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Abstract: A theoretical analysis of optical properties in a ZnS/CdS/ZnS core/shell/shell spher-
ical quantum dot was carried out within the effective mass approximation. The corresponding
Schrödinger equation was solved using the finite element method via the 2D axis-symmetric module
of COMSOL-Multiphysics software. Calculations included variations of internal dot radius, the
application of electric and magnetic fields (both oriented along z-direction), as well as the presence of
on-center donor impurity. Reported optical properties are the absorption and relative refractive index
change coefficients. These quantities are related to transitions between the ground and first excited
states, with linearly polarized incident radiation along the z-axis. It is found that transition energy
decreases with the growth of internal radius, thus causing the red-shift of resonant peaks. The same
happens when the external magnetic field increases. When the strength of applied electric field is
increased, the opposite effect is observed, since there is a blue-shift of resonances. However, dipole
matrix moments decrease drastically with the increase of the electric field, leading to a reduction
in amplitude of optical responses. At the moment impurity effects are activated, a decrease in the
value of the energies is noted, significantly affecting the ground state, which is more evident for small
internal radius. This is reflected in an increase in transition energies.

Keywords: core/shell/shell quantum dot; donor impurity; external electric and magnetic field;
absorption coefficients

1. Introduction

The study of low-dimensional semiconductor heterostructures (LDSH) has gained
relevance due to their high-efficient optoelectronic properties. In accordance, numerous
theoretical and experimental studies have been performed [1–5]. Among these structures
it is possible to mention the quantum wells (with charge carrier confinement along one
dimension), quantum wires (confinement in two dimensions), and quantum dots (QDs).
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In the latter, electrons (holes) are confined in all spatial directions, allowing for electronic
properties of great scientific and technological interest. Such features can be controlled by
modifying the size and/or the geometry of the system through the application of external
electromagnetic probes, hydrostatic pressure, and temperature; and also by suitable doping
with impurity atoms [6–15]. These LDSH have found practical realization in nanophotonics
and nanoelectronics thanks to controlled fabrication using techniques such as molecular
beam epitaxy (MBE), ultrasonic sol-gel, and hydrothermal method, among others; with
nanostructure sizes below 10 nm [16–21].

Among the most studied QDs, different geometrical shapes are present: cylindrical,
pyramidal, conical, and spherical [22–25]. In this work, we focus on studying a kind of
core/shell/shell spherical QD, which consists of a semiconductor material surrounded
by another one which exhibits a different value of the energy band gap. In a QD, discrete
energies depend on size, external fields, band gaps, etc., with which physical and optical
properties can be controlled and used for applications in fields such as electronics, medicine,
chemistry, and biology [26]. The most used semiconductor compounds to fabricate QDs
are those formed by atoms of II–VI, III–V, and IV–VI groups of the periodic table. Lately, re-
searchers have become of significant interest in studying core-shell QDs based on ZnS/CdS
semiconductors, which find a number of applications in photovoltaics, optoelectronics,
medicine, and so on [27–30]. For example, Linkov et al. demonstrated that multicomponent
core/shell CdSe/ZnS/CdS/ZnS QDs can be used as optimal fluorescent probes for the
development of systems for cancer diagnosis and treatment using anticancer compounds
based on acridine derivatives [31]. In 2019, Zeiri et al. conducted a study on the third-order
nonlinear optical susceptibility for CdS/ZnS/CdS/ZnS core/shell/well/shell spherical
QDs, reporting that both the position and the intensity of the peaks can be controlled by
varying the thickness of the shell. Furthermore, as the width of the inner or outer layer in-
creases, the susceptibility peaks are shifted towards the red with increasing intensities [32].
In 2022, Kuzyk et al. studied the possible applications in nanomedicine of deformation
effects in CdSe-core/ZnS/CdS/ZnS-shell QDs, and how they interact with human serum
albumin, finding that QDs with three layers are more sensitive to deformation and, at the
same time, the strain is almost independent of the radius of the core. In the proposed
system, significant strains arise in the CdSe/ZnS/CdS/ZnS/Qd-human serum albumin
bionanocomplexes, which can lead to an energy shift of the conduction band edge by
40 meV. Lastly, they state that their results can be used to develop bionanosensors for the
determination of albumin concentration [33].

Here, we shall use the effective mass approximation to conduct a theoretical analysis of
ZnS/CdS/ZnS core-shell-shell QD optical properties. The electronic states in the system are
numerically determined using finite element method (FEM) as implemented in COMSOL-
Multiphysics package in the axis-symmetric module. Calculations include the variation
of internal radius (R1), as well as the change in the intensities of external magnetic and
electric fields, with and without the effects of on-center donor impurity. The analysis of
optical response goes through the evaluation of linear and nonlinear coefficients of both
light absorption and relative refractive index change from the corresponding expressions
derived within the density matrix formalism. The article’s organization is as follows:
Section 2 presents the theoretical framework, in Section 3, we discuss the results, and
Section 4 is devoted to the main conclusions of the work.

2. Theoretical Model

Figure 1 shows the investigated system, a ZnS/CdS/ZnS spherical QD of the core/
shell/shell type (a). The dimensions of the core, inner shell, and outer shell are R1, R2,
and R3, respectively (b). In (b), the lowest part of the figure shows a schematic view of
the radial-dependent confinement potential. This function is set as zero within the CdS
material, V0 in the ZnS material, and infinite in the vacuum-external region. Effects of
an on-center donor impurity, an axially applied magnetic (~B), and an electric (~Fz) field,
have been taken into account. In Figure 1c, the projection on the plane ϕ = 0 of the
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structure is presented. The rotation of the region shown around the z-axis gives rise to the
structure shown in Figure 1a. In addition, the particular mesh used in FEM calculations
is schematically presented. It is readily apparent that in the region of the first shell layer,
much greater refinement of the mesh has been considered compared to that chosen for the
other two regions. Dirichlet boundary conditions are assumed on the semicircle of radius
r = R3 (the outer one).

(a)

(b)

z

r

(c)

Figure 1. (a) ZnS/CdS/ZnS spherical quantum dot heterostructure considered in this work. In (b),
the dimensions of the quantum dot and the applied axial electric and magnetic field are indicated
together with the radial dependent confinement potential. In (c) is depicted the ϕ = 0-projection of
the heterostructure (where cylindrical coordinates are considered) together with the refined mesh
used in the finite element method calculations.

In Cartesian coordinates, the parabolic band effective-mass Schrödinger equation for a
conduction electron confined in the structure, with all the contributions mentioned above,
is written in the form:[

1
2 m∗c

(
~p + e ~A

)2
+ e Fz z + V(x, y, z)− κ e2

4 π ε0 εc
r R

]
ψ(x, y, z) = E ψ(x, y, z) , (1)

where m∗c is the electron effective mass, εc
r is the static dielectric constant (the index c

indicates the core or shell materials), R =
√

x2 + y2 + z2 is the electron-impurity distance
(with the shallow-donor impurity placed at the center of the structure), ~p = −i h̄ ~∇, e
is the absolute value of the electron charge, and V(x, y, z) = V(r) (with V(r) expressed
in cylindrical coordinates) is the radially symmetric confinement potential. Here, κ is a
parameter that controls the presence or absence of the shallow donor impurity (κ = 0
removes the impurity effects whereas κ = 1 turns them on). Besides, ~A = − B

2 (y î −
x ĵ) represents the potential vector associated to the applied magnetic field, where ~B =
~∇× ~A comes from the symmetric gauge. As mentioned, we impose Dirichlet boundary
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conditions at the outer edges of the barrier matrix. The process also assumes BenDaniel-
Duke conditions at the inner QD interfaces (see Figure 1b,c).

The m∗c and V(r) terms in Equation (1) depend on the radial position in the het-
erostructure and they are expressed as:

m∗c =


m∗ZnS , if 0 ≤ r ≤ R1 ,
m∗CdS , if R1 < r ≤ R2 ,
m∗ZnS , if R2 < r ≤ R3 ,

(2)

and

V(r) =


V0 , if 0 < r ≤ R1 ,
0 , if R1 < r ≤ R2 ,
V0 , if R2 < r ≤ R3 ,
∞ , if r > R3 .

(3)

Expanding Equation (1), and using the azimuthal symmetry condition of the system,
it is possible to propose in cylindrical coordinates a solution of the type ψ(x, y, z) =
ψ(r, ϕ, z) = R(r, z) ei m ϕ, where the m is the principal quantum number. Consequently, the
R(r, z) function satisfies the differential equation[

− h̄2

2 m∗c
∇2

r,z +
m2 h̄2

2 m∗c r2 +
h̄ e B m
2 m∗c

+
e2 B2 r2

8 m∗c
+ e Fz z

− k e2

4 π ε0 εc
r R

+ V(r)
]

R(r, z) = Em R(r, z),

(4)

where∇2
r,z is the r- and z-dependent two-dimensional Laplacian operator and r =

√
r2 + z2

is the electron-impurity distance.
The study is focused on electron confinement effects related to QD dimensions and

on the influence of externally applied electric and magnetic fields, with and without on-
center donor impurity effects. The Equation (4), is solved via the FEM [34–36], using the
COMSOL-Multiphysics licensed software [37–39], with which it is possible to obtain the
wave functions and the energies of the different states. The settings used to build an extra
fine, user-controlled mesh are: 6185 mesh vertices, 12,104 triangles, 460 edge elements,
10 vertex elements, 0.6179 minimum element quality, 0.8964 medium element quality,
0.2051 element area ratio, and 226.2 nm2 mesh area. Employed hardware contains a single
11th-generation i7 processor. Obtained electron states are then used to evaluate the optical
properties (absorption and the relative refractive index change coefficients) associated with
transitions between the lowest two energy levels (the ground state and the first excited
state). Keeping in mind the characteristic spherical symmetry of the system, the expression
to evaluate the first-order absorption coefficients is:

α(1)(ω) =

√
µ0

εr ε0

ω e2 σ h̄ Γ12 |M12|2
(E12 − h̄ ω)2 + (h̄ Γ12)2 . (5)

The expression to evaluate the third-order absorption coefficients is given by

α(3)(ω, I)=−
√

µ0

εr ε0

2 I
n ε0 c

ω e4 σ h̄ Γ12 |M12|4
[(E12 − h̄ ω)2 + (h̄ Γ12)2]2

. (6)

The total absorption coefficient is the sum of the linear and the third order:

α(ω, I) = α(1)(ω) + α(3)(ω, I) . (7)
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The corresponding expressions to evaluate the relative refractive index change are,
respectively:

∆n(1)(ω)

n
=

σ e2 |M12|2
2 ε0 εr

E12 − h̄ ω

(E12 − h̄ ω)2 + (h̄ Γ12)2 , (8)

∆n(3)(ω)

n
=
−σ µ0 c I

n3 ε0

e4 |M12|4 (E12 − h̄ ω)

[(E12 − h̄ ω)2 + (h̄ Γ12)2]2
, (9)

and
∆n(ω, I)

n
=

∆n(1)(ω)

n
+

∆n(3)(ω, I)
n

. (10)

The above expressions arise from the density matrix formalism as developed in
Ref. [40], where E12 = E2 − E1 is the transition energy between the initial (“1”) and final
(“2”) state. In addition, M12 represents the reduced off-diagonal dipole matrix element
between the two electronic states (divided by the charge of the electron). For z-polarized
incident radiation, this quantity can be written as M12 = 〈ψ1(r, ϕ, z)|z|ψ2(r, ϕ, z)〉. Addi-
tionally, h̄ Γ12 is a damping term associated with the electron lifetime due to the dispersion
between subbands (which, here, has a value of 0.7 meV). Besides, n =

√
εr is the relative

refractive index, µ0 is the vacuum magnetic permeability (4 π × 10−7 T m A−1), σ is the
charge carrier density, set at 3.0× 1022 m−3. Finally, I represents the intensity of the optical
radiation in the system, whose value has been chosen equal to 30 MW/m2.

The interaction energy between the electron and the impurity is known as the binding
energy. It is calculated from the following expression:

Eb = Eκ=0 − Eκ=1, (11)

where Eκ=0 and Eκ=1 are the ground state energies without (κ = 0) and with impurity
(κ = 1), respectively.

3. Results and Discussion

Besides values above commented for some input parameters, the remaining ones used
in this work are: m∗CdS = 0.19 m0, m∗ZnS = 0.25 m0, εCdS = 8.3, εZnS = 8.9, and V0 = 0.8 eV.
Here, m0 is the free electron mass [41]. In Equations (5)–(10), the parameters n and εr are
those corresponding to CdS.

In Figure 2, the lowest electronic states of a ZnS/CdS/ZnS spherical core/shell/shell
QD, for Fz = 0 and B = 0, are depicted as functions of the R1 radius, with and without
shallow-donor impurity effects. Figure 2a,b show that the energy of the three lowest levels
increases as R1 augments. This effect is associated with the Heisenberg uncertainty principle
since as the inner radius becomes larger, the thickness of the CdS shell, where the electron is
confined, decreases. Greater confinement produces an increase in energy. Figure 2b shows
the effect of a shallow donor impurity placed at the QD center. In this case, the energy levels
shift toward lower energies, below the conduction band, due to attractive electron-impurity
interaction. The minimum value of the electron-impurity distance is for the ground state
(m = 0). This explains why this state is the one that undergoes a greater displacement
towards lower energies. The inset in Figure 2a shows the electron-impurity binding energy
as a function of the internal radius. One may notice a decrease in the binding energy
as the internal radius grows. For example, for R1 = 1 nm, it has a value of 39.195 meV,
while for R1 = 4 nm is 24.392 meV. In fact, as the radius R1 increases, the electron moves
further away from the impurity, and this causes the impurity-electron Coulomb interaction
to decrease. Due to the spherical symmetry of the QD, in the absence and presence of
impurities at the center of the quantum dot, the energies shown in Figure 2a,b must have
the same degeneracies of a bulk hydrogen atom. For example, the first excited state must
be triply degenerate, with the three solutions m = 0,±1. Then, the second excited state has
a five-fold degeneracy: m = 0,±1,±2.
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Figure 2. The first three lowest electronic states of a ZnS/CdS/ZnS spherical core/shell/shell
quantum dot as functions of the R1 radius. Figure (a) presents the results without, and (b) those
with effects of an on-center donor impurity, with R2 = 11 nm and R3 = 12 nm, for different values of
the m-quantum number and without effects of external electric and magnetic fields. Labels close to
the curves indicate the values of the m-quantum number. The inset in Figure (a) corresponds to the
ground state (lowest state with m = 0) binding energy between the impurity and the electron as a
function of the internal dot radius. In both panels, solid symbols correspond to the energies obtained
by solving the three-dimensional problem using Equation (1).

With the aim of confirming the results obtained, we have proceeded to derive the
solution directly from Equation (1), which corresponds to a three-dimensional problem.
The corresponding outcome appears plotted in Figure 2 using solid symbols. As can be
seen, the results exactly coincide for both the 3D solution, Equation (1), and the 2D solution,
Equation (4), which uses the axial symmetry of the problem. Likewise, in the case of
the configuration without impurity, in the absence of applied fields, the problem of an
electron confined in a multilayer QD with spherical symmetry has a quasi-exact solution.
Accordingly, the wave function in the different regions of the QD can be written as a
linear combination of radial Bessel functions. Applying the Ben Daniel-Duke boundary
conditions, we arrive at a transcendental equation whose numerical solution leads to
obtaining the energies of the confined particle. The full symbols have also been obtained
by solving this quasi-exact problem, again showing an excellent agreement for the three
calculation procedures used. One of the differences between obtaining the solution of
Equations (1) and (4) lies in the computation time. Using a 2.8 GHz Intel i7-processor,
obtaining the ground state energy [using Equation (4)], for a single value of R1 in Figure 2a,
takes 3 s of computing time, a situation that increases by a factor of 4 when calculating the
same energy in the 3D-module that corresponds to the solution of Equation (1).

Figure 3 contains plots of the lowest three electronic states in a ZnS/CdS/ZnS spherical
core/shell/shell QD as functions of the applied magnetic field with and without on-
center shallow donor impurity effects for several values of the m-quantum number. From
Figure 3a, it is possible to observe that the magnetic field breaks the first excited state
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triple degeneracy and the second excited state degeneracy. States with a positive value
of m always increase in energy with the strengthening of the applied magnetic field. For
states with a negative m-value, energies initially show a decreasing character with the
magnetic field. They evolve to reach a minimum value, becoming the actual ground state
of the system and, then, start to augment. Consequently, as a result of the modification
of the energy spectrum due to the increment in magnetic field intensity, the ground state
does not preserve the s-like symmetry. From this figure, it is also noticed that, with a
zero magnetic field, the first and second excited states have degeneracies of order three
and five, respectively, as indicated in the discussions of Figure 2a,b. On the other hand,
Figure 3b shows the energies as functions of the external magnetic field, taking into account
the effects of the donor impurity at the center of the QD. As commented, energy levels
shift towards lower values due to the attractive nature of the Coulombic coupling with the
ionized impurity. It is seen that in Figure 3a,b, the energy behavior shows the same trend.
Actually, the impurity effect under the magnetic field is not very noticeable compared to
the system without the impurity since it changes from about 3.723 meV to 3.874 meV. This
is reflected in the binding energy (see inset in Figure 3b), where it increases as the magnetic
field increases.
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Figure 3. The lowest three electronic states in a ZnS/CdS/ZnS spherical core/shell/shell quantum
dot as functions of the applied magnetic field. Plot (a) contains results without, and (b) includes
on-center donor impurity effect, for R1 = 4 nm, R2 = 11 nm, and R3 = 12 nm. Different values of the
m-quantum number and without external electric field effects have been considered. Labels close
to the curves give the values of the m-quantum number. The inset in (b) corresponds to the ground
state (lowest state with m = 0) binding energy as a function of the applied magnetic field.

Results for allowed electron energies as functions of an externally applied static electric
field appear plotted in Figure 4, without and with on-center donor impurity effects for
B = 0. Figure 4a shows that energy drops as the intensity of the applied electric field
increases. Due to the spherical symmetry of the system, the same behavior for negative
values of the electric field occurs, so the plot only shows positive values of field intensity.
In the high electric field regime, the wave function is compressed towards the regions
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with z = −R2, the region at which the confining potential becomes deeper due to the
negative potential contribution. As observed, the electric field breaks the triple degeneracy
of the first excited state, giving rise to a doubly degenerate energy state that comes from
the solutions with m = ±1 and to a non-degenerate state for m = 0; for which the two
antinodes are located along the z-axis. This state responds differently to the electric field
than the states with m = ±1, since it initially shows a growing behavior, after which there
begins a descent when the field becomes strong enough.
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Figure 4. The lowest electronic states in a ZnS/CdS/ZnS spherical core/shell/shell quantum dot as
functions of the applied electric field. In (a), results are presented without, and in (b) with on-center
donor impurity effects, with R1 = 4 nm, R2 = 11 nm, and R3 = 12 nm. Different values of the
m-quantum number and without external magnetic field effects have been considered. Labels above
each of the curves give the values of the m-quantum number. The inset in (b) corresponds to the
ground state (the lowest state with m = 0) binding energy as a function of the applied electric field.

Figure 4b presents the effects of the donor impurity combined with the electric field.
The first thing to highlight is that there is a drop in the energy values compared to the
situation depicted in Figure 4a. The second aspect to note is the systematic decrease of
the energies as the electric field increases—opposite to the trend reported in Figure 3b—
and the presence of the same kind of degeneracies discussed above. This has to do with
the impurity position at the center in the QD, which preserves the spherical symmetry.
When analyzing the behavior of binding energy as the electric field increases (see inset in
Figure 4b), it is noticed a reduction in its value; for example, for a zero electric field, we
have a binding energy of 24.392 meV, and for an electric field of 50 kV/cm is 23.443 meV.
The electric field confines the electron to the inner edge of the region z = −R2, which
implies a drop in the Coulomb interaction between the impurity and the electron since the
effective electron-impurity distance augments.

Now, we report on the behavior of squared reduced dipole moment matrix element
(|M12|2) for electron transitions from the ground state (|1〉) to the first excited state (|2〉) in a
ZnS/CdS/ZnS spherical core/shell/shell QD, with m = 0. Results will be presented taking
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into account the influence of external fields—electric and magnetic—oriented along the
z-direction, as well as the changes in the QD dimensions, controlled through R1. Analysis of
Figures 5–7 requires an understanding of wave functions symmetries. Transitions studied
are those involving states with m = 0 since the used incident radiation is linearly polarized
in the z-direction, thus making the transitions to states with m 6= 0 to be forbidden.
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Figure 5. The variation of the |M12|2 (a,b), and the transition energy (c,d), as functions of the internal
radius R1, for transitions from the ground state (|1〉) to the first excited state (|2〉) with m = 0,
for an electron confined in a ZnS/CdS/ZnS spherical QD. (a,c), present the results without, and
(b,d) with the effects of a donor impurity located at the center of the dot system. Calculations are
with R2 = 11 nm and R3 = 12 nm, without effects of external electric and magnetic fields.

Variation of |M12|2 and transition energy, E12, as functions of the internal radius for
a confined electron in a ZnS/CdS/ZnS spherical QD with and without the effects of on-
center donor impurity is shown in Figure 5. According to Figure 5a, by increasing the QD
internal radius, the size of the shell -where the electron is confined- decreases, causing
a linear increase of |M12|2. This behavior is shown in the inset, from which one may
conclude that the spatial overlap between wave functions increases when moving from
1 nm to 8 nm in the internal radius. In Figure 5b, with the inclusion of donor impurity
influence, a similar behavior is observed for |M12|2. From the inset in Figure 5b, it is seen
that the ground state wave function is attracted to the impurity while the first excited wave
function remains almost unchanged. Hence, the overlap between both states decreases
concerning the case without impurity. For example, |M12|2 has a value of 13.330 nm2 for
R1 = 1 nm without impurity. With impurity effects, the value falls to 8.380 nm2, with a
difference of 4.950 nm2, which becomes smaller as the radius increases, weakening the
Coulombic interaction. Figure 5c,d show the corresponding variation of the transition
energy from the ground state to the first excited state, with and without impurity, from
which it is seen that as the R1 increases, this energy decreases. As the internal radius
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increases, the shell decreases, causing the energies of the ground state and the first excited
state to increase, becoming closer to each other for large radii (see Figure 2). From these two
plots, Figure 5c,d, one may conclude that the transition energy is higher for small internal
radii with donor impurity effects. This happens because, at a small internal radius, the
interaction between the impurity and the electron is greater, causing the electron energies
to fall below the conduction band (see Figure 2b). But, when the inner radius gets larger,
the impurity-electron interaction becomes weaker, making the transition energy similar to
the case without impurity. For example, when R1 = 6 nm, without impurity, the transition
energy is 5.820 meV, and with impurity, it is 5.876 meV, having a difference of 0.056 meV.
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Figure 6. The variation of |M12|2 (a,b), and the transition energy (c,d), as a function of the magnetic
field, for transitions from the ground state (|1〉) to the first excited state (|2〉) with m = 0, for an
electron confined in a ZnS/CdS/ZnS spherical QD. (a,c) are without, and (b,d) are with the effects
of a donor impurity located at the QD center. Calculations are with R1 = 4 nm, R2 = 11 nm, and
R3 = 12 nm, without electric field effects.
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Figure 7. The variation of the |M12|2 (a,b), and the transition energy (c,d), as a function of the electric
field Fz, for transitions from the ground state (|1〉) to the first excited state (|2〉) with m = 0, for an
electron confined in a ZnS/CdS/ZnS spherical QD. (a,c) results without, and (b,d) with the effects of
a donor impurity, located at the QD center, with R1 = 4 nm, R2 = 11 nm and R3 = 12 nm, without
external magnetic field effect.

Plots in Figure 6, represent results for the same quantities as in Figure 5 but considering
the variation of the intensity of the applied static magnetic field. From Figure 6a, it is noticed
an increase in |M12|2 as the strength of the applied magnetic field increases. This happens
because the ground state gradually changes from a uniformly distributed probability
density at B = 0 to a concentrated probability density at the upper and lower regions of the
QD for B = 30 T. At these regions, the first excited state presents its maximum probability
density, so the overlap between wavefunctions becomes larger. Effects associated with an
on-center donor impurity appear in Figure 6b, showing the same behavior as in figure 6a.
That is, when comparing the values of |M12|2 for the system with and without impurity,
a lower value is seen when there are impurity effects. For example, when B = 0, in the
absence of any impurity, |M12|2 has a value of 19.024 nm2. In the case that considers the
presence of an ionized impurity, it has a value of 18.208 nm2. Switching on the magnetic
field to B = 30 T leads to a similar behavior. In the case without impurities, it has a value
of 21.760 nm2, and for the case with an on-center donor, it has a value of 20.581 nm2.
This is because, at zero applied magnetic field, the ground state wave function has its
probability density concentrated around the impurity. The first excited state presents a
more significant probability density localization at the upper and lower QD regions, thus
producing a smaller overlap between the involved states. In the 30 T case, the ground
state wave function probability density is concentrated at the upper and lower areas of the
QD. Consequently, the overlap with the first excited state wave function grows since its
probability density largely locates within the same regions. At the same time, Figure 6c,d
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show the transition energy from the ground state to the first excited state, with and without
a donor impurity. It can be observed that as the magnetic field increases, this quantity
diminishes. This happens because the action of the magnetic field is to bring together
the energies of the ground state and the first excited state for m = 0 (see Figure 3). So,
the higher the magnetic field, the smaller the difference between these energies. From
both plots, it can be seen that the transition energy is higher for small magnetic fields
with donor impurity effects than when the impurity is not considered. This is due to the
impurity-induced energy shift towards lower values, making the difference in Eb greater.
This shift has an average magnitude of 0.412 meV.

Figure 7 concerns to the same kind of study reported in previous Figures 5 and 6,
considering the applied electric field as the external probe. Results plotted in Figure 7a show
that as the applied electric field strengthens, there is a magnitude decay of |M12|2. Initially.
it reaches a maximum value for Fz = 0, and then, it decreases. This maximum appears
because the ground state wave function is uniformly distributed over the QD confinement
region. In contrast, the first excited state has its lobes concentrated at z = ±R2, thus
producing the largest wave function overlap. The decreasing nature of |M12|2 is because
the electric field pushes |1〉 and |2〉 toward z = −R2; for example, at Fz = 50 kV/cm the
state |1〉 is concentrated at z = −R2, and the lower lobes of state |2〉 are also concentrated
there, giving the lowest overlap (see inset in Figure 7). In Figure 7b, the results presented
include the effects of the donor impurity. A behavior very similar to the system without
impurity is noted, with the difference that, for small values of the electric field, |M12|2 has
a smaller magnitude. For example, for Fz = 0, without impurities, |M12|2 has a value of
19.024 nm2, and 18.208 nm2 with impurity, although this difference begins to disappear as
the electric field increases. This situation has to do with the electron-impurity interaction.
For low electric fields, it is the dominant one -since the electron is closer to the impurity-.
In contrast, it loses strength in large fields due to the more significant electron-impurity
separation. In this case, the ground state wave function gets closer to the impurity, so the
overlap is smaller than in Figure 7a. Finally, Figure 7c,d show the transition energy from
the ground state to the first excited state, with and without impurity in the structure. In this
plot, E12 increases as the electric field strengthens. The reason for this variation is that an
increase in the electric field implies greater electron confinement. As plotted in Figure 4, all
energies exhibit a decreasing trend, but the ground level decreases at a faster rate compared
to the first excited one. When evaluating E12, a more significant difference is obtained. On
the other hand, by comparing Figure 7c,d, it is observed that for zero electric fields, the
transition energy is greater for the case with impurity, but as the electric field increases,
this difference disappears, which indicates that the action of electric field predominates in
the system.

The results reported in Figures 5–7 for the transition energies and |M12|2 factor are the
key elements to analyze the features of the optical responses of interest in this work. That is,
total optical absorption coefficient (α) and relative changes in the total refractive index coeffi-
cient (∆n), both as functions of the incident photon energy [through Equations (7) and (10)].
Accordingly, the incoming electromagnetic wave is assumed to be polarized along the
z-direction. Results will be presented considering both the absence and presence of the
donor impurity at the center of the QD. In Figure 8, three values of the internal radius
(R1) are considered, taking into account the results of Figure 5. In Figure 9, three values
of the applied magnetic field will be shown, taking into account the results of Figure 6.
In Figure 10, three values of the applied electric field will be shown, taking into account
the results of Figure 7. The light intensity value used for the calculations shown below is
30 MW/cm2.
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Figure 8. The total (solid line), linear (dashed line), and nonlinear (dotted line) optical absorption
coefficient (a,b), and the total (solid line), linear (dashed line), and nonlinear (dotted line) relative
changes in the refractive index coefficient (c,d) as functions of the incident photon energy in a
ZnS/CdS/ZnS spherical core/shell/shell quantum dot, for three values of the internal radius: 1 nm
(red line), 4 nm (blue line), and 6 nm (black line). Results are without (a,c) and with (b,d) donor
impurity at the center of the dot. Calculations are with R2 = 11 nm and R3 = 12 nm. The optical
transition is between the states |1〉 → |2〉, with m = 0 and without external electric and magnetic
field effects.

In Figure 8 the reported results correspond to the optical absorption coefficient and
the relative refractive index change coefficient, both as functions of the incident photon
energy in a ZnS/CdS/ZnS spherical core/shell/shell QD for several values of the internal
dot radius. Figure 8a,b show that there is a drop in the resonant peak magnitude for the
linear absorption coefficient (α(1)) as the inner radius increases. From Equation (5) it is
seen that the α(1) maximum amplitude is related to the quantity E12|M12|2. According to
our results, |M12|2 increases (see Figure 5a,b) and (E12) decreases (see Figure 5c,d) due to
the greater degree of confinement. In both cases, as a result, the α(1) amplitude decreases
as the radius increases. This occurs because the E12 value decays in greater proportion
than the increase of |M12|2. Accordingly, the decrease in amplitude, and the peak shift
of α(1) to the red, are directly related to the E12 behavior. The opposite effect occurs for
the third-order absorption coefficient (α(3)) since it shows an increase in amplitude as the
radius increases. This behavior is explained by Equation (6), in which it is observed that
the α(3) maximum amplitude is related to E12|M12|4. So, the fourth power dominates the
increase in the product. With Equation (7) and the above in mind, the behavior of the total
absorption coefficient (α) is explained. This quantity decreases both in its amplitude and
in the position of the peaks (redshift) due to the increase of the inner radius. The fall in
the amplitude of the total absorption coefficient is further enhanced by the increase in the
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magnitude of α(3). Analyzing α in the presence of the on-center donor impurity allows
observing that, for a small radius, α exhibits a greater amplitude and a shift to higher
energy as compared to the no-impurity case; this is because E12 has a higher value for this
case (see Figure 5c,d). Besides, Figure 8c,d show the linear and third-order contributions to
the relative change in the total refractive index coefficient. It is observed that both ∆n(1)

and ∆n(3) increase in amplitude and shift to the red part of the spectrum as the internal
radius increases, with or without impurities. This behavior is driven by the increase of
|M12|2 and the decrease of (E12), Equations (8) and (9), producing very similar results in
both cases with and without impurity.
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Figure 9. The total (solid line), linear (dashed line), and nonlinear (dotted line) optical absorption
coefficient (a,b), and the total (solid line), linear (dashed line), and nonlinear (dotted line) relative
changes in the refractive index coefficient (c,d) as functions of the incident photon energy in a
ZnS/CdS/ZnS spherical core/shell/shell quantum dot, for three values of the magnetic field: zero
(red line), 20 T (blue line), and 30 T (black line). The results are without (a,c) and with (b,d) donor
impurity at the center in the QD. Calculations are with R1 = 4 nm, R2 = 11 nm, and R3 = 12 nm.
The optical transition is between the states |1〉 → |2〉, with m = 0 and without external electric
field effects.

The results depicted in Figure 9 are as those appearing in Figure 8, but with the
consideration of the influence of an applied magnetic field with increasing strength. Fig-
ure 9a,b present the peak magnitude and energy of the total, linear, and non-linear optical
absorption coefficients. It is possible to notice that these coefficients decrease in magnitude
and energy position as long as the magnetic field increases. This diminishing trend relates
to the reduction in the value of the E12|M12|2 term as the magnetic field increases (see
Figure 6a,b). The energy shift towards the red results from the decreasing behavior of E12
as the magnetic field intensity augments. A reflection of the rise in |M12|2 (see Figure 9c,d)
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are the changes suffered by ∆n, ∆n(1), and ∆n(3) with the increase of the magnetic field.
Their peaks increase in amplitude, in all cases, with and without the effect of impurity.
Again, the energy shift to lower energies is due to the decreasing character of E12. When
comparing the results with and without impurity, there are no very appreciable changes in
the magnitude and position on the energy scale, which reaffirms what is shown in Figure 6,
that the impurity effect on the electron is small.
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Figure 10. The total optical absorption coefficient (a,b) and relative changes in the total refractive
index coefficient (c,d) as a function of the energy of the incident photon in a ZnS/CdS/ZnS spherical
QD, for three values of the electric field: zero, 30 kV/cm, and 50 kV/cm. The results are without (a,c)
and with (b,d) donor impurity at the QD center. Calculations are for R1 = 4 nm, R2 = 11 nm, and
R3 = 12 nm. The optical transition is between the states |1〉 → |2〉, with m = 0 and without external
magnetic field effects.

The calculated optical coefficients shown in Figure 10 follow the same structure
as in Figures 8 and 9 but were evaluated for several values of an applied electric field.
Figure 10a,b show a clear decrease in the magnitude of both the absorption coefficient peak
and the relative refraction index change coefficient as the intensity of the applied electric
field increases. This occurs because, unlike the previous results in Figures 8 and 9, |M12|2
strongly decreases whilst E12 strongly increases with the field [see Figure 7]. The product
E12|M12|2 decreases as the electric field intensifies. A shift in the energy values towards the
blue appears because E12 increases as the electric field increases [see Figure 7c,d]. Finally,
in Figure 10c,d, it is shown that ∆n decreases as the electric field increases and shifts to
higher values of the incident photon energy due to the same reasons discussed above.
An important result to keep in mind is that the impurity interacts more with the electron
for zero electric fields, but as the field increases, the influence of the impurity becomes
almost null. It is worth mentioning that α(3), and ∆n(3) are not shown in the graphs because
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depending on |M12|4, their amplitudes are very small, and their contribution to the total
values of α, and ∆n, is unimportant.

Finally, it is worth commenting that the so-called colloidal quantum dots correspond
to the type of multilayer structures reported in this study. In general, their sizes are in
the range of 4 nm and 10 nm in diameter, and their optical properties for technological
uses are modifiable with electric fields in the range of several tens of kV/cm and magnetic
fields in the range from 0–50 T [42–44]. We hope that this study will serve as motivation
for researchers in the experimental field to undertake the task of synthesizing the type of
multilayer structures such as the one reported in this article and to consider the possibility
of technological applications.

4. Conclusions

We have investigated the nonlinear optical response of ZnS/CdS/ZnS core/shell/shell
spherical quantum dots related to energy transitions between the ground state (|1〉) and the
first excited state (|2〉) in the system. For that purpose, the electronic states were determined
from the solution of the effective mass equation -with and without the presence of a donor
impurity (which was assumed to be placed at the center of the spherical complex)- using
the finite element method as implemented in COMSOL-Multiphysics software. The study
considers the influence of changes in dot size and the presence of static electric and magnetic
fields externally applied to the system. It is determined that geometrical modifications, as
well as the increment in applied field intensities, have a noticeable impact on the amplitude
and the position of total -linear plus third-order nonlinear- light absorption and relative
refractive index change coefficients. Besides, the inclusion of impurity effects reveals
significant modifications in the electronic spectrum, which also reflect on the investigated
optical properties.

Results obtained for peak energies and amplitudes in the optical coefficients could
be used in the designing of optoelectronic devices, which would be tuned to different
energies and amplitudes by changing the external probes and electric and magnetic fields.
For instance, in this case, transition energies fall within the range 1.5–20 meV, which
corresponds to the terahertz region.

Author Contributions: R.G.T.-N.: Conceptualization, methodology, software, formal analysis, inves-
tigation, writing; J.C.L.-G., J.A.V.: Methodology, software; A.L.M.: Formal analysis, investigation,
supervision, writing; F.K., A.E.K., M.S., J.S.-O., J.C.M.-O., R.L.R.: Formal analysis, writing; M.E.M.-R.,
C.A.D.: Formal analysis, writing. All authors have read and agreed to the published version of
the manuscript.

Funding: JAV, ALM, and CAD are grateful to the Colombian Agencies: CODI-Universidad de
Antioquia (Estrategia de Sostenibilidad de la Universidad de Antioquia and projects “Propiedades
magneto-ópticas y óptica no lineal en superredes de Grafeno”, “Estudio de propiedades ópticas en
sistemas semiconductores de dimensiones nanoscópicas”, “Propiedades de transporte, espintrónicas
y térmicas en el sistema molecular ZincPorfirina”, and “Complejos excitónicos y propiedades de
transporte en sistemas nanométricos de semiconductores con simetría axial”), and Facultad de
Ciencias Exactas y Naturales-Universidad de Antioquia (ALM and CAD exclusive dedication projects
2022-2023). ALM, RLR, and CAD also acknowledge the financial support from El Patrimonio Autónomo
Fondo Nacional de Financiamiento para la Ciencia, la Tecnología y la Innovación Francisco José de Caldas
(project: CD 111580863338, CT FP80740-173-2019). MEMR acknowledges Mexican CONACYT for
support through Grant A1-S-8218.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Conflicts of Interest: The authors declare no conflict of interest.



Nanomaterials 2023, 13, 550 17 of 18

References
1. Mommadi, O.; El Moussaouy, A.; Chnafi, M.; El Hadi, M.; Nougaoui, A.; Magrez, H. Exciton phonon properties in cylindrical

quantum dot with parabolic confinement potential under electric field. Physica E 2020, 118, 113903.
2. Heyn, C.; Radu, A.; Vinasco, J.A.; Laroze, D.; Restrepo, R.L.; Tulupenko, V.; Hieu, N.N.; Phuc, H.V.; Mora-Ramos, M.E.; Ojeda,

J.H.; et al. Exciton states in conical quantum dots under applied electric and magnetic fields. Opt. Laser Technol. 2021, 139, 106953.
3. Mora-Ramos, M.E.; Vinasco, J.A.; Laroze, D.; Radu, A.; Restrepo, R.L.; Heyn, C.; Tulupenko, V.; Hieu, N.N.; Phuc, H.V.; Ojeda,

J.H.; et al. Electronic structure of vertically coupled quantum dot-ring heterostructures under applied electromagnetic probes. A
finite-element approach. Sci. Rep. 2021, 11, 1–16.

4. Elborg, M.; Noda, T.; Mano, T.; Kuroda, T.; Yao, Y.; Sakuma, Y.; Sakoda, K. Self-assembly of vertically aligned quantum ring-dot
structure by multiple droplet epitaxy. J. Cryst. Growth 2017, 477, 239–242.

5. Babin, H.G.; Ritzmann, J.; Bart, N.; Schmidt, M.; Kruck, T.; Zhai, L.; Löbl, M.C.; Nguyen, G.N.; Spinnler, C.; Ranasinghe, L.; et al.
Charge tunable GaAs quantum dots in a photonic n-i-p diode. Nanomaterials 2021, 11, 2703.

6. Portacio, A.A.; Jiménez, A.F.; Urango, M.P. Theoretical study on the change of index of refraction and the optical absorption in a
quantum dot in the presence of a uniform magnetic field. Rev. Mex. Fis. 2016, 62, 330–335.

7. Holovatsky, V.; Chubrey, M.; Voitsekhivska, O. Effect of electric field on photoionisation cross-section of impurity in multilayered
quantum dot. Superlattices Microstruct. 2020, 145, 106642.

8. Kuzyk, O.; Dan’kiv, O.; Peleshchak, R.; Stolyarchuk, I. Baric properties of CdSe-core/ZnS/CdS/ZnS-multilayer shell quantum
dots. Physica E 2022, 143, 115381.

9. Niculescu, E.C.; Cristea, M. Impurity states and photoionization cross section in CdSe/ZnS core–shell nanodots with dielectric
confinement. J. Lumin. 2013, 135, 120–127.

10. Holovatsky, V.A.; Voitsekhivska, O.M.; Yakhnevych, M.Y. The effect of magnetic field and donor impurity on electron spectrum in
spherical core-shell quantum dot. Superlattices Microstruct. 2018, 116, 9–16.

11. Cristea, M. Simultaneous effects of electric field, shallow donor impurity and geometric shape on the electronic states in ellipsoidal
ZnS/CdSe core-shell quantum dots. Physica E 2018, 103, 300–306.

12. Chnafi, M.; Belamkadem, L.; Mommadi, O.; Boussetta, R.; Hadi, M.E.; Moussaouy, A.E.; Falyouni, F.; Vinasco, J.A.; Laroze, D.;
Mora-Rey, F.; et al. Hydrostatic pressure and temperature effects on spectrum of an off-center single dopant in a conical quantum
dot with spherical edge. Superlattices Microstruct. 2021, 159, 107052.

13. Duque, C.A.; Porras-Montenegro, N.; Barticevic, Z.; Pacheco, M.; Oliveira, L.E. Electron-hole transitions in self-assembled
InAs/GaAs quantum dots: Effects of applied magnetic fields and hydrostatic pressure. Microelectron. J. 2005, 36, 231–233.

14. Hien, N.D.; Duque, C.A.; Feddi, E.; Hieu, N.N.; Phuc, H.V. Magneto-optical effect in GaAs/GaAlAs semi-parabolic quantum well.
Thin Solid Films 2019, 682, 10–17.

15. Montes, A.; Duque, C.A.; Porras-Montenegro, N. Density of shallow-donor impurity states in rectangular cross section GaAs
quantum-well wires under applied electric field. J. Phys. Condens. Matter 1998, 10, 5351–5358.

16. Heyn, C. Kinetic model of local droplet etching. Phys. Rev. B Condens. Matter 2011, 83, 165302.
17. Heyn, C.; Zocher, M.; Küster, A.; Hansen, W. Droplet etching during semiconductor epitaxy for single and coupled quantum

structures. Quantum Dots Nanostructures Growth, Charact. Model. XV 2018, 10543, 38–47.
18. Xiao, X.; Fischer, A.J.; Wang, G.T.; Lu, P.; Koleske, D.D.; Coltrin, M.E.; Wright, J.B.; Liu, S.; Brener, I.; Subramania, G.S.; Tsao, J.Y.

Quantum-size-controlled photoelectrochemical fabrication of epitaxial InGaN quantum dots. Nano Lett. 2014, 14, 5616–5620.
19. Wang, J.; Zhou, G.; He, R.; Huang, W.; Zhu, J.; Mao, C.; Wu, C.; Lu, G. Experimental preparation and optical properties of

CeO2/TiO2 heterostructure. J. Mater. Res. Technol. 2020, 9, 9920–9928.
20. Yang, W.; Zhang, B.; Ding, N.; Ding, W.; Wang, L.; Yu, M.; Zhang, Q. Fast synthesize ZnO quantum dots via ultrasonic method.

Ultrason. Sonochem. 2016, 30, 103–112.
21. Valizadeh, A.; Mikaeili, H.; Samiei, M.; Farkhani, S.M.; Zarghami, N.; kouhi, M.; Akbarzadeh, A.; Davaran, S. Quantum dots:

Synthesis, bioapplications, and toxicity. Nanoscale Res. Lett. 2012, 7, 1–14.
22. Aouami, A.E.; Feddi, E.; El-Yadri, M.; Aghoutane, N.; Dujardin, F.; Duque, C.A.; Phuc, H.V. Electronic states and optical properties

of single donor in GaN conical quantum dot with spherical edge. Superlattices Microstruct. 2018, 114, 214–224.
23. Heyn, C.; Duque, C.A. Donor impurity related optical and electronic properties of cylindrical GaAs− AlxGa1−x As quantum

dots under tilted electric and magnetic fields. Sci. Rep. 2020, 10, 9155.
24. Pulgar-Velásquez, L.; Sierra-Ortega, J.; Vinasco, J.A.; Laroze, D.; Radu, A.; Kasapoglu, E.; Restrepo, R.L.; Gil-Corrales, J.A.;

Morales, A.L.; Duque, C.A. Shallow donor impurity states with excitonic contribution in GaAs/AlGaAs and CdTe/CdSe
truncated conical quantum dots under applied magnetic field. Nanomaterials 2021, 11, 2832.

25. Rodríguez-Magdaleno, K.A.; Pérez-Álvarez, R.; Ungan, F.; Martínez-Orozco, J.C. Strain effect on the intraband absorption
coefficient for spherical CdSe/CdS/ZnSe core–shell–shell quantum dots. Mater. Sci. Semicond. Process. 2022, 141, 106400.

26. Divsar, F. Introductory Chapter: Quantum Dots, in Quantum Dots—Fundamental and Applications; IntechOpen: London, UK, 2020;
[Online]

27. Selopal, G.S.; Zhao, H.; Wang, Z.M.; Rosei, F. Core/shell quantum dots solar cells. Adv. Funct. Mater. 2020, 30, 1908762.
28. Sahu, A.; Kumar, D. Core-shell quantum dots: A review on classification, materials, application, and theoretical modeling. J.

Alloys Compd. 2022, 924, 166508.



Nanomaterials 2023, 13, 550 18 of 18

29. Huang, X.; Tong, X.; Wang, Z. Rational design of colloidal core/shell quantum dots for optoelectronic applications. J. Electron. Sci.
Technol. 2020, 18, 100018.

30. Zeiri, N.; Naifar, A.; Nasrallah, S.A.B.; Said, M. Third nonlinear optical susceptibility of CdS/ZnS core-shell spherical quantum
dots for optoelectronic devices. Optik 2019, 176, 162–167.

31. Linkov, P.A.; Vokhmintcev, K.V.; Samokhvalov, P.S.; Laronze-Cochard, M.; Sapi, J.; Nabiev, I.R. Effect of the semiconductor
quantum dot shell structure on fluorescence quenching by acridine ligand. JETP Lett. 2018, 107, 233–237.

32. Zeiri, N.; Naifar, A.; Nasrallah, S.A.B.; Said, M. Theoretical investigation on the third order nonlinear optical susceptibility in
CdS/ZnS/CdS/ZnS core/shell/well/shell quantum dots for optoelectronic applications. Phys. Scr. 2020, 95, 017001.

33. Kuzyk, O.; Stolyarchuk, I.; Dan’kiv, O.; Peleshchak, R. Baric properties of quantum dots of the type of core (CdSe)-multilayer
shell (ZnS/CdS/ZnS) for biomedical applications. Appl. Nanosci. 2022, 1–10.

34. Vinasco, J.A.; Radu, A.; Niculescu, E.; Mora-Ramos, M.E.; Feddi, E.; Tulupenko, V.; Restrepo, R.L.; Kasapoglu, E.; Morales, A.L.;
Duque, C.A. Electronic states in GaAs-(Al,Ga)As eccentric quantum rings under nonresonant intense laser and magnetic fields.
Sci. Rep. 2019, 9, 1427.

35. Vinasco, J.A.; Londoño, M.A.; Restrepo, R.L.; Mora-Ramos, M.E.; Feddi, E.M.; Radu, A.; Kasapoglu, E.; Morales, A.L.; Duque, C.A.
Optical absorption and electroabsorption related to electronic and single dopant transitions in holey elliptical GaAs quantum
dots. Phys. Status Solidi B 2018, 255, 1700470.

36. Popescu, I.; Hristache, M.; Ciobanu, S.S.; Barseghyan, M.G.; Vinasco, J.A.; Morales, A.L.; Radu, A.; Duque, C.A. Size or
shape—What matters most at the nanoscale? Comput. Mater. Sci. 2019, 165, 13–22.

37. COMSOL. Multiphysics; v. 5.4; COMSOL AB: Stockholm, Sweden.
38. COMSOL. Multiphysics Reference Guide; COMSOL AB: Stockholm, Sweden, 2012.
39. COMSOL. Multiphysics Users Guide; COMSOL AB: Stockholm, Sweden, 2012.
40. Ahn, D.; Chuang, S.-L. Calculation of linear and nonlinear intersubband optical absorptions in a quantum well model with an

applied electric field. IEEE J. Quantum Electron. 1987, 23, 2196-2204.
41. Hasanirokh, K.; Radu, A.; Duque, C. Donor impurity in CdS/ZnS spherical quantum dots under applied electric and magnetic

fields. Nanomaterials 2022, 12, 4014.
42. Liu, M.; Yazdani, N.; Yarema, M.; Jansen, M.; Wood, V.; Sargent, E.H. Colloidal quantum dot electronics. Nat. Electron. 2021, 4,

548–558.
43. Furis, M.; Hollingsworth, J.A.; Klimov, V.I.; Crooker, S.A. Time-and polarization-resolved optical spectroscopy of colloidal CdSe

nanocrystal quantum dots in high magnetic fields. J. Phys. Chem. B 2005, 109, 15332–15338.
44. Yu, J.; Shendre, S.; Koh, W.K.; Liu, B.; Li, M.; Hou, S.; Hettiarachchi, C.; Delikali, S.; Hernández-Martínez, P.; Birowosuto, M.; et al.

Electrically control amplified spontaneous emission in colloidal quantum dots. Sci. Adv. 2019, 5, eaav3140.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


	Introduction
	Theoretical Model
	Results and Discussion
	Conclusions
	References

