(t+1+r—1)-~-(t+1)I‘(t+1) t}
St | (A Lldr—1) - (t+ D)+ 3T+ D)

— lim { Ft+1+7r+1) vt}
el [ LA —1) e (E+ D) (E+3)D(E+ D)

_ 1 r+1

T —2TC -

Simplifying F(% — r) in the above expression using the result I'(8 — j) =
(=1DT(B)T(1-p)

T—5+) we obtain the residue at t = —r — 1 as
1T(r — %) 1
= 2. 2.
wr!(r— Q)U Xie
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The residue at t = —3 is derived as

m 2 {(t+3)2F(t+1)vt} ~ lm { Dt +4) ; t]
t==30t | (t+3)T(t+ 1) t==30t [(t+1)(t+2)T(t+ 1)

— lim g 0 I(t+4) e I(t+4) ot
‘}Ls{af Lt+na+2ﬁﬁ+;J 1 }(t+U@+2W@+§)

— i _ N — A F(t+4) ,U—t
—tg@s{w(tH) i;,z(H vl }(t+1)(t+2)r(t+§)

1 1 3
= {0 gt o b

3 1
= {2 —|—21n2—1nv}2ﬁv3

where () is the psi function (ver [9]). Now applying the residue theorem to
the right hand side of (2.5), the density f(v) is obtained as

F(v) = K(n,2)0"° [ - % i mum + {2 ~In (g) }2\151;3]

r:OT?ﬁ2

for 0 < v < 1. For p = 3, (2.4) simplifies to

(t+1)
(t+5)(E+4)(t+3)(t+ )

flv) = K(n,3)0”77(2m)*1/ vhdt  (2.6)
Ly

The integrand has simple poles at t = —r — 1, r = 0,1,5,6,..., and poles of

order two at t = —r — 1, r = 2,3,4. Evaluating residues at these poles and

using residue theorem, the density in this case is obtained (for 0 < v < 1) as

_ K(n,3) 7] 2 4 5 1 <& F(T*%) r41
flo) = =7 {315” 15" ﬁ;ﬂ(rf%(rfi%)(rfél)v
1/8 vy 5 1/1 v\ 4 1 /43 v\ 5
+3<3 1“4)” 3(6+Jn4>v'+48<12 1“4)“ '
For p =4, (2.4) reduces to
T(t+ 1)t
F() = K(n, 4)0"=(2m0) 2 C+DLE+3) g (2)

2L+ 0+ 2)0( + 1)

Jj=5
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The integrand has simple poles at t = —1, —2, poles of order two at t = —1—r,
r=2,3,7,8,..., and poles of order three at t = —1 —r, r = 4,5,6. Evaluating
residues at these poles and using the residue theorem, we get the density for
p=4as

1 1 )
v — v
660I2(L) " 270T2(3)

f(v)-—zf<n,4>v“9[
1 2521 w3 1 71 v 4

- - In — I [ .
168T2(Z) (420 * 16) “oorz(3) \15 T "16) "

7
+7T22{ 1) +9(r—1) —l-zri—lb( 4y - w(r—g)—lnv}

j
9 11
Lor—r=%5) v, L (1n3+1—3)2 1781 2r%) o°
P —2)1(r — 4)(r —5)(r — 6) 127 16 4 44~ 3 [ 2
1 (127 v\2 31769 272 oF
L YA N
3607 L\ 60 16/ ' 3600 3 J 2
15 v 121N\2 33 2w\ o7
T (R TR 1.
2(6!)%{( 16+30)+200 3}2]’0<v<
For p =5, (2.4) slides to
T(t+ 1)0(t
f0) = K(n,5)0" " (2m) " t+ DIE+3) ~tdt,

v
Lo [T5_s(t + )Tt + )0t + 12)

0<v<1,(28)

where a5 = ag = ag = ag = 1 and a7y = 2. The integrand has simple poles at
t=—-1,—2,polesof order 2 at t = —-1—1r, r=2,3,9,10,..., poles of order 3
at t = —5,—6,—8,—9 and a pole of order 4 at t = —7. Evaluating residues at
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these poles and using residue theorem, the density is derived as
f(v) = K(n,5)o" 1 [Ag% + AV 4 (—Inv + B AP P

(0), 4 02 , R 407
+(~lnv+ B AP 4 25;8{—1nv+3j 2+ B A0
J

+{(~ v+ B 4 3(— ) B + 3B 4 B} AP ;

o0
+3 (~mot Bg.w)Ag%r], 0<v<l.

r=9
where
go) 12 Ago) _ 4 A;(;O) _ 1
(10)'T2(3)’ 5(T)IT2(5) 44(6)!T2 (%)’
(0) _ _5219 0) 2 ©o 1691
21n4, BY = - 4 2In4
3 L A T T ), i 252
5 569 by 1202849 22
AV = 2 B = -2 4 om4, BY =200 T
© T ere(l) 5 5 Ch BT e T 3
2 69 h 10969 272
A = B = - 42m4, B =" -
6 7 15(6)T2(3) 6 20 ToMh PeT T Ty Ty
1 989 by 911681 272
AQ = - B = — 4+2m4, B = -
8 3(5)!(7)lm’ TR 50788200 3
7 2 24047 27
4O BO_ 2 o1, W _ _ 2
T T 2(0)T2(E) 7 R T B
656261
B¥ = — 22 — 4¢(3
7 51000 T 2T A
Ago) _ I'(r— E)F(T - %)
w2rl(r — 2)! HjZS(T +1—j)u
and
? 13 15
B =p(r+1)+4(r—1)+ > aj(r+1—4)7" —(r - ) = (=)
j=5
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The method employed above can also be used to derive the exact density

for p > 6. However, because of the higher order of poles, the expressions for
the density will involve generalized Riemann zeta function (see [9]).
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