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Abstract

The hypergeometric function type I distribution with the pdf
proportional to x¥ 7 (1 - 9«:)771 9Fi (o, B; v; 1 — x) occurs as the distribution
of the product of two independent beta variables. In this article, we
study several properties and stochastic representations of this

distribution.

1. Introduction

The random variable X is said to have beta distribution, denoted by
X ~ B(a, b), if its probability density function (pdf) is given by

(B(a, b)) a1 -2, 0<x <1, )
where a > 0, b > 0, and B(a, b) is beta function given by

B(a, b) = T(a)T(b){[(a + b)} L.
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Beta distribution is widely used in statistical modeling of bounded
random variables. Applications of densities of the product and ratio of
independent beta variates in the field of reliability can be found in Pham-
Gia [8] and Pham-Gia and Turkkan [9]. Several wunivariate
generalizations of this distribution are given in Gordy [1], McDonald and
Xu [5], Nagar and Zarrazola [6] and Ng and Kotz [7]. For an extensive
review on beta distributions the reader is referred to Johnson et al. [3].
Recently, Gupta and Nagar [2, p. 298] introduced a univariate
generalization of (1) involving the Gauss hypergeometric function. Their
generalization of the beta distribution has the pdf

Ty +v-o)l(y+v-0) v -1 o
I +v—o—p) " (1-x)""9F(a,By;l-x), 0<x<1, (2

where v >0,y >0,7v+v>a+pB, and 9F] is the Gauss hypergeometric
function defined by (Luke [4]),

JFi(a, b @:Z%%’

r=0
where z is a complex variable, a, b and ¢ can take arbitrary real or
complex values (provided that ¢ # 0, -1, -2, ...) and (a), = a(a +1)--
(@+n-1)=(a),1(@+n-1) for n =1, 2, .., and (a), = 1. If either a or

b is zero or a negative integer, the series terminates after a finite number
of terms, and its sum is then a polynomial in z. Except for this case, the
radius of convergence of the hypergeometric series is 1. We will call the

above distribution hypergeometric function type 1 distribution and denote
it by H! (v, o, B, v). This distribution occurs as the distribution of the
product of two independent beta variables. For o = vy, the density (2)

reduces to a beta distribution given by
(B(v-p, y) VP la -2yt 0<x<1,

and for B = vy, the hypergeometric function type I density slides to

(Blv-o, Y xV %1 -x)t, 0<x<1.
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In this article, we study several properties and stochastic
representations of the hypergeometric function type I distribution. We
also define the inverted hypergeometric function type I distribution and
derive some of its properties.

2. Properties

In this section we will derive several properties of the hypergeometric

type I distribution defined in Section 1. Note that H' (v, a, B, y) =

HI(v, B, a, y). Further, using the result
oF(a, b;c2)=(1- z)c_a_b oFi(c—a, c-1b;c 2), (3)
the pdf of X can also be expressed as

r(y tv- a)r(y +tv- B) v+y—cx—B—1(1 _ x)y—l
T()T(WC(y +v - a—B)

xoFi(y -,y =B y;1-x), 0<x<1 (4)

Hence Hl(v, a, B, y)EHI(v, B, a, y)EHI(v+y—oc—B,y—oc,y—B, Y)

= HI(V +y—-o-B,y-B,vy-0,y). Further, using series expansion of
9 F] in (2) and (4), series representations of the hypergeometric type I

density are obtained as

Ty +v-o)l(y +v —B)Z((Ot)r(ﬁ)r

C(v+7y)T(y+v—o-B) v +7),r!

< {B(v, y+r) TV 1 -2 0<x <1

and

Ly +v - )Ty + v - B) i (v — &), (v - B),
F(V)T(2y +v —a - B) (v+2y—a-p),r!

< {B(v+y—o—P,y+r) tavTre g o)yt 0 cx <1

That is, the pdf of the hypergeometric type I variable is a mixture of beta
densities. From (2) and (4) the pdf of U =1 - X 1is derived as
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Ty +v-o)l(y+v-B) 41 v-1 o
TG v —o—p . G- 2fileByu) 0<u<l,

and

Ly +v-o)l(y +v-B) e (1- u)v+y—a—B—1
T()C(WVT(y +v—a-B)

xoFi(y—a,v-By;u), 0<u<l.

The cumulative distribution function (cdf) of X is obtained as

C(y+v-o)l(y+v-p)
L(Y)L(V)T(y + v —a - B)

P(X <x)=

* v-1lp _ 71 R
x| 271 -2)" 9F (o, B; v; 1 - 2)dz.
0

Expanding o Fj(a, B; 7; 1 — 2) in series form and integrating with respect

to z, the above expression is rewritten as

< x) = F(V"'V_a)r(y"'v_ﬁ) N (a)r(B)r v r
PO = TG s v—a Py Gt DT O

where the incomplete beta function B, (a, b) is defined by

X
B,(a, b) = j‘ yola - y)b_ldy, 0O<x<1 a>0, b>0.
0

Theorem 2.1. Let X ~ HI(V, o, B, y). Then, the moment generating
function (mgf) M x(¢) of X is given by

Mx(t) = oFp(v, vy —a-Bv+y—a, v+y—pit), (6)
where oFy is the generalized hypergeometric function (Luke [4]).

Proof. By definition

_Ty+v-a)l(y+v-p)
M) = T+ v—a )

x I; exp(tx)x’ (1 = x) L o Fy (o, B; 73 1 — x)dx. (7



HYPERGEOMETRIC FUNCTION TYPE I DISTRIBUTION 345

Expanding exp(tx) in power series and using the results
U aa b-1
JO x4 1 -x)" 9F (o, By y; 1 - x)dx

_ T(@)T(®)

- F(a + b) 3F2(b’ a, B’ a + b’ 'Y, 1)’ (8)
and
o _T@r(-a-»5) o
ZFl(aa b’ (& 1) = F(C — CL)F(C — b) ) Re(c a b) > 0, (9)
c#0,-1, -2, .., the above integral is evaluated as

1
I exp(tx)x’ (1 - x)' L o Fy(a, B; ;1 - x)dx
0

_ MMy +v-o-B)
Ly +v—-a)l(y +v-B)

x gFo(v, vy —a—Bv+y—o, viy—Bt) (10)
Now, substitution of (10) in (7) yields the desired result.
Theorem 2.2. Let X ~ HI(V, a, B, y). Then

_ Ty +v-—a)l(y +v-PB) Ty + s)I(v+7)
F()r(v) Iy +v—-oa—-B) T(v+y+r+s)

E[X"(1 - X)’]

x gFy(a, B,y +8 7, vy +r+s; 1), (11)
where 3Fy is the generalized hypergeometric function (Luke [4]).
Proof. From the density of X, we have

Elx1-x)y] = Loyl +v-p)

- T(y)T(V)I(y + v —a —B)

1
x j A = ) LB (o, B v 1 - x)d.
0

Now, using (8) and simplifying the resulting expression we get the

desired result.
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Substituting s = 0 in (11) and using (9), the r-th moment of X is

obtained as

Fy+v-a)l(y+v-B) T(v+r)Iv+y+r—a-B)
rV)I(y+v-oa-B) T(v+y+r—-a)l(v+y+r-p)°

E(X") = (12)

where Re(v+y+71)> o +p. Finally, using the above expression, the

mean and variance of X are derived as

 viy-a-p)
S e (ORI

and

_ viv+y-a-B) v+)(v+y-a-B+1)
Varl) = e e s 16 sy 2B oD

v v+y-a-B) }
v+y-a)(v+y-B)J

3. Stochastic Representations

In this section we obtain stochastic representations of the
hypergeometric type I variable in terms of beta and inverted beta random

variables. First we define inverted beta distribution.

Definition 3.1. The random variable X is said to have an inverted
beta distribution with parameters (a, b), denoted as X ~ IB(a, b),

a >0, b > 0, if its pdf is given by
{B(a, b) Tx® (1 + x) @) & > 0.
Theorem 3.1. Let X; and Xs be independent, X; ~ B(a, b) and
Xy ~ Blc, d). Then X; X5 ~ H (¢, b, ¢ +d — a, b+ d) with the pdf

I(a +b)T(c+d)

FaTore g™ -9

x gFi(b,c+d-a;b+d;1-x), 0<x<1.
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Proof. The r-th moment of X;X,, 0 < X;X,y <1, is given by

I(a +b)(c+d)T(a+r)T(c+r)

EXIX2) = R Or@ b s e+ d+ 1)’

where Re(r) > 0. Now by comparing the above moment expression with

(12)itiseasytoseethat v=c,a=b,p=c+d-a and y = b +d.

Corollary 3.1.1. Let X; ~ B(a, b) and Xy ~ B(c, d) be independent.
Then, X;Xo ~ B(a,b+d)ifc=a+band X;X9 ~ B(c,b+d) ifa=c+d.

An alternative proof of the above theorem using transformation of
variables is given in Gupta and Nagar [2, p. 299]. Next, in Theorems
3.2-3.4, we give stochastic representations of the hypergeometric type I

variable in terms of beta and inverted beta random variables.

Theorem 3.2. Let X; and Xg be independent, X; ~ B(a, b) and
Xy ~ B(c, d). Then, (1 - X1)Xy ~ H (¢, a,c+d -b, a + d), X;(1 - Xy) ~
HY(d, b,c+d-a,b+c)and 1-X;)(1-Xy)~HL(d, a,c+d-b,a+c).

Proof. The result follows from Theorem 3.1 by noting that 1 - X; ~
B(b, a) and 1 - X4 ~ B(d, ¢).

Corollary 3.2.1. Let X; and X, be independent, X; ~ B(a, b) and
Xy ~ B(c, d). Then, (1 - X)Xy ~Blc,a+d) if b=c+d,(1-X;)Xq ~
Bb,a+d)ifc=a+b, X;1-Xy)~B(d,b+c)ifa=c+d, X;1-X,)
~Bla,b+c)ifd=a+b, 1-X;)01-Xy)~B(d,a+c)ifb=c+d and
1-X;)0-Xy)~Bb,a+c)ifd=a+b.

Theorem 3.3. Let X; and Xy be independent, X; ~ B(a, b) and X,
~ IB(c, d). Then, X, X5 /(1 + X3) ~ H (¢, b,c+d —a, b+ d), (1 - X;)Xs/
1+ Xy)~H(c,a,c+d-b,a+d), X;/(1+Xs)~HI(d,b,c+d—a,b+c)
and (1 - X;)/(1+ Xo) ~ H(d, a, c +d - b, a + ¢).

Proof. In this case observe that 1-X; ~ B(b, a), Xo/(1 + X5) ~
B(c, d), 1/(1 + X9) ~ B(d, ¢) and apply Theorem 3.1.
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Corollary 3.3.1. Let X; and Xq be independent, X; ~ B(a, b) and
Xy ~ IB(c, d). Then, X X5/1+X3)~Bla,b+d) if c=a+b and
XXy /(1+Xy)~Ble,b+d) if a=c+d,(1-X;)Xs/(1+Xs)~ Blc, a+d)
if b=c+d, (1-X)Xy/(L+ Xy) ~ Blb,a+d) if ¢ =a+b, X;/(1+Xy)
~B(d,b+c¢) if a=c+d, X;/0+X3)~Bla,b+c) if d=a+b,
1-X,)/0+Xy9)~Bd,a+c) if b=c+d and (1-X)/0+Xy)~
Bb,a+c)ifd=a+b.

Theorem 3.4. Let X; and X, be independent, X; ~ IB(a, b) and
Xy ~ IB(c, d). Then, X; X, /(1 + X7) (1 + X9) ~ H'(c,b,c+d-a,b+d),
Xo/A+ X)) 1+ Xo)~H (c,a,c+d-ba+d),X;/1+X,)(1+X,)~H!(d,
byc+d-a,b+c)and 11+ X))+ Xy) ~ H(d, a,c+d-b, a+c).

Proof. Similar to the proof of Theorem 3.3.

Corollary 3.4.1. Let X; and X,y be independent, X; ~ IB(a, b) and
Xy ~ IB(c, d). Then, X1X9/01+X;)1 + Xg9)~ Bla,b+d) if c=a+b
and X1 X5 /1+ X;)1+ X9)~B(e,b+d) ifa=c+d, Xo/(1+ X;)1 + X3)
~B(c,a+d)ifb=c+d, X5/ +X,)Q+X5)~ Bb,a+d) if c=a+b,
X, /0+X,)Q0+Xy)~Bla,b+c) if d=a+b, X;/01+X7)Q+Xy)~
Bd,a+c)ifa=c+d,1/01+X;)1+X9)~B(d,a+c)ifb=c+d and
1/1+X;)Q+X9)~ B(b,a+c)if d =a+b.

4. Inverted Hypergeometric Function Type I Distribution

In this section we will define the inverted hypergeometric function
type I distribution, study its properties and relationship to the
hypergeometric function type I distribution. First we define the inverted

hypergeometric function type I distribution.

Definition 4.1. The random variable Y is said to have an inverted

hypergeometric function type I distribution with parameters (v, a, B, y),

denoted as Y ~ IHI(V, a, B, v), if its pdf is given by
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F( +V—O()F( +V—B) v— —(y+v
F(;/)F(V)F(yq-z_a_ﬁ)y 1(1+y) y+v)

1
X 2F1(0h B v; m), y >0, (13)

where v>0, y>0, y+v >a+p, and 9F] is the Gauss hypergeometric
function.

From the above definition it is easy to see that IHI(V, a, v, y)=
IB(v - a, v) and IH (v, v, B, y) = IB(v — B, v).

In the following theorem we give relationship between

hypergeometric function type I and inverted hypergeometric function

type I distributions. The proof is straightforward and is left to the reader.
Theorem 4.1. If X ~ H' (v, a, B, y), then X/1 - X) ~ IH (v, a, B, y).

Similarly, if Y ~ IH (v, o, B, 7), then Y/(1+Y) ~ H (v, o, B, 7).

Using (3), the inverted hypergeometric function type I density can

also be written as

Ty +v-a)T(y +v=B) viyapi ~(2y+v-a-p)
TG tv—a=p° L

1
x 2F1(v -, =B m} y > 0. (14)

Thus, IHI(V, a, B, y)EIHI(v, B, a, y)EIHI(v+y—(x—B,y—oc,y—B, Y)

= IH'(v+y—a-B, y-B, y -0, 7). Using series expansion of o F, in (13)
and (14), the pdf of the inverted hypergeometric type I variable can be

expressed as a mixture of inverted beta densities:

T(v+7y)T(y +v—oa-P) v+y).r!

Iy +v-o)(y+v-B) i ((a)r(ﬁ)r
r=0

x {B(v, v + ;")}71 yV1 1+ y)f(«”v”), y >0,
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and

Ly +v-o)(y +v-P) i (v — ). (v = B),
rVF2y +v-a-P) ] (v+2y—a—-p)r!

x{B(v+y—-—a-B,v+ r)}_lyV”*a*B*l(l + y)_(v+2y_a_ﬁ+r), y > 0.

From (13) and (14) the pdf of V = 1/Y is derived as

C(y+v—-a)l(y+v-PB) y-1 (v+7) o
C(y)C(v)T(y +v—o —B) v (1 +0) i 2F1(OL, B; v; mj, v >0,

and

Ty +v-a)l(y+v-PB) ,_ e
F(Z)F(V)r(y-kz_a_ )UY 1(1-1-11)( 2y B)

U
XgFl(v—a,v—ﬁ; v;m), v > 0.

The cumulative distribution function (cdf) of Y is obtained as

y
< = <
P(Y < y) P(X <2 y),

where X ~ HI(V, a, B, y). Now, from (5), the cdf of Y is obtained as

P(Y <y)= E((z)lt(\;)}a)i(z i :;:?3)) ; ((’(‘3/35537" By/(y1)(v, v+ 7).
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