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TESTING MULTISAMPLE COMPOUND SYMMETRY
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Abstract

This paper is concerned with testing multisample compound symmetry
of & multivariate Gaussian models. The likelihood ratio test statistic
and its null moments for testing multisample compound symmetry have
been derived. The asymptotic null distribution of the test statistic has
been obtained using Box’s method. This test can be viewed as an
extension of Wilks’ test for testing intraclass correlation structure of a

covariance matrix.

1. Introduction

Let I be a normal m-variate population with mean vector u and
positive definite covariance matrix 3 = (Gij)- Let H,. be the hypothesis
that the variances are equal and the covariances are equal, i.e.,
HUC 011 =" =0ym = O0qg; O12 =""=01p =" =0p-1,m = Op> where
o, and o, are unknown constants with suitable restrictions. A
covariance matrix for which H,. is true is said to have compound

symimetry. Compound symmetry is often found in repeated measures
designs which are not time dependent (Winer [8]). If the order of the

responses does not matter, then the covariances are exchangeable. The
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term exchangeable is synonymous with compound symmetry. The
problem of testing H,. was first considered by Wilks [7] who derived the
likelihood ratio test statistic A,., its null moments and distributional
results for small values of m. The problem of testing H,, plays a very
useful role in areas like medical research and psychometrics. Such models
also arise in the study of familial data.

Let I, ..., Il be k independent m-variate normal populations with
mean vectors gy, .., #; and positive definite covariance matrices
21s - 2p, respectively. The hypothesis of multisample compound

symmetry can be stated as
HUC(R) 12Xy = =2 = 02[(1 - p)Im +pd], (1.1)

where 6% > 0, p(-1/(n 1) < p < 1) are unknown constants, I,, is an

identity matrix of order m and J is an m xm matrix having all its
elements unity. Such a hypothesis arises in repeated measures designs
with two or more repeated factors where if the assumption of
homogeneity of group covariance matrices cannot be made a priori it
needs to be tested.

In this article, we will derive the modified likelihood ratio test

statistic A* for testing H ve(k)> 168 null moments and asymptotic expansion

of the distribution function of a constant multiple of — 21n A",
2. The Likelihood Ratio Test Statistic

Let Xg;, j=1,.., Ng be arandom sample from Nm(ﬂg, Zg), where

Hg and Zg are unknown, ¢ =1, ..., k. Let )—(g and Ay be, respectively,

the mean vector and the matrix of sum of squares and products from the

' . - N ‘ N v =

gth sample, ie., NoXg =3 ¢ Xg;, Ag =3 4 (Xy; — Xg) (Xgj - Xg)
k k -

g=1..k and put A=3 Ay and No =3  Ng. The likelihood

ratio test statistic A for testing H ;) can be derived as
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k Ng/2
A (m - 1)No(m—l)/2(mNO)Nom/Z I Ig:1 det(Ay) g/
AL (AN P fer{(on,,, - ) AYNot D2
g=1 Ng

(2.1)
The null hypothesis Hy() is rejected if A < Ag, where Ag is determined

by the null distribution and the level of significance. Using modification

suggested by Bartlett, the modified likelihood ratio test statistic A* for
testing H(;) is obtained as

k —
. _(m- 1)no(m—1)/2 (mng )nom/z ' |g:1 det(A,) g/ |
Hk nggm/ 2 {tr(JA )}”0/ 2[tr{(mI m = J)A}]no(m~1)/2
g=1

2.2)

where ng = Ng -1 and ng = Z_S:l ng = Ny — k. Note that for k =1,

the hypothesis of multisample symmetry reduces to the Wilks’ H,

hypothesis for testing intraclass-correlation structure of a covariance

matrix.
3. The Null Moments

Since A, ..., A, are independent Wishart matrices (Anderson [1],

Gupta and Nagar [3]) and under Hyr), Ag ~ W,(ng, ), X =

o2[(1 - p)I,, + pJ], we obtain the hth null moment of A* by integrating

over Wishart densities. That is,

_1yw(m-1)h/2 nomh/2
E(Ah) = (m -1) — (Zt}z;g) . 1 ,
n
I Ig:] ngg ' det(2 X)" | [g:1 1—‘m(n’g/z)

k ngh /2
) j- j ngldet(Ag) gh/
A0 Ja0 (i (JA P ltr{(ml,, - ) AJO DR
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k

Ng—m-— 1 —
X H{det(Ag)( g=m=1)/2 gy [— QZ 1 Ag)}dAl - dAy,
g=

(ITL _ 1)1L0 (m—l)h/2 (lnno )n,omh,/z

k
. T, [n,@ + h)/2]
det(Z Z)noh/l muLvg
Hk nggmh/Z i j!]::!: Fm(ng/2)
g=1
x Blftr(JA) "M t(ml,, — J) Ay oI, 3.1
where now Ay have independent W,,(n,(1 +1), X), g =1, ..., k. Hence

the random matrix A = Z§=1 Ag has W, (ng(1 + h), ¥) and

E[{tr(JA)}_’LOh/Q{‘cr(mIm _ J)A}—no(m—l)h/Z]

1
* det(@ X)L, g (1 + 1)/2]

x J. {tr(JA)}_"Oh/2 ftr(mI,, — J)A}—no(ln-—l)h/2
A>0

x det(A)(”O*”Oh""‘l)/%tr(- %z—l A)dA. (3.2)

Replacing  {tr(JAY "2 and  [{tr(ml,, - J)A]"0" D2 by their

equivalent gamma integrals, namely

-nphf{2 _ 1 ro noh/2-1 {_l tr(JA }d
{tr(JA)} T2 ok /2) x expi— 5 % r(JA)}dx,

Re(h) > 0,
and

1
910 (m-1)h/2 r[”() (m - 1) h/Z]

[tr{(nT,, - J) A}]"’o(l?i—l)h,/z _
* ng(m-1)h/2-1
x jo y

< exp[~ %y tr{(ml,, - J)A}} dy, Re(h) > 0,
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respectively, where Re(-) denotes the real part of () in (3.2) and

integrating out A using multivariate gamma integral (Gupta and Nagar
[3, p. 18]) we have

E[{tT(JA)}—nOh/z{tr(lnIm _ J)A}—no(m—l)h/?.]

-1
= {Z’Lomh/ 2 T(% noh) F[% ny(m - l)h}} {det(Z Z)”O(I“Lh)/ T, {%— no(l + h)}}

-1

N -ro xn.oh/Z—-l J.Oo yno(m—l)h/2—1j det(A)(no+nOh—m-1)/2
0 0 'A>0

x etr [~ -;— (714 xJ + y(nl,, - J)) A}dA dx dy
-1 0
_ {znomh/z det(z)no(1+h)/21—-[% noh) rl:_é_ ng (m _ l)h}} JO xnoh/2—1

x r Y021 qoys=1 vy v y(mI,, - J) 0 Raxay.  (3.3)
0

Now, using the results det(X™! + xJ + y(nl,, — J)) = (@' +xm) (! +

ym)" ™, where a = 62[1 + (m -1)p] and b = c%(1 - p),

a2 T(ng/2)T(ngh/2)
mloh/2  Tng(L+ h)/2]

0
J‘ xnoh/Z—l(a—l + xm)—no(nh)/zdx _
0

and

J;:O yno(m—l)h/2—1(b—1 + ym)—no(m—l)(1+h)/2dy

B p0=D/2 Tlno (m - 1)/2]T[ng(n - 1)h/2]
- nlon-1)h/2 [[ng(m - 1)@ + h)/2]

the expression (3.3) is further simplified as
E[{tr(JA)}_”Oh/Z {tr(nl,, - J)A}—no(m—l)h/Z]

T(ng /2)T[ng(m - 1)/2] 3.4)
[[ne@ + h)/2]T[ng(m - 1)@ + h)/2]

= det(2m Z)“"Oh/ 2
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Finally, substituting (34) in (3.1) and simplifying the resulting

expression, we obtain

(m - 1)no(m—l) h/2n(1)tomh/2
Hk nngph/2
9
g=1

I(ng /2)T[ng(m - 1)/2] £ Lnlng (1 + h)/2]

E(A*h) =

X [ng@ + h)/2]C[ng(m - 1) A + h)/2] T, (ng/Z) , (8.5)

where Re[ng(1+h)] > m -1, g =1, ..., k. Further simplification of E(A™)

can be achieved by using

m .
I,(a)= n’”('”_l)/’lH F(a S ;1), Re(a) > m2~ Ly
j=1

Thus we get
gty - DTG rug /2) g (m - 1)/2]
Hk TigMh[2 [ng@ + h)/2]T[ng(m — 1) + h)/2]
g=1 9

k. m

Tng (L + h)/2 - (j -1)/2]
XH I Nl"[(ng -j+1/2]

(3.6)
g=1 j=

where Re[ng(1 + h)]>m-1,g =1, .., k. Substituting k =1,y =n=N-1
in (3.6) and simplifying, we get the hth moment of modified Wilks' Aj,
statistic as

m-1

e (= 1) D2 016Gy 1) /2] Y Tl + h)/2 - j/2]
R (TS 7o M ] B oy 5 R

4, Asymptotic Null Distribution

By using (3.6) and Box’s method of expansion (see Anderson [1]), we

find the correction factor for L = —21n A" to be
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2m 1,
=1~ 0 _
¢ 3(m —1)[km(m + 1) - 4]n, (m D @m* +3m -1) Z 4 g

and the asymptotic expansion of the null distribution of M = cL as

P[M < «x]

= P(x} < %)+ — 2 {P(1}.4 < x) - PG} < 2)}+ Oleng) 2, 4.1)

cny

where f = km(m +1)/2 -2 and

k 2
_ 1 g
Y2 = 43 m(m? =1)(m + 2) gz_l (EJ

2
m g
(m-1)@m? +3m-1)) 20 -
18(m 1)2[km(m +1) - 4][ Z 17
Applying the general inversion expansion of Hill and Davis [4] (also
see Sugiura and Nagao [6]) to (4.1), we get the asymptotic formula for the

percentage point of M as

2%, o ul
w212 5 +O(cng )3,
(cng)” 5= o)

where f(; = f(f +2)-- (f + 2j — 2) and u is the upper percentage point of
chi-square distribution with f degrees of freedom. For the exact

distribution of A* one may resort to methods given in Gupta and Tang [2]

and Nagar and Sanchez [5].
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