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A CLASS OF INTEGRAL IDENTITIES
WITH HERMITIAN MATRIX ARGUMENT
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(Communicated by Richard A. Davis)

ABSTRACT. The gamma, beta and Dirichlet functions have been generalized
in several ways by Ingham, Siegel, Bellman and Olkin. These authors defined
them as integrals having the integrand as a scalar function of real symmetric
matrix. In this article, we have defined and studied these functions when the
integrand is a scalar function of Hermitian matrix.

1. INTRODUCTION

Several generalizations of Euler’s gamma function are available in the scientific
literature. The multivariate gamma function which is frequently used in multivari-
ate statistical analysis is defined by (Ingham [4], Siegel [10])

1.1 n(a) = etr(—X) det(X)*~(m+D/2 gx
(1.1) (a) (—X) det(X)
X>0

where etr(A) = exp(tr(4)), det(A) = determinant of A, and the integration is
carried out over m X m symmetric positive definite matrices. By evaluating the
above integral it is easy to see that

_ mm-1)/4 T g1 m-1
(1.2) Tp(a) =7 Hr<a 5 >,Re(a)> 7

j=1

The multivariate generalization of the beta function is given by

(1.3) B, (a,b) = / det(X)a—(m+1)/2 det(I,, — X)b—(m+1)/2 dX
0<X<Im
' (@)L (b)
= 1 Bm sy &)y

where Re(a) > (m—1)/2 and Re(b) > (m—1)/2. Siegel [10] established the identity

(1.4) B(a,b) = / det(Y)a—(m+l)/2 det(I,, + Y)—(a+b) dYy
Y >0
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which can be derived from (L3) by using the matrix transformation X =
(I,, + Y)7'Y. The multivariate gamma function defined above arises naturally in
the probability density function (p.d.f.) of the Wishart matrix. If W ~ W,,,(n, X),
n>m —1, ¥ > 0, then its p.d.f. is given by

—1 271W
{2mrn (5) deroy/2) e“"(‘ 2 )det<W><”m”/2,W>0~

Further, if Wi ~ Wy, (n1, In) and Wy ~ W,,(na, I,;,) are independent Wishart
matrices, then the p.d.f’s of X = (W7 + Wg)*1/2W1(W1 + Wg)*l/2 and Y =
W2_1/2W1W2_1/2 are given by

(B (" "2) ) det(X) /2= 0m 0 det(1, — X )22 0 < X < 1,
and
{Bu(5%) }_1 det(Y)™/2=(m+D/2 deg(I,,, + V)~ (/2 y 5 g,

respectively. Thus multivariate gamma and multivariate beta functions frequently
occur in the densities of random matrices (e.g., see Gupta and Nagar [3]) and hence
play a pivotal role in multivariate statistical analysis.

Let A = (a;;) be an m x m symmetric matrix. Define A(®) = (a;;),1<i,j < a.
Bellman [I] has defined a multivariate gamma function as

Ton(a a ),/ etr(—X)det(X)awr(erl)/de
m 1see+yQm X>0 HZL:2det(X(a))ka,1 )

where a; = ky—ji1 + -+ + ky and Re(a;) > (j —1)/2, j = 1,...,m. Using an
inductive argument, Bellman [I] showed that

i -1 -1
To(at,...,a;m) = gm(m—1)/4 HF (aj - ‘7T> ,Re(a;) > m2 .

j=1
Olkin [7], using matrix transformation, evaluated the above integral and established
similar results for the beta function. He also derived a matrix variate version of the
Liouville integral.

It may be noted here that integrands in (III), (IL3) and (L4) are real-valued
non-negative functions of symmetric matrices and have been evaluated over the
space of positive definite matrices. When these functions (or their modified forms)
have a Hermitian matrix as an argument and are integrated over Hermitian posi-
tive definite matrices, complex multivariate gamma and complex multivariate beta
functions are defined. These functions occur in the p.d.f. of complex Wishart
and complex beta matrices and play an important role in complex multivariate
statistical analysis.

In this article we study Bellman’s gamma function and Olkin’s beta function
in the case of Hermitian positive definite matrices. We also study the Liouville
integral and its generalizations to the complex case.

In Section 2] and Section [3] the generalized complex multivariate gamma and
generalized complex multivariate beta functions are defined, and several proper-
ties have been studied. In Section 4, the complex multivariate Dirichlet function
is studied, and the relationship between the Dirichlet function and the complex
multivariate gamma function is established. Finally, in Section Bl using results of
Section [2] and Section [B] we define generalized complex matrix variate gamma and
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generalized complex matrix variate beta distributions. The distributions so defined
are closely related to the complex matrix variate gamma and the complex matrix
variate beta distributions.

2. GENERALIZED COMPLEX MULTIVARIATE GAMMA FUNCTION

In this section we will define generalized complex multivariate gamma function.
We first state the following notations and results (Khatri [5], Srivastava [I3]) that
will be utilized in this and subsequent sections. Let A = (a;;) be an m x m
matrix of complex numbers. Then, A’ denotes the transpose of A; A denotes
conjugate of A; A denotes conjugate transpose of A; tr(A) = a1 + -+ + Gy
etr(A) = exp(tr(A)); det(A) = determinant of A; A = AH > 0 means that A is
Hermitian positive definite and A'/2 denotes the unique Hermitian positive definite
square root of A = A¥ > 0. The submatrices A®) and Aa), 1 < a < m, of the
matrix A are defined as A(®) = (aij), 1 <4,j <, and A,y = (ai;), a < 4,5 <m,
respectively.

Lemma 2.1 (Khatri [5]). Let Z and W be m x m Hermitian positive definite
matrices. If Z = GWGH | where G (m x m) is a complex nonsingular matriz, then
J(Z — W) = det(GGH)™.

Lemma 2.2 (Goodman [2]). Let W be a Hermitian positive definite matriz and
W =TTH, where T is an m x m complex tm’angular matriz with positive diagonal
elements. Then, (i) J(W — T) = 2™ [[" £2m=O0F G T s lower triangular, and

, i=1Lii
(i) J(W — T) =2 [, ¢35~ if T is upper triangular.
Lemma 2.3 (Khatri [5]). Let X = (z;), Y = (yi;) and T = (t;;) be mxm complex
triangular matrices with positive diagonal elements and Y =TX. If T and X are
lower triangular, then J(Y — T) = [[7, 22 9" and J(V — X) = [, 21

i=1"ig i=1 i1

Further, if T and X are upper triangular, then J(Y — T) = [[", xi—’fl and
JY ) = [, 2

Lemma 2.4. Let W and A be m x m Hermitian positive definite matrices and
W =TATH, where T is an m xm complex triangular matriz with positive diagonal

elements. Then, (i) JOW — T) = 2™ det(A) [[5" det(A@)2 T, ¢2m=0FL e

is lower triangular and (i) J(W — T) = 2™ det(A) [Ti%, det(Aw)? [T, e f
T is upper triangular.

Proof. Write A = XX, where X is a lower triangular matrix with positive di-
agonal elements, and let Y = T'X. Then, using Lemma and Lemma 23
JW = T) = J(W = Y)J(Y = T) = @I,y AT, o) =

=1 Jut =1 "1

om [T {2 (=D 1 m=0+2y The result follows by noting that [, ™~ )72 =

1

det(A) Hﬁ;l det(A®)2. The proof of (ii) is similar. O
The complex multivariate gamma function is defined by

(2.1) Fo(a) = /X el X) et (X)X,
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where the integral is evaluated over m x m Hermitian positive definite matrices.
Evaluation of the above integral yields

(2.2) Tp(a) = amm=b /QHF —Jj+1),Re(a) >m — 1.

The complex multivariate beta function, denoted by Bm(a, b), is defined by
(2.3) By (a,b) = / det(X)* ™ det(I,, — X)*"™dX,
0<X=XH<I,,

where Re(a) > m — 1 and Re(b) > m — 1. The complex multivariate beta function
B,.(a,b) can be expressed in terms of complex multivariate gamma functions as

(2.4) Bon(a,b) % — Bo(b,a).

Now we generalize the complex multivariate gamma function as follows.

Definition 2.5. The generalized complex multivariate gamma function, denoted
by I'},(a1,...,am), is defined as

. etr(—X) det(X)om—™
2.5 Iy (a1,...,a;m :/ — dX,
(2:5) (@ ) x=x#50 [Jo—s det(X(q))ke

where a; = kp—jqy1+ -+ kn and Re(a;) >j—1,7j=1,...,m
Theorem 2.6. For Re(a;) >j—1,j=1,...,m,
TF (a1,...,a,) =7mm"D/2 H I(a; —j+1).
j=1

Proof. Let X = TTH, where T is an upper triangular matrix with positive diagonal
elements, and partition X and T as

X X Ty Tia
X = 5 T = )
( X21 X22 ) < 0 T22

where X711 and T3 are (a — 1) X (a — 1) matrices. Now it is easy to see that
X = T22T22, det(X(a)) [T, 2, det(X) = [I/%, ¢ and tr(X) = tr(TTH) =

i=1 "t

Z;Zj( i+ 21]) + > %, where t;; = t1;; + v —1te;, 1 < i < j < m. From



INTEGRAL IDENTITIES WITH HERMITIAN MATRIX ARGUMENT 3333

Lemma 22 we have J(X — T) = 2" [/~ t%~ 1. Hence we can write (1) as

i=1 "t

I (ay,... am / / exp [ 11J+t2” Zt ]
1<j

—00<t145,t245 <00
tii >0

) m m m
x [J(e)em—mtizt/2 H H(tgi)_ka_l Hdtij
a=2i=a i<j
= [ 2/ (tg;) s mmbiml/2 exp(_t?i)dtii]
1
lH/ exp( thj dthJ] [H/ exp( tzm dtglj]
1<J

1<J
[ / e 1eXp(—yi)dyi]

X [/Oo exp(— xQ)dx} m(m_l).

7

— s &:15

.
Il

Finally, using the results [ exp(—y;)y;™ "'~ " Qs = Tam—ip1 —m+1i) and
ffooo exp(—2?) dr = /7 gives the desired result, completing the proof. (Il

Let yij = Tm—it1,m—jy1, 1 < 4,5 < m, ki = N1 and b; = ng + -+ +
n;, 1 < i < m. Then tr(X) = tr(Y), det(X) = det(Y), [, det(X(y))r—2 =
172 det(Y©@)mets and J(2ij — Ym—iz1m—j+1) = 1, 1 <, < m. Making these
substitutions, the integral in (Z3)) reduces to
tr(—Y) det(Y)bm—m

(2.6) / etr(ZY) det(Y)" 7 4y

Y=Y H>Q Ha:l det(Y(a))”aJrl
Thus, using the above integral we can also define generalized complex multivariate
gamma function as follows.

Definition 2.7. The generalized complex multivariate gamma function, denoted
by '}, (b1,...,bn), is defined as

2.7) % (b1y. . by) = / etr(=Y)det(Y)" 7
v=yaso [0} det(l/’(c’“))”cwr1
where b; =nq +---+n; and Re(b;) >j—1,j=1,.
Theorem 2.8. For Re(a;) >j—1,7=1,...,m, and B= B >0,
/ etr(—BX) det(X)em—™ IX — I (a1,. .. am)
x=x#50 [[azs det(X(a))ke— [To=, det(B()ka”
where a; = kpy—jy1 + -+ ki

Proof. Since B = B > 0, let B = CCH | where C = (c;;) is a lower triangular
matrix. Substitute A = C? X C; then tr(BX) = tr(CCHX) = tr(CEXC) = tr(A),
and J(X — A) = det(C) 2™ = det(B)~™. Now partition C, X and A as

Cn O X1 Xio A Ao
( Co1 Cao )’ < Xo1 Xoo )’ ( Ao1 Mg >’

(2.8)
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where C11, X113 and Aqy are (o — 1) x (o — 1) matrices. Then, Agy = A,y =
CHX1,Chy, and det(A(y)) = det(CXpChy) = det(Xoo) [T, ¢ = det(X(q))
[T~ c%. Thus the left hand side of (Z.8) reduces to
det(B)m / det(A)*m " etr(—A)
HZL=2 Hﬁa(ci_f)ka‘l A=AH>0 HZ:Q det(A(q))ke-1
I* (ai1,...,a,)det(B)=%
= H’HL m (672)ka_1 .
a=2 11li=a\™ii

Now the result follows by noting that [[ ¢ = det(B)/det(B~Y). O

= i

dA

Theorem 2.9. For Re(b;) >j—1,j=1,...,m, and B= B¥ >0,
/ etr(—BX) det(X)bm—m ix — I (by,. .. by)
X=XH>0 H;n:_:[l det(X(O‘))"a-H H;nzl det(B(a))”a ’

where b =ny + -+ - +n; .

(2.9)

Proof. Similar to the proof of Theorem [Z.8 O
Theorem 2.10. For Re(a;) >j—1,j=1,...,m,
det(X )~ etr(—X) (tr X)" ( “ ) -

o dX = a;j | Tr(at,...,am),
/X_XH>O 1o det(X(q)) ke 2_ai . "

where a; = kpm—jt1+ -+ + ky with (a)o =1 and (a)r =ala+1)---(a+r—1) =
(@)r—1(a+r—1),r=1,2,... . Further, for Re(b;) > j 1

J
thbm*mth tr X)7 m ~
/ et( 7)n—1 etr(=X)(tr X) dX = ij> Ly (bi, .. b)),
X=XH>0 [T02) det(X (@))nats N

where bj =ny + -+ - +n;.

Proof. Setting B = tI,,, in (28) and differentiating the resulting identity r times
with respect to ¢, we obtain

/ exp[—t tr(X)] det(X)* ™ (tr X)"
X=XH>0 [T det(X(q))ka—

= (Z aj> TF (@, .., G )t azy akatr),
T

Jj=1

dX

Now, substituting ¢ = 1 above we get the desired result. The proof of the second
part follows similar steps. ([
3. GENERALIZED COMPLEX MULTIVARIATE BETA FUNCTION

The generalized multivariate beta function is defined as follows.

Definition 3.1. The generalized complex multivariate beta function, denoted by

B (a1,...,am;b1,...,by), is defined by
(3.1) B (a1, i1, ... b)

det(X)@m =™ det(I,,, — X)bm—™ dX
/0<X:XH<Im [Th—o{det(X () o= det((Im — X)(a))"=1}

where a; = Z;imijﬂ ki, bj = Zﬁm7j+1 n;, Re(a;) > j — 1, and Re(b;) > j —
1,j=1,....,m.
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Theorem 3.2. For Re(a;) > j—1, and Re(b;) >j—1,j=1,.

f;‘n(al, PPN ,am)f,*n(bl, PPN ,bm)

B;‘n(al,...,am;bl,...,bm =
) an(alerl,...,aerbm)

Proof. We have, by Definition [Z.5]
(3.2) Tr(at, . am)Ti(br, ... bm)

— _ Am—m by —m
:/ / etr(mX Y) det()k() det(Y) dX dY.
x=x#50Jy=v#so [lamaidet(X(q))*o—1 det(Y(q))m-1}

where a; = >0, o ki by = Y00 o ni, Re(ay) > j — 1, and Re(b;) >
j—1,5 =1,...,m. Now, let X +Y = TTH where T is an upper triangu-
lar matrix with positive diagonal elements and W = T-1X(TH#)~1. Then X =
TWTHY =T (I, — W)TH, det(Y(4)) = det((Inm —W)(a))HZ N ”,det(X(a))
det(W(a)) [Ti%, t5s and tr(X +Y) = to(TTT) = 377 (83, +15,;) + 221 t5;, where
tij = t1; +v/—1te;, 1 < i < j < m. The Jacobian of transformation from
Lemma 2] and Lemma is given by J(X,Y — W,T) = 2™ [[;~ 1t“(m+z) !
Hence ([32) can be written as

f‘:n(al, ce, am)f’fn(bl, ceybm)
/ det(W)?n =™ det(I,, — W)bm =
o<w=wi<1, |l Q{det( a))k""l det((I, _W)( y) et}

/ / eXp thJ +t2u Zt }

—00<t1i5,t2i5 <00 1<j
t;i; >0

daw

m—1 «

H(tZ )am+b ,—m—+i—1/2 H H —(ka—147na-1) ﬁ dt;;
i=1 a=1 i=1 i<j

= B;(al,...,am;bl,...,bm)f;(al +b1, .U+ ).

The last equality follows from Definition B.I] and Theorem O
Theorem 3.3. For Re(a;) > j—1, and Re(b;) >j—1,j=1,...,m, we have

/ det(X)“m*m det(I,,, — X)bm—m X
0<X=XH<I,, a 1 {det(X ) atl det([a —X(a))"cu-l}

= B:n(a’la"'aa/m;blv'- 7bm)

where a; = ZZ 1 ki, by = ZZ 1 M.
Proof. Similar to the proof of Theorem O

4. LIOUVILLE-DIRICHLET INTEGRAL

In this section we study multivariate Dirichlet integral, Liouville integral and its
generalizations (Sivazlian [11 [12], Klamkin [6], Olkin [7, [§]) in the complex case.
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Definition 4.1. The complex multivariate Dirichlet function is denoted by
B,.(a1,..., ay;b) and is defined by

b—m T

Bp(ay,... a.;b) = // ﬁdet(Xi)“imdet<ImZT:Xi> [T dx:.
i=1 1=1

0<>T_, Xi<Im i=1
X, =X">0,i=1,...,r

where Re(a;) >m —1,i=1,...,r, and Re(b) > m — 1.

The relation between the complex multivariate Dirichlet function and the com-
plex multivariate gamma function is given in the following theorem.

Theorem 4.2. For Re(a;) >m —1,i=1,...,r, and Re(b) >m — 1,

(4.1) Bou(a, ... ap;b) = Fm(bf‘)l_{;_jrrb‘r)n(ai)

)

where a =Y _, a;.

Proof. Consider the integral

4y wx= [ Qdmw—mdﬁ(Im_ixi)”‘”ﬁdxi.

-1 Xi=X =t
X;=XF>0,i=1,...r

Substituting S0, X; = X, W; = X"V2X, X712 i =1,...,r — 1, in [@2) with
the Jacobian

J(Xla ey X, X = W, Wr—l,X) = det(X)("'*l)m’
we get
(4.3) (X)) = det(X)*"™ det(I,, — X)*~™

r—1 r—1 ap—m r—1
~ / o / H det(TW;)%~™ det (Im — Z Wz) H dW;
=1 =1

— = i=1
0<Z;:11 W<y,
W,=WH>0,i=1,...,r—1

= det(X)* ™ det(I,, — X)*"™By(ay,...,ar_1;a,).
Now from (£3)) and [23) we can write

(4.4) B (a1, ...,ar;0) = / P(X)dX
0<X=XH<I,,
= Bm(ala ceey Qp—1; ar)
X / det(X)* ™ det(I,, — X)*"™dX
0<X=XH<I,,

= Bm(al, ey Q1 ar)Bm(a, b).

From the recurrence relation ([d.4) we get

r r—1
(4.5) Bm(al, cooapb) = Bm<2ai, b) Bm<2ai,ar> .- 'Bm(al, as).
i=1 i=1

Substituting for the complex multivariate beta functions in (3 and simplifying
gives the result. O
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The following result is the complex matrix variate analog of Liouville’s extension
of the Dirichlet integral.

Theorem 4.3. Let f(X) be a continuous scalar function of an m x m Hermitian
matriz X and let B be a Hermitian positive definite matrix of order m. Then, for
Re(a;) >m—1,i=1,...,r, and Y.i_,a; = a,

Hdet )i mf(ZX) ilf[ldXi

<y, X;<B =L

X, =X">0,i=1,..,r
= Bp(as,.. .,ar,l;ar)/ det(X)* ™ f(X)dX
0<X=XH<B

= M a—m
- f‘m(zzzl a;) /O<X—XH<B det(X) F(X)dX

Proof. Making the same transformation as in Theorem [£.2] the above left-hand side
integral becomes

r—1 r—1 ar—m 7—1
// [ det(wi)—m (Im - ZWi) I aw:
=1 =1 =1

SIS Wi,
W,=WH>0,i=1,...,r—1

X / det(X)~™ f(X) dX
0<X=XH<B
The desired result now follows from Definition 1] and (&1]). O

The next two theorems give generalizations of the above theorem. We will give
proof of Theorem [£.4l The proof of Theorem can be constructed along similar
lines.

Theorem 4.4. Let f(X) be a continuous scalar function of an m x m Hermitian
matriz X and let B be a Hermitian positive definite matriz of order m. Then

/ / ﬁdet ‘”"”f(ZX)TﬁSdX

0<X Tt X< B
X,=X">0,i=1,...,r+s

= Bm(ah sy Qr—1; ar)Bm(ar—i-la sy Qrgs—1; a7‘+s)Bm(a(2)a m)
« / det(X)"" = det(B — X)*® f(X) dX,
0<X=XH<B
where oM =37 a;, a® = le i anda; >m—1i=1,...r+s.

Proof. Transforming >\, X; = X, Z::fH X, =Y, W, = X 12X, X712 =

1,...,r =1, W, =Y"1V2X,Y~"V2 i =r+4+1,...,r +s—1, with the Jacobian
J(Xla s 7X7‘+S - W17 s 7WT715X5 WT+15 s 7WT+8717Y)
= det(X)r=Im get(y) =™



3338 DAYA K. NAGAR, ARJUN K. GUPTA, AND LUZ ESTELA SANCHEZ

on the left-hand side of the above integral, we get

ar—m T—1

// Hdet “lmdet(m ZW) i];[ldwi

0< ; Wil
WW>011,,7‘1

r+s—1 r+s—1 Args—m r+s—1
X // I det(w. ‘”_mdet( > W) II aw:

i i=r+1 i=r+1 i=r+1
03T WisL,
Wi:WiH>O i=r+1,...,r+s—1

y / / det(X)2 =™ det(Y)" =™ F(X) dX dY.

0<X+Y<B
X=XxH>0,y=y">0

Now, the first two integrals are readily evaluated as B, (a1y...,ar_1;a,) and
B, (Arg1y. -y rys—1;0r4s). Substituting Z = (B — X)~ 1/QY(B X)~ 1/2 with
Jacobian J(Y — Z) = det(B — X)™ in the third integral, we obtain

// det(X)“ *md t(Y )“ *mf( )dX dY
0<X+Y<B
X=x">0y=yH>0

_ / det (X)) =™ det(B — X)) f(X) dX
0<X=XH<B

X / det(Z)“m_de
0<Z=XH<I,,
— By(a®,m) / det (X)" =™ det(B — X)*
0<X=XH<B

where the last line has been obtained by using (Z3]). g

P F(X) dX,

Theorem 4.5. Let f and g be continuous scalar functions of an m x m Hermitian
matriz argument and let B be a Hermitian positive definite matriz of order m. Then

/ / ﬁdet )i mf<ZX> (i X,»)Z_f[lsti

i=r+1
0<>i*e X, <B
X,=XH>0,i=1,....,r+s

:Bm(al,...,ar,l;ar) // det(X)a(l)_m

0<X+Z,L 7+1 X,<B
X=X">0,X,=X">0,i=r+1,....,r+s

r+s r+s T+S8
[T det(x)*mf(x ( > X)dX IT dx:

i=r+1 i=r+1 i=r+1
= Bm(ala ceey Qp—1; ar)Bm(ar+17 ey Qpgs—13 ar+s)
x / / det(X)*" =™ det(Y)*” ~™ £(X)g(Y) dX dY,
0<X+Y<B

X=x">0y=v">0

where aV) =37 a;, a® = Z:tﬂ a; anda; >m—1,i=1,...,r+s.
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5. RELATED DISTRIBUTIONS

In this section, using results of Section 2] and Section [3 we define generalized
complex matrix variate gamma and generalized complex matrix variate beta dis-
tributions. The distributions so defined are closely related to the complex matrix
variate gamma and the complex matrix variate beta distributions. Further, we
show that these distributions arise naturally in statistical distribution theory.

Definition 5.1. The generalized complex matrix variate gamma kind 1 distribution
is defined by the p.d.f.

HZ;l det(B(a))ka etr(—BX) det(X)amfm
f:;q,(a’la sy am) HZlZQ det(X(a))kafl
Whereaj >.j_17j:17...7m7 Wlthaﬁ]:kmfj+l++km andB:BH > 0.

(5.1) X =X">0,

Definition 5.2. The generalized complex matrix variate gamma kind 2 distribution
is defined by the p.d.f.

[T, det(B(a)) " etr(—BX) det(X)bm—m
f‘;ﬁn (bl’ ceey bm) Hzlz_ll det(X(a))”a-H
where b; >j—1,7=1,...,m, withb; =ny +--- +n; and B = BH > 0.

X =X">0,

(5.2)

For ky = -+ =kp_1 =0 and k,;, = a;, = a, the density in (G1)) slides to
(5.3) {T,n(a)} "t det(B) etr(—BX) det(X)*™™,

which is a complex matrix variate gamma distribution denoted by X ~ CG,,(a, B).
Similarly, by substituting ny = b; = b and ny = --- = n,, = 0, one can see that
the p.d.f. (B2) reduces to a complex matrix variate gamma density with parame-
ters (b, B).

Definition 5.3. The generalized complex matrix variate beta kind 1 distribution
is defined by

(54) {B;kn(ala'"aam;bl,...,bm)}fl
% det(X)am—m det(Im _ X)bmfm
Hzlzg{det(X(a))k‘afl det((Im — X)(a))na71}7

where a; = Z;Zmijﬂ ki, bj = Zﬁm7j+1 n;, Re(a;) > j — 1, and Re(b;) > j —

1,7=1,....,m.

Definition 5.4. The generalized complex matrix variate beta kind 2 distribution
is defined by

(5.5) {B,*n(al,...,am;bl,...,bm)}_l
" det(X)am =™ det(I,,, — X )bm—™
[T {det(X (@) kast det (I, — X )(@))nati}’

where a; = 25:1 ki, b; = Zz:l n;, Re(a;) > j—1,and Re(b;) > j—1,j=1,...,m.

Note that by specializing parameters in (5.4 and (55) one can obtain complex
matrix variate beta density. In the next theorem we derive generalized complex
matrix variate beta densities.
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Theorem 5.5. Let A; ~ CG,, (v, I,), i = 1,2, be independent.
(i) If Ay = TTH, where T is a complex lower triangular matriz with positive
diagonal elements, then the distribution of U = TH(A; + A9) 1T is given by

det(U)¥2~1det(I,, — U)»—™
Bm (1/27 Vl) Hi:Z det(U(i))
Further, U and A; 4+ As are independently distributed.

(ii) If Ay = TTH, where T is a complex upper triangular matriz with positive
diagonal elements, then the distribution of U = TH(A; + Ao) 1T is given by

det(U)*2~1 det (1, — U)”1 m
Bp(ve, ) 11, det( )2’
Further, U and Ay + Ay are mdependently distributed.
Proof. (i) The joint p.d.f. of A; and As is

etr[—(Ay + As)]det(Aq)"* "™ det(Ag)2"™

fm(Vl)fm(VQ) .
Transforming A = A; + Ay and Ay = TTH, where T = (t;;), tiy > 0, t;; =
tiij + \/Tltgij, 1 > j, with the Jacobian of the transformation J(A;, Ay — A, T) =
om T, 2™ %! e get the joint p.d.f. of A and T as
2™ etr(—A) det(A — TTH)y 1 —m [ (t3)v=—i+1/2
r (VI)F (v2)

where A—TTH >0, t;; >0 and —oo < 145, t2ij < 00, ¢ > j. Further, transforming
U = TH A~1T with the Jacobian

(5.6) L 0<U=U"<1,.

L0<U=U" <1,.

(5.7)

Y

m -1
J(T —U) = Zmdet(Ail)Hdet((A 1 (z 2Ht2(z 1)+1 7

we get the joint p.d.f. of A and U,

etr(—A) det(A)1 2™ det (1, — U)"* "™ det(U)2~1
Lo (1)L (v2) [T} det (U )

since [T, 27 = [Ti2 {det(Ug;))/ det((A~1) ;) }. From (B.8), it is easy to see that

=1 "1

A, i.e., Ay + Ay and U are independent, A ~ CG,,(v1 +v2, I,) and the distribution

of U is given by (5.6]).
(ii) The proof is similar to part (i). O

Theorem [5.5] in the real case, was derived by Olkin and Rubin [9].

(5.8)

9
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