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Abstract

Let Xj, .., X,41 be independent random variables, X; ~ Ga(q;, 0;),
i=1,..,r+1. Define Y; =X;/(X; +X;41),i=1,...,r and Z; =X;/X,.1,
i=1..r Then, (¥Y4,.. Y) and (Zy, ..., Z,) follow multivariate beta

type 1 and type 2 distributions, respectively. In this article several
properties of these distributions and their connections with the
multivariate-F and the multivariate-¢ distributions are discussed.

1. Introduction

The beta (type 1) distribution with parameters (o, ag) is defined by
the probability density function (p.d.f.),

Bl(u; ap, o) = {Blag, 0o ) a1 -w)*2 ™t 0<u<l, (1)

where o7 > 0, ag > 0 and B(o;, ay) is the beta function defined by

Blan, ) = [l
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This distribution has two parameters and yet a rich variety of shapes.
Because the beta distribution is bounded on both sides, it is often used
for representing processes with natural lower and upper bounds. The
beta distribution is well known in Bayesian methodology as a prior
distribution on the success probability of a binomial distribution. The
random variable V with the p.d.f.

B2(v; oy, 0i9) = {Blay, o)} o™ (1 + v)_(“l+a2), v>0, (2

where oy >0 and o9 > 0, is said to have a beta type 2 distribution
with parameters (o4, ag). Since (2) can be obtained from (1) by the
transformation v = u/(1 — ), some authors call the distribution of v an
inverted beta distribution. The inverted beta distribution arises from a
linear transformation of the F distribution. The beta type 1 and beta type
2 are very flexible distributions for positive random variables and have
wide applications in statistical analysis, e.g., see Johnson et al. [7].
Several univariate generalizations of these distributions are given in
Gordy [5], Ng and Kotz [12], Nagar and Zarrazola [11], and McDonald
and Xu [10]. For an extensive review on matrix variate beta distributions

the reader is referred to Gupta and Nagar [6].

It 1s of interest to note that beta type 1 and type 2 densities can be
derived by using independent gamma random variables. The random

variable X is said to have a gamma distribution with parameters (> 0)
and 0(> 0), denoted by X ~ Ga(x, 0), if its p.d.f. is given by

Ga(x; «, 0) = {0°T(x)} ¢ exp(—%}x"fl, x > 0. 3)

Let X; and X, be independent random variables, X; ~ Ga(ay, 0)
and X, ~ Ga(ag, 0). Then, it is well known that X;/(X; + X5) ~
Bl(a;, ag) and X;/Xy ~ B2(aq, ag). Further, if X; ~ Ga(a;, 0;) and
X, ~ Ga(ag, 09), then the densities of Y = X;/(X; + X3) and Z =
X, /X, are given by

Do +09)2% yM171(1 - y)%2!

, O
Montoa) [oq-mypre 0509

Bl(y; o, ag; A) =
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and

(o + ag)A* 1t

B2 . . —
(& @ 2 M) = TR Tag) (1 aeyres

z >0, ®)

respectively, where A = 05/0;. The distributions defined by densities (4)
and (5) are univariate generalizations of beta type 1 and type 2
distributions, respectively. One can easily see that for A =1 the density
(4) reduces to a standard beta density and for A = 2 it slides to a beta
type 3 density studied by Cardefio et al. [1], and Sanchez and Nagar [15].
The multivariate generalizations of (4) and (5) can be obtained by

considering r +1 independent gamma variables. Let X; ~ Ga(a;, 0;),

i=1,.. r+1, and define
X; .
Y, = —Xi X 1=1,..,r (6)

Then, the joint distribution of Yj, ..., Y, is a multivariate beta type 1
distribution with the p.d.f. (Libby and Novic [9]),

MBL(Y1, ooy Yy} Oy weey Oy Opyls Ay eees Ap)

F(Z:“ijl_[:l%?iﬁﬂ . jai_l( , ﬂ

r _Zir:llai
x{l+2ki(1fly.j] L O<y <li=1 ., )
i=1 !

where
A =0,,1/0,0i=1..,r

Further, define

Zi=-—L i=1.,r ®)
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Then, the joint distribution of Zi, ..., Z, is a multivariate beta type 2
(or inverted beta) distribution with the p.d.f.

MB2(21, .-y 2} Oy wey Oy Opils Ay eeey Af)
r+l1 r . 1
I z o; I I Yy —Xi o
1=1 1=1

.

! a;-1

S e [Tt S
H, 1F(ai) i=1 i=1

1=

z;>0,1=1,..,71. 9)

For Ay = --- =X, =1, the density in (7) slides to

MBL(y1, oy Yy} gy ey Oy} Opyq)

r+1
in: YT IR
%H{() (=]
i=1

r 5, 250
L . ] —
X1+Z(1_yi) o O<yi<Li=1..,r (10)

i=1

The density in (10) is named by Chen and Novic [2] the standardized
multivariate beta distribution (of the first kind). For A; = --- =4, =1,

the density (9) slides to the usual Dirichlet type 2 density. For r = 2, the

density in (10) reduces to a bivariate beta density considered recently by
Olkin and Liu [13].

In this article, we study several properties of the multivariate
generalized beta distributions defined by the densities (7) and (9). Several
other multivariate generalizations of (4) and (5) have been studied
by Pham-Gia and Duong [14]. Systematic treatment of multivariate
generalizations of the beta type 1 and the beta type 2 distributions is
given by Kotz et al. [8].

In Section 2, we discuss several properties of MB1 and MB2
distributions. To establish these properties we use results on statistical
distribution theory and stochastic representations of MB1 and MB2
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variables in terms independent gamma variables. The method employed
here is quite different from the traditional method of Jacobian of
transformation. Section 3 and Section 4 deal with limiting forms of MB1
and MB2 distributions.

2. Properties

In this section we study several properties of multivariate beta
distributions defined by the densities (7) and (9). First we give definitions
and stochastic representations of various multivariate generalizations of
beta distributions (Tiao and Guttman [16] and Wilks [17]).

The random variables Uy, ..., U, are said to have a Dirichlet type 1
distribution with parameters a, ..., a,; a,,;, denoted by (U, ..., U,) ~

Di(ay, ..., 0p; 0tpy1), if their joint p.d.f. is given by

1
r(zf+1 aij . R
1= o —1
— ][« [“Z“i] ’
I I ll"(oci) i=1 i=1

1=

r

u; >0,i=1,...,r, Zui <1, (11)
i=1
where
o, >0,i=1,...,r+1.
The random variables Vi, ..., V.. are said to have a Dirichlet type 2 or
inverted Dirichlet distribution with parameters o, ..., a,; do,,1, denoted

by (V4, ..., V.) ~ D2(ay, ..., 0 at,,1), if their joint p.d.f. is given by

T Er+1OL- r r 72{;11%
i=1 ¢ )
A=t 1+Zvi . 0 >0,i=1,..r (12

13
I I (o) =1 i=1
1=1

o; >0,i=1,..,r+1.
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Let Xj, ..., X,,; be independent random variables, X; ~ Ga(a;, 0),
i =1, ..., r+1. Then, it is well established that

| X X
Uy, .., U,) = L r ~ Dl(ay, ..., 05 Opyy)  (13)

r+1 ’ r+l
¢ Z X;
1=1 1=1

and

d( X X
Vi, ., V, =( Lo, =T
( ! r) Xr+1 Xr+1

j ~ D2(0q, oy Oy} Oppy), (14)
where X d Z means that X and Z have identical distributions. Further,

using transformation of variables, one can easily prove the following

result.

Theorem 2.1. Let the random variables Xy, ..., X, ;1 be independent,

X; ~Ga(a;, 0),i =1,..,r+1. Then,for 1 <s<r,

X; X,
~ D2(aq, ..., ag; o
[XrJrl ’ ’ Xr+1 ( v T r+1)
and
S
X X
s+1 r _ .
. s oo . D2l ogyq, e Of; E o + 0
i:lXi + X, i:lXi + X, i=1

are independent.

Let (Yy, ..., Y,) ~ MBl(a, ..., &, Opiq; Ay -or Ap) and (Zy, ..., Z,) ~
MB2(ay, ..., @)} Opyq; Als ooy Ay ). Further, let X, ..., X,,; be independent
random variables, X; ~ Ga(a;, 0;),7 =1, ..., 7 + 1. Then

d X X
(Y,...,Y):( L r )
! " Xl + Xr+1 Xr + Xr+1

~ MBL(Gl1, vy O3 Oy} Ay vees Ap) (15)
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and
d( X X
(Z,...,Z)=( L. ’j
! ' Xy Xr
~ MB2(0t1, voey 05 Opiq; My ooer Ap)s (16)

where A; = 0,,1/6;, i =1, ..,
Next, we state a result from Fang et al. [3], and Fang and Zhang [4].
Theorem 2.2. Let Y and Z be n-dimensional random vectors. Further,

d
let Y =7 and fj(-), j =1, .., m be Borel measurable functions. Then,

fi(Y) f(2)

a0

fm(Y))  \fn(Z)

Next we give a well-known relationship between Dirichlet type 1 and
Dirichlet type 2 variables which can easily be established using (13), (14)
and the above theorem.

Theorem 2.3. If (Uy, ..., U,) ~ Dl(ay, ..., &} 0,y1), then

Ul Ur
. s e .
1->. U 1- zi:l U;

Further, if (V1, ..., V,) ~ D2(aq, ..., 00,5 apiq), then

~ D2(01q, ey Op; Opyq)-

Vi v,
1+Zi:1‘/i 1+Zi=1Vi

In the next theorem we give stochastic representations of MB1 and

~ D1(0ly, oy Cp; Opyq)-

MB2 variables in terms of components of a multivariate normal vector.
An nx1 random vector X is said to follow a multivariate normal

distribution with mean vector p, and positive definite covariance matrix
¥, denoted by X ~ N, (n, £), if its p.d.f. is given by

r

(271)_n/2 det(Z)_l/2 exp[—% (x—-p) »! (x - p)], x € R",
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Theorem 2.4. Let X ~ N, (0, 2). Partition X and T as

x® In Zig o I
X = S 221 299 oo X ’
X(r+1) :
Z:rJrl,l z:7"+2,2 2r+r,r+1

i . r+l1
where X® and I are n; x1 and n; x nj, respectively, and Zi:l n; =

n(>71). If 5 = 0, (i # j) and 3; = 071, . Then

[ | xW |2 | X0 ]
2 2 2 2
| X0 P XOD P X x|
~ m By Py,
MB1(2 e s L g x,)
and
" X(l) ”2 " X(r) "2 ~ MB2 n‘_l & Npy1 . by by
XD T X0 272 g b i)
where | z|* = 2z and \; = 62,1 /02, i =1, .., 1.
Proof. Note that the random variables | X® |2, ., | XD |2 are

independently distributed, | x () ||2 ~ Ga(n; /2, 2012), i=1..,r+1. The

desired result now follows by using the stochastic representations (15)
and (16).

By taking n; = --- = n,, =1 in the second part of the above theorem,
we have
X2 X2 (1 1. n-r )
R ~MB2 =, ..., =; S A, e A |,
(u XCD P X 2rmet e

from which the p.df of T =X /XU, ., WX, /| X0y,

v = n —r, 1s obtained as

I[(v + r)/2]1_[:=1 kli/z Z;l Kit?
I(v/2)(vr)’? R

—(v+r)/2

, teR" (17)
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which 1s a multivariate-t density with v degrees of freedom. For r =1,

the density in (17) slides to a generalized ¢ density given by

1/2 2 —(V+1)/2
(v + 1)/2]x (1 LM ]

rope (v el

\%

The p.d.f. of

’

e [real XU X0
| XD E | XOHD |2

using the second part of Theorem 2.4, is derived as

H:Zl (i [ )'iTPT (2:11 n;/ 2) H:Zl frif2
AT s o

where

f;>0,i=1,..r

The density given above is a multivariate-F density with (ny, ..., n,, n,,1)

degrees of freedom. Substituting r =1 in the above density, the F

density is obtained as

(Anyq /n2)n1/2r[(n1 +ng)/2] frlz-1

/D022 (11 amf im0

It (Uy, ..., U,) ~ Dl(ay, .., @,; @,,1), then it is well known that for

r+1

1<s<r, (U, .., Ug) ~ Dl(al, vy Qg Z

1=8+

1 aij. In the following theorem

we establish similar result for the multivariate generalized beta type I

variables.

Theorem 2.5. If (Yq, ..., Y,) ~ MBI1(0y, ..., Op; 0py1; My oo Ay ), then

for 1 <s<r,

(Y1, .o, Yg) ~ MBL(0g, .y Og; Opy1s Ags ooy Ag)
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and

Yos1s oo Y O15 s 35)

ceey

S
}"s+1
~ MBIl ogi1, .oy Ops Zai + 0013
i=1

S 9
1+ Zi:l Aiyi /= ;i)

)“r

S
1+ Zi:l Aiyi /= ;)

Proof. Let fj(yl, vy V) = yj,1<j<s. Then using the stochastic

representation (15) and Theorem 2.2, we get

X, X, j
Xl + Xr+l T Xs + Xr+1

Yy, .y Yy) i(

~ MBl(OLl, ceey Olg; Olpyqs 7\.1, veey 7\43),

where the last line has been obtained by using (15) and the fact that
Xi, ..., X, and X, are independent, X; ~ Ga(a;, 0;),i =1, ..., s and
X,.1 ~ Ga(a,41, 0,,1). The proof of the second part follows from the

definition.

Corollary 2.5.1. If (Y3,...,Y,)~MBI(ay, ..., &} Opy1; Al ey Ay ), then
Y; ~ Bl(a;, apq; A;) for i =1, ..., 7.

Theorem 2.6. If (Zy,..., Z,)~MB2(0, ..., 0,5 0y y1; Apy ooy Ay ), then

for1<s<r,
(Z1, oy Zg) ~ MB2(0q, ..., Og; Opy1; Ay ooy Ag)

and

(Zs+1> oo Zr)|(2]_, (223} Zs)

a1 A
~ MB2 0y 1, ey Op; Zoci + 0yl 8 . -
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Proof. The proof is similar to the one given for Theorem 2.5.
Corollary 2.6.1. If (Z1, ..., Z,) ~ MB2(0q, ..., Op; Oy Ay eees Ay ), then

Z; ~B2(a;, ooy 0py1s Ai)s i =1, o, T

In the next theorem we give relationship between multivariate beta

type 1 and multivariate beta type 2 distributions.

Theorem 2.7. (i) If (Y1, ..., Y, )~ MBIL(0y, ..., O} Opiq; My -or Ay ), then

Y Y,
(1 —1Y1 s T —rY,) ~ MB2(at1, oy 05 Opiq; ALy ooy Ay )

i) If (Zy, oy Z,) ~ MB2(tg, ..., 0y Opags Aps oo Ay ), then

Zl Zr
~ MB1 ; ; .
(1 n Z1 ] +Zr) (al’ > Olps Olpyqs 7"17 ’ }"r)

Proof. Using the stochastic representation (15) and Theorem 2.2, we

have

Yl Yr
1-v,° " 1-7Y,

Il

( Xl/(Xl +Xr+1) Xr/(Xr +‘erJrl) j
1-X /(X1 + X)) 77 1= X /(X + Xpg)

_( Xl Xr j
Xr+1 o Xr+1

~ MB2(0t1, oy Oy Opiq; ALy ooy Ap)s

where the last step has been obtained by using (16). The proof of the

second part follows similarly.

Corollary 2.7.1. () If (Y3, ..., Y,) ~ MBl(ay, ..., o.,; ap41), then

Yl Yr
~ D2 ; .
(1_Yl ’ ) 1_Yrj ((X’17 7u’7" a7‘+1)

@) If (Zy, ..., Z,) ~ D2(aq, ..., Op; Opi1), then

Zl Zr .
(1 ARRE er MBI(0ty, vy Op; Opyq)-
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Corollary 2.7.2. () If (Y1, ..., Y;.) ~ MBl(ay, ..., 0,5 Opiq; Ay ooer Ap)s
then for i =1, ..., r,
Y;
1-Y,

i

@) If (Zy, ..., Z,) ~ MB2(0tq, +.., 05 Oy Apy ooy Ay ), then

~ B2(aj, 0,413 A;).

Z;
1+Zi

~ Bl(aj, 0yp1; Ag).

Theorem 2.8. (i) If (Zy, ..., Z,)~ MB2(a, ..., 0.p; Opi1; My -os Ay ), Lhen
(}\.1Z1, veey err) ~ DZ((X]_, ceey Olpes ocr+1)

and

)”1Z1 7\'rZr
. 5 eney .
1+ Zi:l 7\'iZi 1+ Zi:l XiZi

(11) If (Yl’ veey Yr) ~ MB].((X]_, ceey Ol Olpyqs 7\.1, veey 7\47‘), then

~ D101, ey O3 Opyq)-

}VIYI krYr _ .
(1 YT ToY, D2(cty, «vy Oy} Olpyp)

and

7‘1Y1/(1_Y1) }‘rYr/(l_Yl)
- ) ey .
L+ WY /A-Y) 1+ Y /0-Y)
~ D101, ey O3 Opyg)-

Proof. Using the stochastic representation (16) and Theorem 2.2, we
have

d (X ¢ X, /6, X, /0
(xz,...,xZ)z(ll,..., f’):[ L JR—— et
1 r Xr+1 Xr+1 Xr+1/er+1 Xr+1/er+1

~ D2(atq, oy Op; Oppy ),

where the last step has been obtained by using (16). Now application of
Theorem 2.3 yields the second result. The proof of the second part follows
from Theorem 2.7(1) and part (i).
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Corollary 2.8.1. If (Yq,...,Y,)~MBl(ay, ..., 0,; dpiq; A, ey ) and
(Z1, oy Z,) ~ MB2(0ty, .., Op; Opy1; Ay ooy Ap), then for i =1, .., 1

Mz
7\,1Z Bz(al, (X.r+l ~ Bl(O(i, ar+l)’

1+Z AiZ;
A Y; AY:/(1-Y:
1-Y, ~ B2(0“L’ O(r+1) l,. L/( L)
1+ MY /0-Y)

Theorem 2.9. If (Y;, ..., Y,) ~ MBl(ay, ..., &,; Gpy15 Ay ooy Ayr), then

MY A, N .
(1—a—xgnf“”1—a_xgxﬂ MBIL(0ty, .., 003 0pi).

~ Bl(oy, 0ty 41)-

Proof. Using Theorem 2.8(i1) and Theorem 2.2, we have

MY 2 Y,
( Q-2 I %)Y)

Y 1Y,
7L1Y1 +1- Yl )\.rYr +1- Yr

(
( MY /A-Y) AY /A-Y) )j
=
Z,) ~

1+7\.1Y1/(1 Yl) 1+}\’7'Y7'/(1_Y

where (73, ...,
Corollary 2.7.1(11).

Corollary 2.9.1. If (Y3,...,Y,) ~ MBl(ay, ..., &; Opy1; Ay ooy Ay ), then
fori=1,..r,

1Y

To0-a)Y, Bl(a;, apy1)-

Theorem 2.10. If (Z, ..., Z,) ~ MB2(0t1, ..., 0, Opiq; My -oor Ay ), then

L i L e L
Zi b b Zi ) Zl. b Zi ’ ’ Z.

1

~ MB2[0L1, vy OLj 15 Olpy ]y Oj o]y eey Oy O3
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Proof. Using the stochastic representation (16) and Theorem 2.2, we
have

(ﬁ LA L 2 Z—]

Zl ) b ZL 2 ZL. b Zl b b ZL.
i (XI/XHI Xi—l/Xr+1 1 Xi+1/Xr+1 Xr/Xr+1)
Xi/Xr+1 © Xi/Xr+1 ’ Xi/Xr+1 , Xi/Xr+1 T Xi/Xr+1

(X1 Xi1 X1 Xin X,
T XX XX

l l l l

Now the result follows by using (16).

Theorem 2.11. If (Zy, ..., Z,) ~ MB2(a.y, ..., 0.p; Oy 115 A5 -y Ayr), then

(Zsﬂ/(l + Z?zl kiZij, .y Zr/(l + Zle kiZiD and (Zy, ..., Z;) are

independent. Further,

Zs+1
5 eee

Z,
s ’ s
1+ Zi:l }"iZi 1+ Zi:l kiZL-

S
~ MBZ[OLS+1, vy Oy Zoci + 0py1; Agits woes kr}.
i=1

Proof. Take fi(z1,..,2,)=2;, i=1,..,s and fi(z, .., 2,) =

-1
[1 + Zle kizij z;, 1=s+1 ..,r. Then, wusing the stochastic

representation (16) and Theorem 2.2, we get

Z Z
7y, oy Zg, il s -
1+ Zi:l xiZi 1+ Zi:l )\‘iZi
g Xl Xs Xs+1 X
Xr+1 X

5 ceey r
N X 1 X X+ X
joq 1 + A1 jop 1 + A1
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where X, ..., X,,; are independent, 1;X; ~ (a;, 0,,1), i =1,..., 7 +1.
Since, from Theorem 2.1, (MX; /X, 41, -y A X/X,,1) and

A1 Xsi1 A Xy
ZS WX+ Xy ’ZS WX, + X
jop E r+1 jop B r+l

are independent, the independence of (X;/X,,1, ..., X;/X,,1) and

Xs+1 X

5 seny

S S
Zi:l AiXi + Xiia Zi:l AiXi + Xy

is obvious. Further

r

Xs+1 X

’

.
, - —
Zizl AiXi + X Zi:l AiXi + X

S
~ MB2[OLS+1, wey O3 Zai 01 Agils oo kr},
i=1
where the last line has been obtained by using the fact that X, 4, ..., X,

and Zle L X; + X,,; are independent, X; ~ Ga(a;, 0;),i=s+1, .., r

and z; MX + X~ Ga[zlll o; + Oy, OHJ.

Corollary 2.11.1. If (Y1, ..., Y,) ~ MBl(a, ..., 05 Opiq; Ay oer Ap)s
then (Yq, ..., Yy) and

Ys+1/(1 - Ys+1) - Yr/(l — Yr)
Le Y N e 3 A

S
~ MB2 05,1, .o, Op; Zai + 0pi1; Aggls vor Ap
i=1

are independent.
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Corollary 2.11.2. If (Y1, ..., Y,) ~ MBl(ay, ..., 0, Opi1; Ay -oer Ap)s

then for s+1<i<r

s
Ysl/(l — YZ) ~ B2[oci, zai + 0ry1; }“L\]
1+Zi=lkiYi/(1—Yi) i=1

Corollary 2.11.3. If (Z, ..., Z,.) ~ D2(ay, ..., @} Opyy ), then (Zy, ..., Zg)
and (ZSH/[I + z:zl Zi], wes Zr/(l + Z?:l Z; D are independent. Further

Zs+1 Zr
. s eens s
1+ zi=1 Zi 1+ Zi=1 Zi

Theorem 2.12. If (Z,, ..., Z,) ~ MB2(a1, ..., 0p; Oy i1} Ay ooy Ay ), then

S
~ D2((XS+1, vy Ol Zak + OLHI}

k=1

the random variables Zi, Zo /(1 + MZy), ..., Z,_I/(l + Z:j xizij and

Z,/(l + ir_llkiZij are independent, Z; ~ B2(aq, a,,1; A1) and

7. -1
L ~ BZ[ai, Zak + 0yt }\,L}, I = 2, .., T

i-1
1+ zkzl kak k=1

Proof. Theorem 2.11 for s =r -1 gives independence of (77,

Z,._1) and Zr/[l + z;__llkiZij, where (Zy, ..., Z,_1) ~MB2(ay, ..., 0t;_g;
Oyits }\,1, veey 7\4,._1) and

r—1

Z ~ B2{oc,., Zai + 0y kr}

— 5
1+ Zk:l kak =1

Further application of Theorem 2.11 gives independence of (Z;,

Z,._9) and Zrl/[l + z;j kak], where

ceey

(Z]_, veey Zr_2) ~ MB2(0L1, ceey Oy 95 Olpyqs 7»1, ceey 7\7‘—2)



PROPERTIES OF MULTIVARIATE BETA DISTRIBUTIONS 89

and
-2
Z B r
rr_zl ~ B2 Ar_1, Zai + 015 Apoq |-
1 Az =
+Zk=1 k< k =t

Repetition of this procedure finally yields the desired result.
Corollary 2.12.1. If (Y7, ..., Y,) ~ MBL(alq, ..., O} Opiq; Ay cees Ap)s
then the random variables

1 Yy /(1 -Yy) Y, /-Y. )
’ 1+}L1Y1/(1—Y1), v r—2 B
1+ szl }\‘kYk/(l Yk)

and

Yr/(l — Yr)
1+ Z;_:ll XkYk/(l — Yk)

are mutually independent. Further, Y; ~ Bl(aq, a,,1; &) and

IA

r.

-1
lyv_ll/(l_yvl) ~B2{oci,2ak +a,+1;ki], 2<1
1+ Zk:1 kkYk /(1 - Yk) k=1

In the next theorem, we derive the joint p.d.f.’s of partial sums of

random variables distributed as multivariate beta type 1 or 2.

Theorem 2.13. Let n, ..., r, be positive integers such that Zleri =r

. 3k *
. .* _ 13 . * o 14 ) o n .
and define r; = Zj:l ri, 1o =0, o) = Zj:ri*—ﬁl aj, Ay = Zj=ri*-1+1 Ajs

W] = Z]/Z(l), ] = ri*_l + 1, veey V'i* -1 and Z(l) = Z’"’i_ * XJZ]/K(l),

i=1 ., 0 If (Zy, ... Z,) ~ MB2(0y, ..., Op; Opy1; ALy ooy Ay),  then

(Wri*f1+1’ . Wri*—l)’ i=1,.. ¢ and (Z(l), . Z([)) are independently
distributed,

(Z(l): ey Z(é)) ~ MBZ(OL(U, e O(g); Opy1s 7\.(1), ey 7\.((3))
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andfori =1, .., ¢,

A

w A
R R RS | -1 -1

- ~ DO & ey s O )
M) M) it SR

T T

Proof. Transforming z(;) = z;i:r " Ajzj/hg) and w; = zj/2;),
j=r+1,..,1~-1,i=1,.. ¢ with the Jacobian
J(z1, ooy 2 > WY, Wy 15 Z(2)s woess Wye g e

Wr-1, Z(z))

ri_1+1

I1
o § GRS

i

ey 2 > W 4
i

ri_1+1’ wri* -1’ Z(l))

4
J(z .
i=1
4
=1

in the joint density of (Z;, ..., Z,) given by (9), we get the joint density of

Wr'i*71+1, veey Wr‘i*fl’ Z(i)? 1 = 1, veey ! as
r+l1 ’“z -1 a‘ Vi
r , j I I o
(Zi:l GLJHL 1 ) H} rl 1+1 J i=1 2(1
r+l ST+l
[T ) Z Hid e
=1 (1 * Zz _1 M@0
| o L -1 G
o ;
w:! |1- 18
) H H ! . Z M o
=1 | =g+l j=ri+l
where

. * * ri*71
2(i) > 0, wj > 0,j=r_1+1 ..,1 -1, Zj:ri*,ﬁl kjwj/k(i) <1,

i =1, .., ¢ Now, from the factorization in (18), the desired result follows

Corollary 2.18.1. If (Zy, ..., Z,) ~ MB2(a,

then
r
% ~ B2{iai, Opy1s Zr:kiJ
Zizl hi = -

v Opj Ohpiq; My wer Ap)s
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and

MZy Mo1Zra

r

b 9 r
- NiZj Zi:l riZ;

are independent. Further,

~ D1(og, -, Op_1; Of)

N Z;

S
. 2 S
Z+ ~ Bl[Zoci, ocr} l<s<r-1
Zi:1 hiZi =1

is independent of Z:zl NZ;.

Corollary 2.13.2. If (Y1, ..., Y,) ~ MBl(a, ..., 05 Opiq; My oeer Ap)s
then

1 r 7\,Y r r
1l . . .
= ‘ 1—Yl B2{ZOLV Opry1s ZA‘LJ
Z. ) Aj i=1 i=1 i=1
1=

~

and

MAMAY) ¥ /0 V)
D MYA=Y) D Y=Yy

~ DI(aty, ..y Cp_g; Op)
are independent. Further,

s
ANa-Y) (e
ZL=]. vt ' ~Blzai,(xr, 1<s<r-1

:
D avija-y) S

is independent of Zir:l rY /A -Y;).

Theorem 2.5, Theorem 2.7(1), Theorem 2.8(i1)) and Theorem 2.9 were
also obtained by Libby and Novic [9], and Chen and Novic [2].
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3. Limiting Behavior of MB1 Distribution

Making the transformation W, = a,,1Y;,i =1, ..., r, with the Jacobian

J(1s oy ¥p = Wy, oy W) = 0;41 In the joint density of (Y3, ..., ¥,.) given

in (7), the density f(wy, ..., w,) of W = (Wi, ..., W,) is obtained as

flwy, ..., w,)

r+l
r X?iw?i_l r(ziz ai) r . —(a;+1)
- [1:1[ I(a;) ] X % 1 {H (1 B w_j ]

Oril
OLr+1 l—‘(0‘;"+1) ™

1 ~ A =
LU

x |1+ Ll

{ Qri1 izzll_wi/arﬂ}

It is easy to see that

1=

r+l..
i=1%

r+1
r(zi_lai)( 1 JZflai

lim =1 (19)
a1 Do) \ogyg
o\ (og+1)
lim (1 - Wi ) -1 (20)
Opy] >0 Ori1
and
1~ Aw e y
lim |1+ i =exp - > Mw; | (21)
a,+1»oo|: Uyl 4= 1_wi/ar+1] [ ; l LJ

Hence, using (19), (20) and (21), one can see that

Ll A% w® ™ exp(—2w;)
li = Lt L
i e ) H[ fe) |

i=1

where

w; >0,1=1,.., 7.
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4. Limiting Behavior of MB2 Distribution

Making the transformation W, = a,,1Z4;,1 =1, ..., r, with the Jacobian

J(z1, ooy 2, > WY, ooy, W) = aphp 1In (9), the density of W = (W, ..., W,.)

is derived as

=1 rﬁl ir( r+1)
Ll XA
X1 g ;kiwi
Now, using (19) and
lim |1+ Zr:xw- e - exp —Zr: A ito; 22)
0y >0 S . = sy
we obtain
) F %% 7 exp(—hw;
Otr1+11nl>oog(wl, ey Wy) = H —t F((xi)( i) ,
where w; >0,i =1, ..., r.
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