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Abstract

The paper gives the construction of the half-plane analog of the part of
the factorization theory of M. M. Djrbashian — V. S. Zakaryan, where
Djrbashian’s generalized fractional integral was used to establish the de-
scriptive representations and boundary properties of meromorphic in the
unit disc functions of the classes N{w} contained in the Nevanlinna class
N of functions of bounded type. Some results of nearly the same type
are obtained for several weighted classes of meromorphic in the upper
half-plane functions with bounded Tsuji characteristics by application of
the Laplace transform along with an Hadamard—Liouville type generalized
integro-differential operator with an unbounded integration contour, which
becomes the Liouville integro-differentiation in a particular case.

MSC 2010: Primary 30D30; Secondary 31A20, 31A05, 31A10, 31A15.
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1. Introduction

As it is well-known, the generalized Hadamard operator L) of M. M.
Djrbashian (see [8], pp. xxxi, xxxvi, 344-346, 432, 435) or, as it is called
Djrbashian’s (Dzherbashyan’s) generalized fractional integral, was used to
construct the factorization theory of the Nevanlinna type classes N{w} [1.2]
of functions meromorphic in the unit disc of the complex plane. Some of
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these classes contain Nevanlinna’s class N of functions of bounded type
and exhaust all functions meromorphic in the unit disc, while the others
are contained in N and possess better boundary properties.

This paper gives a half-plane analog of the part of the theory of [Il
2], which relates with the factorization and boundary properties of func-
tions from those classes N{w} which are contained in Nevanlinna’s class
N. Along with the Laplace transform, here we use a generalized integro-
differential operator with an unbounded integration contour, which be-
comes the Liouville integro-differentiation in a particular case. As a result,
nearly the same type statements, as for N{w} C N in [Il 2], are obtained
for several weighted classes of meromorphic in the upper half-plane func-
tions with bounded Tsuji characteristics. The obtained results extend the
results of [3], which are on harmonic functions, to meromorphic functions,
also they are the extensions of several results of Chapters 3, 5, 8 in [6] to
more general weights. The considered in this paper classes of meromorphic
functions are defined by the condition that the w-partial derivatives (see
[7]) of the logarithms of their modules satisfy the growth condition of E.
D. Solomentsev’s class 2™ [9].

Everywhere below, we assume that w(z) is a function of the class (,
i.e. w(x) > 0, is nonincreasing in (0, 4+00),

w(z) <z® forsome —1<a<0 andany x>Ag>0

(w(z) < x“ means that C1z® < w(z) < Coz® for some constants C 2 > 0)
x
wi(zx) = / w(t)dt < +o00, 0<x < +o0.
0

For w(x) € Q and functions u(z) given in the upper half-plane G* = {z :
Im z > 0}, we formally introduce the Hadamard-Liouville type operator

“+oo
Lyu(z) = —Lwlaayu(z), where Ly, u(z) := /0 u(z + i\)dwi (N).

Besides, we use the Cauchy type kernel

Cul2) / T Aty / T ()
wlZ) = e s w = € w )
0 1,(t) 0
which for power functions w(z) = 2% (-1 < a < +00) becomes the 1 + «
order of the Cauchy kernel:
1 1
Cu(2) ‘ = Cu(2), Cu(2) ‘ — =)

w(z)=ze  (—iz)lte w@)=1 —iz

for all z € GT, and it is easy to verify that
L,C,(2) = Cy(z), z€GT . (1.1)
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2. A boundary property of the ordinary Blaschke product

It is well known that, if a sequence of numbers {(x}5° = {& + ink}3° C
G satisfies the condition

o
> ke < oo, (2.1)
k=1

then, the ordinary Blaschke product

HbOZCk H gk, Z€G+,

k=17~ " Sk

uniformly converges everywhere in C, except the closure of the set ,{Zk}k’
and represents a holomorphic function with zeros {(;}» and poles {(} }-
The below theorem is on a boundary property of the function By(z).

THEOREM 2.1. Let a sequence {(x}7, C GT satisfy and
o0
Z Nk <
= |G — |
for some point x € (—oo,+00). Then, at this point there exists

Bofa) = lim Bo(a +iy), and [Boa)] = 1. (2.2)

P roof. The relations (2.2) are true for all factors of the product
By(z). For extending (2.2]) to an infinite product, observe that

Z

k=

1‘:22|z—ck| Zm—ck\

k=1

Z—Ck

for any z = x + iy with 0 < y < Ry < 400, and hence the product By(z)
is uniformly convergent on the closed interval {z = z 4+ iy : 0 < y < Ry}
perpendicular to the real axis at the point x. O

Now, let us prove some lemmas necessary for proving the main theorem
of this section. Beforehand, we recall the following definition from [3].

DEFINITION 2.1. Let w € Q. Then a Borel measurable set (B-set)
E C (—00,400) is of positive w-capacity or Cy,(E) > 0, if there exists a
Borel measure (B-measure) 7 > 0 supported on E (7 < E) and such that

/_ ;OOdT(t): /E dr(t) = 1 (2.3)
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and .
S := sup / |Cw(z — t)|d7(t) < 4o0. (2.4)
z€Gt J —o0

If there is no such a measure, i.e. S = +o0o for any nonnegative B-measure
T < E satisfying (2.3), then E is of zero w-capacity, or C,(E) = 0.

LEMMA 2.1. Let w(z) € Q, and let

[k
w(z)dx < +o00. (2.5)
oy
for a sequence {(}32; C G*. Then
Z |Cuo (G — 1) </nk w(:r)da:) < 400 (2.6)
k=1 0

for all t € (—o0,+00) except, perhaps, a set of points E with C,,(F) = 0.

P r oo f. On the contrary, suppose C,(E) > 0 for a set E, where the

sum of (2.6)) is divergent. Then, the relations (2.3)) and (2.4 are true for
2.7)

some nonnegative B-measure 7 < E, and by (2.5)) and (| we come to a
contradiction:
too | X M
+oo = / Z |Cuu (G — 1) (/ w(:c)da:)] dr(t)
—00 k=1 0
o0 Mk +oo
= [(/ w(z)dm) / ‘Cw(Ck - t)}dT(t)]
k=1 0 —0

o0

< sup {/_+oo |Cu(¢ — t)‘d’i‘(t)} g/onk w(z)dr < 4o0. 0

LEMMA 2.2. Let w € Q and let

+oo dh
lim ®(y) =+oco0 for P(y):= / _. (2.7)
y—+0 y hfohw(x)dx
Then 4
... Cuiy) e %dy
1 f >J = —_—. 2.
mint o0 =7 /0 1+ le (28)

P r o o f. The function w(z) is non-increasing on (0, +00), and hence

h
w(h) < }11/0 w(z)dx (2.9)
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for any h > 0. Further, for any ¢ > 0

T e " e " w(h) _y,
e w(z)dr < | w(x)dx+w(h) e dr = | w(x)dr+——e "
0 0 h 0 t
Therefore, by (2.9)

+00 e th h
/ e w(z)dr < <1 + ) / w(z)dx.
0 th J Jo

Hence,
+oo e Mt
o , +oo e Mt 0 T(h)TeFt
——Cy(ih) = e > 3
Ooh o o Tetrw(x)dr Jo w(z)dz
ie.
h -1 o
J [h/ w(x)dx} < ——Cyu(ih). (2.10)
0 Oh
Now, note that by Lemma 2.1 of [3]
. 9 .
Co(iy) = —/y %C’w(zh)dh.

Hence, for any fixed 0 < M < +ocand 0 <y < M
M9
Cy,(iy) = — —C,(ih)dh + Ay,
i) == | grCuiman o

where Ay := — AZOO a%Cw (¢h)dh > 0 is a constant. Therefore, by (2.10))
-1

M h
Cy(iy) > Ap + J/ [h/ w(m)dx] dh.
Y 0
Hence, (2.8]) holds by ({2.7). O

LEMMA 2.3. Let a function w € € be such that (2.7) is true. Then

y—+0

lim inf [Cw(iy) /wa(x)d:c} > 750, (2.11)

P roof. Along with ®(y) defined by ([2.7)), we consider the function

6 = | [ wtoras] h

and observe that lim ®(y) = lim G(y) = +oo. Further, applying the
y——+0 y——+0
Cauchy mean value theorem and ([2.9) we conclude that for any fixed 0 <
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y < yo < +oo there is a point ¥ (y < ¥ < yo) such that

Do)~ 2(y) _ V(@) _ Jyw@)ds

> 1.
G(y) - Gy) G'() yw(y)
Hence
O(y) P(yo) G(wo)
>1+ — =14o0(1) as y— +0.
Gy =t Gl Gl W
Thus, liminf, o |2 | > 1, and (2.11)) follows by [@.3). O
v G(y)

Now, we proceed to the main theorem of this section.

THEOREM 2.2. Let w(z) € Q, let be true, and let {(;}32, C G
be sequence satisfying . Then, the product By(z) is convergent in GT,
and the relation is true for all x € (—o0, +00) except, perhaps, a set
E with C,(E) = 0.

Proof. It is easy to verify that the statement of Lemma 4.1 in [3]
is true for any countable unions of zero w-capacity sets. Hence, it suffices
to prove that for any 0 < R < +oo the sets Er = F N (—R, R), where
is not true, are of zero w-capacity, i.e. Cy(Egr) = 0. To this end, we
decompose

B = [ T[ + I[ | =% = a5 + B(»)

<R led>R) F TSk

and observe that B(z) is a holomorphic function in the strip {z = = + iy :
—R <z <R, —o0 <y < +oo} containing the interval (—R, R) and
|B(z)| =1, =R < x < R. Thus, it suffices to prove the desired statement
for A(z) and the set Fr. To this end, observe that by Lemma the sum

3 [uein—0 ([" o)

converges for all |t| < R, except, perhaps, a set H C [—R, R] with C,(H) =
0. Using Lemma 4.2 of [3], we obtain that for any z = x + iy € G+

Cu(2)] > Re Cu(2) = Re L <1> ~ Re /;oo _i(ld&(a)

—iz z +1i0)

+00
y+o .
= YT g 2.12
| ) (212
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where @(c0) is a nondecreasing function in (0,400), such that
~ ~ 1
w(0)=0 and w(t) < o) 0<t< +o0.

Further, for z = z + iy with |z] < R, 0 < y < Ry < +00, and any o > 0
S
|z + io|? (y+o0)?

where M > 0 is a constant depending only on R and Ry. Indeed, (2.13))

is obvious for ¢ > 1. For the case 0 < o < 1, observe that the change the
variables w = €**, 7 = €77 in the inequality

(2.13)

1 - wl 1 — [w]
1 —wr* = (1= fwlr)*’

lw <1, 0<7<1,

(see [2], p. 83) gives

|1 — €| 1—e¥

+
‘1 _ ei(z-&-ia)’Q = (1 _ e—(y+a))2’ ze€G", 0<o < +oo.

For finishing the proof of , it remains to see that expanding the con-
sidered functions in their Taylor series we can find some constants C1 23 > 0
depending only on R and Ry and such that C1|z| > [1—e®*| > 1—e™¥ > Cay,
|z +i0| < 03‘1 — el(zﬂ")‘ and 1 — e~ W) <y 1o

By (2.12)) and ( we obtain that for |z| < R and 0 < y < Ry

0 dw(o) My
Cy, = C,(iy). 2.14
Cule + )| > ,xﬂy‘/ e e LK O CRT)

Further, by - ) there exists a number § > 0 such that

y
Cw(iy)/ w(z)dr >0 >0, 0<y<Ry.
0

Consequently, by (2.14) and (| we conclude that

M6|Cnt\<|c ]/ r)dr, (=&+ineGT, —R<t<R.
Hence, the desired statement for A(z) follows by Theorem ]

3. A boundary property of subclasses of meromorphic functions
of bounded type in the half-plane

We start by a consideration of delta-subharmonic functions which are
a generalization of log|f(z)| of a meromorphic function f(z). Before re-
calling some necessary definitions from [7], note that under the assumption
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that U(z) is a delta-subharmonic function and w(t) € Q we use the Tsuji
characteristics of the form

L(p,£L,U) = % _:O{j:LwU(ﬂIH—z',o)}JralaH—//G;r (/Olm Cw(t)dt) dv+(Q),

where 0 < p < 400 and a* = max{a,0}. Note that this definition is of
sense. Indeed, if U(z) has a sufficiently rapid rate of decrease at oo and its
charge v(() is such that the Green type potential composed by the Blaschke
type factors of [7] converges, then the function u(z) = U(z) — P,(z), where

Poe) = [ tolbu(z0lav()

is the mentioned potential, is harmonic in G*, and L,U(z) = Lyu(z) +
L,P,(z), where L,u(z) and L, P, (z) are well defined in [7].

DEFINITION 3.1. For w(t) € Q satisfying Holder’s condition on (0, Ro]
(0 < Ry < +00), the class M™ is the set of all delta-subharmonic in G
functions U(z) such that:

(i) The associated with U(z) charge v is such that Im {suppr} < Ry <
400, and for any p > 0 the closure of the set Re {(suppv) NG} is
of zero Lebesgue measure.

(ii) U(z) € M,, i.e. there exists an angular domain A(dy, Ry) = {z :
|m/2 —arg z| < do,|2| > Ro} with some 0 < §p < 7/2 and 0 < Ry <
400, such that

too | 9

sup —U(z+1io

zE/C/O dy ( )
for any compact K C G N A(dp, Ro).

(iii) The Tsuji characteristics of L,U(z) is such that

sup [£(p, LU) + £(p, —L,U)]| := 8 < +oo.

p>0

w(o)do < +oo

REMARK 3.1. The class 91 is the same as that of Definition 4.1 in [7].
For harmonic in G* functions U(z), Definition differs from Definition

3.1 of [3] only in Hélder’s condition for w(x), which provides some properties
of the functions L, P, (z) and L, FPy(z).

Before proving a theorem on the difference of the Green type potential
P,(z) and the ordinary Green potential Py(z), note the following formula

RSk SO L
ogho(z. () =los =2 = [t sAG (Y
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for the logarithm of the ordinary Blaschke factor and recall that the Green
potential

Py(z) = //G+ log |bo(2,Q)|dv(¢), =€ GT,

is convergent when the Borel measure v(¢) > 0 satisfies the Blaschke con-
dition

U .
//G+1+‘<‘2 dv(¢) < 400, (=¢&+1n.

THEOREM 3.1. Let w(x) € Q, let the Borel measure v({) > 0 of a
Green type potential P, (z) satisty the condition [[,. ()’ w(z)dz) dv({) <
+o00 and sup{Im(supp v)} = Ry < +oo. Further, let for any p > 0 the set
Re {(supp )G} } be nowhere dense in (—co,40c). Then, the function

b (2 ¢)
D,(z2) = L,lo dv 3.2
) //G+ ®bo(z, 0) © (32)
is holomorphic in GT, and for any z € G
1 [tee
Re Lz®,,(2) = Py(2)— Py(z) = ap+arx— 7T/ Re C,(z—t)do(t), (3.3)

where L is the operator of (2.12)), ap,a; € (—oo,+00) are some numbers
and o(t) is of bounded variation on (—oo, +00).

P roof. Note that by Lemma 2.5 of [7] the integrand ¢,(z,() =
Ly log %5(72’8 in (3.2) is holomorphic in G*. Besides, by formulas (2.13) of
[7] and (2.9) we obtain hat for any 0 < pg < 400

+o0 2nw(t)dt T w(t)dt "_w(t)dt
‘(Pw(Z,C)’ S/T] |Z_C_|_Z't||z—z—|—it| +X} |Z_Z_it’ +/0 |Z_E+it|

+eo dt ow(t)dt ow(t)dt
< 2nw(n) + + —
n W=n+t)y+n+t) Jo y+n—t Jo y+n+t
teo dt 2 [ 2nw(n) 2 (7
<2 e t)dt = 25 L 2 t)dt
< W(n)/n T y/ w(t) ; y/ w(t)

4 [ 4 o
<- [ wtdt< — | wt)dt, z=z+iyeG,. (3.4)
Y¥Jo Po Jo

Hence, by (2.5) we conclude that for any z € G;‘O

NCEA bw(z’g))\du@) < ([ o) o) < 4.

bo(Z,(

L,
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Thus, the integral of ®,(z) is uniformly convergent in any half-plane G;O,
po > 0, and ®,,(z) is holomorphic in GT. Besides, Re ®,(z) <0, z € GT,

by Lemma 2.6 of [7], and hence by the Herglotz-Riesz theorem

+oo
Y do(t) ; +
Re®,,(z) = py — > , z= €GT,
e®y(2) = py 7r/_oo G It

where p = liril y'Re ®,,(iy) < 0, while ¢(t) is nondecreasing and f+°° do(t)
y—) (o)

—oo 14¢2
+o0o. Further, supy |®,(iy)| < +oo by (3.4) and (2.5)), and hence
y>0

+o00 +oo y2
/ do(t) < liminf / do(?)]

oo y—+oo J_ o 12+ y?
= liminf y [Re @, (iy)| < supy |®(iy)| < +oo.
Yy—>—+00 y>0

Consequently, using ([1.1)) we obtain that for any z = x + iy € G

oo do(t
Redu(z) =~ /_oo (2~ t)(2)+y2

—+00

—_— <Re71r Co(z — t)da(t)) : (3.5)

—00

where o(t) is nondecreasing and bounded. On the other hand, Re ®,,(z) =
L,P,(z) — L,Py(z) in the whole GT. To prove this, first observe that

L,Py(z) = //+ L, log |by(z,¢)|dv(¢C), vy > 2n.
G
Indeed, by (3.1))

+o0 n dt
L, IOg‘bO(zvgﬂ = Re/O W(U)da/n [Z+Z'O'*§*it]2

= Re (/OW+/77AO+/AJ;°°)M(U)C[U/_: [z+iacit§—it]2

=K + Ky + Ks.

Evidently, for any z = x + iy € G;Ro’ n<Roandy+o—1t>y/2

| K| </nw(a)da/n dt </nw(a)do‘/n o
= e tio—¢—at]2 = ) Ly (y+to—t)?
4 [T n n
< / w(a)da/ dtSMRO/ w(o)do.
0 0

2
0 -n
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Besides, by ([2.9))
Bo " dt 8 A
]

g lztio =& —it]? T Yy

n
< M, | wlo)in

and by the inequalities y + 0 —t > ¢ and w(n) > w(Ry) we get

+o00 n dt +00 n
| K3 §/ aada/ . — §/ aa2da/ dt
Ao —n |Z+’LO’—€—Z7§| Ao —n

277w(77)Aa_1 n
= m MAO,ROQ/O W(O')do"

where Mp,, M/Ao,Rm MAO Roa > 0 depend only on «, Ay and Ry. Thus,

n
| L, log |bo(z,Q)|] < Z’07R07 /0 w(o)do

with MY g o = Mg, + Mj, g, + MJ, ry.ar and by (2.5)

L Po(2)] < / / Lo log [bo(z )| di ()

M na [ ( [ wto ) w©).  (36)

So, the integrand of L, Py(z) has an independent of z € G;r R,» integrable
majorant, and hence L, Py(z) is harmonic in G;RO. Moreover, it is easy to

verify that
_ / / L, log |bu(z, O)|dv(C)
G+

is harmonic in the domain D = {z € GV 2 ¢ Uccsuppr [ Re C]} of Theo-

rem 3.2 of [7]. Thus, Re®,(z) = L,P,(2) — L,Po(z) in the whole G* by
the uniqueness of harmonic function.

Now observe that by (3.6) Py(z) € M, with the domain A(7/2,2Ry),
while P, (z) € M, for A(ﬂ'/2 Ry + 1 ) by (3.8) in [7]. Therefore, by .

—+o0 —+oo
/ 4 dm</ dx// dv (¢ / L
00 Gt n |Z - Zt’2

0y

//md” /dt/m EEr —t//a+d” Ji

< // ndv(() < o0, y > 2Ry.
Y Gt

—Py(z + iy)




12 A. Jerbashian, J. Restrepo

Thus Py(z) satisfies the condition (2.3) of [3], and by the representation
(2.1) of [7] we obtain that for any z = = + iy with y > 2Ry

~ Re //G+ (/_7; Cole — € — it)w(n — |t|)dt) v (C).

Hence, using the estimate (3.2) of [5] with ¢ € (0,14 «) and y > 2R (then
y —t > y/2) and the two-sided inequality (a + b)* < a* +b* (a,b,A > 0),
we get

+oo o )
[ [y
—+o00
g/ O (2 — € —zt!dm// dv(C / )t
+oo
< _
cRO,/ — mlﬁ //G+du /0 £t
+o0 n
<c ¢ du( ¢
floe / Is!1+E+Ro”€ //m V(¢ /0 w(t)
—+oco
//
Choe | s|+11+€//g+</ )du<c><+oo,

where the constants Cr, ., C} Ro.c c? Roe >0 depend only on Ry and €. Thus,
P, (z) satisfies the condition (2.3) of [3], along with Py(z). Finally, by (3.5)

Re®,(2) = Lo (Po(2) — Po(2)) = —Le, (71T /+oo

— 00

dx

dt

ReC,(z — t)da(t))

for all z € GT, and by Lemma 2.3 of [3] we come to formula (3.3)). O

Now, we prove the main theorem of this paper describing the boundary
behavior of meromorphic functions f(z) for which log|f(z)] € N (see

Definition [3.1)).

THEOREM 3.2. Let w(z) € Q satisfy Hélder’s condition on (0, Ry
(0 < Ry < +00) and be such that and are true. Then any
meromorphic in Gt function f(z), such that log |f(z)| € M, has non-zero,
finite non-tangential boundary values at all points x € (—o0, +00), except,
perhaps, a set of zero w-capacity.

Proof. If log|f(z)| € M, then by Theorem 4.1 of [7] and Remark
for any z € G*

1 [T
log | f(2)] :a0+a1$+7r/ Re{C’ z—t) }d;z )+ Po(z)+(Pu(2) — Py(2)),

—00
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where the potentials P, (z) and Py(z) are formed by the discrete charge of
the delta-subharmonic function log |f(z)|, while ag, a; are some real num-
bers. Hence, the following factorization holds by Theorem

Bo(z, {ar})

1C) = By o))

1 [t
X exp {co +c1z + -

Cu(z —t)d(u(t) —o(t)) + iC’} (3.7)
—0o0
for z € GT, where cg, c1,C are real numbers, u(t) and o(t) are some func-
tions of bounded variation on (—oo0,400) and {ax},{b,} C GT are the
sequences of zeros and poles of the function f(z). Further, by Theorem
the limits of the Blaschke products in the numerator and denominator of
the factorization by perpendiculars, and hence also by any nontangen-
tial paths, to the real axis exist, are finite and non-zero everywhere, except
some sets Ey o with Cy(E12) = 0. By Lemma 4.4 of [3], the exponential
factor in the factorization has the same property everywhere, except
a set F3 with C,(Fs3) = 0. Hence, the function f(z) has the same property
everywhere, except the set Fy = E1 U Fy U E3, and C,(E,) = 0 by Lemma
4.1 of [3]. O

COROLLARY 3.1. The uniqueness sets of the class of meromorphic
in GT functions possessing the factorization are the exceptional sets
of positive w-capacity on the real axis, where the concision of the non-
tangential boundary values of two functions imply the concision of these
functions in the whole G.

REMARK 3.2. If in the factorization ([3.7))
PR | ] —
o= lim y~log|f(z+iy)| =0

for some x € (—o0, +00), then the function f(z) is of bounded type in G*.
Thus, in particular Theorem [3.2] and its Corollary [3.1] establish a boundary
property of a subclass of functions of bounded type in G™.
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