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Abstract
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1. Introduction

A random variabler is said to have the beta distribution with parameteend if its

probability density function (pdf) is given by

(1 — )Pt
B(a,8)

f(z) = 0<zx<l1, (1.1)

fora > 0 andg > 0, where

Bla, ) /0 a1 P gt

denotes the beta function. The beta distribution is very versatile and a variety of uncer-
tainties can be usefully modeled by it. Many of the finite range distributions encountered
in practice can be easily transformed into the standard beta distribution. Several univari-
ate generalizations of this distribution are given in Gordy [1], McDonald and Xu [11],

and Gupta and Nadarajah [6]. Recently, Nadarajah and Kotz [12] introduced a univariate
generalization of (1.1) involving the Gauss hypergeometric function. They also studied
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its particular cases and properties such as cdf, moments and hazard rate function. Their
generalization of the beta distribution has the pdf

(o) = DO+ B+ 0E+1)
M = T a+ BT B +7)

wherea > 0, 5 > 0, 8+~ > 0 and,F; is the Gauss hypergeometric function
(Luke [10]).

In this article, we introduce a matrix variate generalization of (1.2) involving Gauss
hypergeometric function of matrix argument. Several properties of this distribution such
as cdf, moments, invariance, are derived in Section 3. In the end, we give distributions
of products of random matrices involving this distribution.

2 PTLR (1 =y a0+ Bix), 0<z<1, (1.2)

2. Preliminaries

We begin with a brief review of some definitions and notations. Met (a;;) be
anm x m matrix. Then,A’ denotes the transpose df tr(A) = a1; + -+ + Gmm;
etr(A) = exp(tr(A)); det(A) = determinant of A; A > 0 means thatl is symmetric
positive definite and4!/? denotes the unique symmetric positive definite square root
of A > 0. The multivariate gamma function which is frequently used in multivariate
statistical analysis is defined by

Tn(a) = /X Oetr(—X) det(X)*~m+D/2 gx
>

_ _m(m-1)/4 T _
. Il ( .

The multivariate generalization of the beta function is given by

m—1

) s Re(a) > T (21)

I,
B.(a,b) = / det(X)*=m+D/2 det (1, — X )P~ mHD/2 g x
0
Ty (@) T (b) —— I
oty = Dnba) Ref)>=o— Re(®) > =
The generalized hypergeometric coefficient is defined by

(a%zﬁ(a—i;l)”, (2.3)

i=1

(2.2)

(a)j=ala+1)---(a+j5—1), 7=1,2,... and (a)p=1 (2.4)

wherep = (ry,...,ry), 11 > -+ > 1, > 0andr; +--- 4+ r, = r. The generalized
hypergeometric function of one matrix is defined by

oFolar, ... apby, ... 05 X) = ZZ ((Cl:;K Eap)/{ Cn(ij) (2.5)




A Generalized Matrix Variate Beta Distribution 23

wherea;, i = 1,...,p, b;, j = 1,...,q are arbitrary complex numberx’ (m x m)

is a complex symmetric matrix¢,(X) is the zonal polynomial ofn x m complex
symmetric matrixX corresponding to the partitionand) | denotes summation over

all partitionsx. Conditions for convergence of the series in (2.5) are available in the
literature. From (2.5) it follows that

oo oo T k
0F0<X>=§ZC”,§!)Q=;“ ,ff L etn(x) (2.6)
FolaX) =3 Y@, —aar, - x7 x<1 @)

k=0 & '
and

)x(b)x Cu(X)

oFi(abe; X) = ZZ R X < 1. (2.8)
k=0 &K ’

The integral representation of the Gauss hypergeometric fungkipis given by

F (a b: c: X) _ Fm(c> \/I'm det(R)a_(m+1)/2
2471\, Uy G Fm(a)rm(c—a) 0

x det(I,, — R)<™ /2 det(I,, — XR)*dR (2.9)

whereRe(a) > (m — 1)/2 andRe(c — a) > (m — 1)/2. From above it is easy to see
that

L) T(c—a—10) m—1
Fy(a,b;c; 1, Re(c—a—10 2.10
2 1<CL & ) Fm( )Fm(C _ b) e<c a ) > 9 ( )
and
oFi(a,bie; X) = det(l, — X) °9Fi(c—a,b;c; =X (I, — X))
= det(l,, — X)“ Py Fi(c—a,c—b;c; X). (2.11)

The generalized binomial expansion is given by
Colln+Y) o\ C.(Y)
— = = 2.12
Co(Im) ; ; ("‘6> CiIm)’ ( )

where the inner summation is over all partition®of the integerk. Thus, using the
above expansionF (a, b; c; I, — X) can be expanded as

@) (0)g Co(In)Cr(—X
Fr (b, - X) =3 3T ( ) D CREES. (eay)

s=0 k=0 o &k
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Theorem 2.1: Let X (m x m) be a symmetric matrix, then

Im
/ det(R)*~m*+V/2 det(I,,, — R)*~™TV/2C (X R) dR
0

_ Do(a, 5)T (D)
=y OO (2.14)

and

Im,
/ det(R)*~("D/2 det(I,,, — R)*"™V/2 F (ay,... a4, b1, ..., by; XR)dR
0

_ Tn(@)ln(b)

= mp+qu+l(a1, ce ,a/p7a; bl, e ,bq,@ + b, X) (2.15)

The invariant polynomial ofn x m symmetric matrix argument’¥ andY” will be
denoted byC(’;’*(X, Y). Letk, A\, ¢ andp be partitions of the non-negative integers
k, ¢, f = k + ¢ andr, respectively. Then (Davis [4, 5], Chikuse [2] and Nagar and
Gupta [13]),

C5M I, Im)

C«H,)\ X7X — 05,)\0 X 7 9}-{,’)\ _ :
¢ ( ) o) ¢( ) ) C¢<Im)

(2.16)

(Lm)Cr(X)

C Cy(1n)CA(Y)
Ky A kAP Ky A kA A
Cy (X, ) = =02 O I, Y) =6

W, (2.17)

C:’O(X, Y) = CK(X)> 027/\()(7 Y) = CA(Y)>

CX)O(Y) = T ACAX,Y),  CuX)O(X) = 3 (05)2Co(X), (2.18)

PER-A PER-A

where¢ € « - A denotes that irreducible representatiorGéfm, R), the group ofin x
m real invertible matrices, indexed Ry, appears in the decomposition of the tensor
product2x ) 2\ of the irreducible representation indexeddsyand2\, and

Im
/0 det(R)"~t" /2 det(1,,, — R)"~"V2CSN(R, I, — R) dR

Fm(t7 ’%)Fm (U, >‘) Ky
pu— 0 ’
Lot +u,0) °

Cy(Im)- (2.19)

In the above expressiof,,(a, p) is defined by

Lin(a, p) = (a),I'm(a), Tp(a,0) =T (a). (2.20)
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Now, consider the following integral involving the Gauss hypergeometric function
of matrix argument

Im
f(2)= / det(X)~m+D/2 det(1,,,— X )7~ HV20y (Z(1,,— X)) o F1(a, by d; X) dX
" (2.21)

where\ denotes the partition = (¢1,...,0y,), 01 > -+ >4y, > 0,0, + -+ 4, =1,
C\(X) is the zonal polynomial of the symmetrie x m matrix X corresponding to the
partition \.

It can easily be seen that for ally € O(m), f(Z) = f(HZH'). Thus, integrating
f(HZH'") over the orthogonal groug)(m), we obtain

JIn)CA(Z) (g:)(([z;()z ) . (2.22)

Expanding, '; and using results on invariant polynomials (Nagar and Gupta [14]), we
obtain

) = S:VM ZZZ H%k, (9“) Cy(Ln)- (2.23)

kO/@(beA

f(2) =

Forv = d, a closed form solution is given as (Subrahmaniam [15], Kabe [9]),

Lo(d) (o, Nl (d 4+ 0 —a— b, \)

Cr(In). (2.24)

3. The Matrix Variate Hypergeometric Beta Distribution

The matrix variate generalization of (1.1) is given by
{B(a, B)} tdet(X)* D2 det (1, — X)P~D2 0 0 < X < 1,,  (3.1)

wherea > (m —1)/2, 8 > (m — 1)/2 and B,,(«, () is the multivariate beta function.
This distribution is designated hy¥ ~ B! («,3). For properties of this and several
other matrix variate distributions the reader is referred to Javier and Gupta [8], Gupta
and Nagar [7] and Nagar and Gupta [13]. Next, we define the matrix variate generaliza-
tion of (1.2).

Definition 3.1: An m x m random symmetric positive definite mattkis said to have
a matrix variate hypergeometric beta distribution with parameters, v), denoted as
X ~ HB,,(a, 3,7), ifits p.d.f. is given by
a+B—(m+1)/2 m+1
K(a7677)det(X) 2F1 7_7705 Oé‘i‘ﬁ, ) O<X<Im7(32)
wherea > (m —1)/2, 3 > (m —1)/2, 6+~ > (m —1)/2 and K («, 3,7) is the
normalizing constant.
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The normalizing constarit’ («, 3, ) is given by

I
m +1
[K(o,3,7)]" = / det(X)otA=-(m+t0)/2, p, (mT — a4 B3 X) dx
0
1 1 1
= < 5ﬂ> 2}%(%—7,&&—1—6—1— ;_ 7Im>

(3.3)

where we have used the result (2.15). Further, using (2.10), the Gauss hypergeometric
function in the above expression is simplified as

JF, <m+1 m+ 1 [m>_Fm[a+6+(m+1)/2]Fm(ﬁ+7)

T et I e ) = B+ (m+ 1))
(3.4)

Now, substituting (3.4) in (3.3), we obtain
B(a+ 6, (m+1)/2)Bn(a, +7)
By(a, 8+ (m+1)/2)
Li(a+ B)Tn (8 + ) ml(m 4 1) /2]
P+ B4+ Nw[B+ (m+1)/2]

Using (2.11), the density (3.2) can also be expressed as
K(o, 3,7) det(X )awf(mﬂ)/? det (1, — X)ﬁ+vf(m+1)/2

m—+1
><2F1 (Oé—i-ﬁ—'—’Y—T

In the next theorem we will derive this distribution using independent beta matrices.

[K(a, 8,77 =

(3.5)

,ﬁ;onrﬁ;X), 0< X <1, (3.6)

Theorem 3.2: Let X; and X, be independentX; ~ B! ((m + 1)/2,3) and Xy ~
B, (5 + 7. a). Thenl,, — XX, X,/ ~ HB,u(a, ,7).

Proof. The joint pdf of X; and X3 is given by
LB+ (m+1)/20(a+ 3 +7)
Lnf[(m + 1) /2]T0 (B)Ln (8 4 )T (@)
x det(Xo) T2 det (1, — Xp)~mAD2 0 < X; < Iy, i =1, 2.
(3.7)
Now, transformingZ = I,, — X;/°X,X./* with the Jacobian/(X; — Z) =
det(X,)~(m+1/2 in the above density, the joint pdf &f and X, is obtained as
LylB+ (m+1)/2T(a+ 5+7)
L[(m 4+ 1) /2|00 (B)L (B + 7)) (@)
x det(Xo) "t/ 2 det (I, — Xo)o~ M2 0 < I, — Z < Xy < I,
(3.8)

det(I,,, — Xl)ﬁ—(m+1)/2

det(Xy — (I, — Z))P~(m+D/2
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Now to obtain the marginal density &f, we need to integrat&, in the above expres-
sion. Using the substitutiol’ = Z~'/2(I,, — X,)Z~/2 with the Jacobian/(X, —
W) = det(Z)™*+1/2in (3.8) and integrating’, the marginal density of is derived as

LplB+ (m+1) /20, (a+ 8+ 7)
Lo l(m + 1) /200 (8)C (8 + 7) D)

I,
- / det (W)~ (mHD/2 det(1,,, — W)P=0m 02 det(1,,, — ZW)~ D72 aw
0

det(z)a+,@—(m+1)/2

1
= K ) det(2) 0 (ML ot iz

where the last line has been obtained by using (2.9). [

The corresponding cdf is derived as

X m—+1
F(X) = K(a, 6,7)/ det(Y)otA=0m+1/2, ) (T — v, 050+ f3; Y) dY. (3.9)
0

SubstitutingZ = X /2y X~1/2 with the Jacobia/ (Y — Z) = det(X)™*1/2 and
using (2.15), we obtain

F(X) = K(a, 3,7) det(X)**”
Im 1
X / det(Z)otP-(m+D/2, (ﬁ — v, a5+ B;XZ) az
0

2
_ Bu(a, 5+ (m+1)/2)
Bn(a, 8+ 7)

Theorem 3.3: Let X ~ HB,,(«a, 3,v) andA be anm x m constant nonsingular matrix.
Then, the density of = AX A’ is obtained as

1 1
det(X)“*ﬁgFl (% —v, ;a4 3+ %;X) )

K(O[7 B, 7) det(AA/)i(onﬂ) det(Y)a+f8*(m+1)/2
1
X2Fy (% — v, + f3; (AA’)‘1Y> ,
where) <Y < AA'.

Proof. In the p.d.f. (3.2) ofX, making the transformatiori = AX A’ with the Jacobian
J(X —Y) = det(AA")~(m+1)/2 gives the desired result. u

We will denote the above density By ~ HB,,(a, 3,7, AA’). Note that ifY ~
HB,,(a, 3,7,9Q), thenQ~ 2y Q=12 ~ HB,,(a, 3,7). Inthe next theorem, it is shown
that the matrix variate hypergeometric beta distribution is orthogonally invariant.

Theorem 3.4: Let X ~ HB,,(«a, 3,7), andH (m xm) be an orthogonal matrix, whose
elements are either constants or random variables distributed independéniboen,
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the distribution ofX is invariant under the transformation — HX H’, and is inde-
pendent off in the latter case.

Proof. First, letd be a constant orthogonal matrix. Then, from TheoremB.3,H' ~
HB,,(«a,3,v) sinceHH' = I,,,. If, however,H is a random orthogonal matrix, then
HXH'|H ~ HB,,(a, 3,7). Since this distribution does not depend Bn H X H' ~

The moment generating functions &fis now obtained in the following theorem.

Theorem 3.5: Let X ~ HB,,(«, 3,7). Then, the momentgeneratlng functionof=

(z;;), i.e., the joint moment generating functionaaf,, zis, . . ., T IS
m+ 1 m+ 1
Mx(2) = ex(2)aFs ("L i 64004 L - 2)

whereZ = Z' (m x m) = ((1 4 0;5)zi;/2).

Proof. By definition,

L
Mx(Z) = K(a,ﬁ,v)/ etr(ZX) det(X )oro—(m+1)/2

1
XgFl (%—’}/,Oé Oé‘i‘ﬁ X) dX

Now, writing

o0 _1\¢
etr(ZX) = etr[Z — Z(I, — X)] = etr(2) > ) (=1) C\(Z(I, — X))
A
in the above expression, we get

Mx(Z) = K(«a, B,7v)etr(Z ZZ a / O\(Z(Ly — X)) det(X)otA=(m+1)/2

=0 X

XQFl(Tn;_—’y,OéOé—‘rﬁ, )dX

m(a+ B) Ty ((m+1)/2, )L (B 47, A)
@, B, y)etr(Z Zz e' F (a+ B+ N (B+ (m+1)/2,)) O\(2)

=0 X
where the last step has been obtained by using (2.22) and (2.24). Finally, simplification
of the above expression using (2.5) yields the desired result. [ |

It may be noted here that ¥ ~ HB,,(«, 3,7,(2), then the moment generating
function of Y can be obtained from the above theorem. Sivice Q/2XQ'/2, where
X ~ HB,(«, 3,7), we have

My(Z) = Eletr(ZY)] = Eletr(ZQYV2XQY?)] = My (QV2201?)

+1
= etr(Q72)oF (— ﬁ+%a+ﬂ+%ﬁ+m7 —QZ)



A Generalized Matrix Variate Beta Distribution 29

Next, we derive moments of some functions of the random matrbaving matrix
variate Hypergeometric beta distribution.

Theorem 3.6: Let X ~ HB,,(«, 3,7), then

Lo+ B8+ 7B+ (m+1)/2]T,,(a+ B+ h)

Blet(X)'] = BTG + Tl £ 5+ (mt /2 4
xﬂ%(mgi—%aa+ﬁ+ha+&a+ﬁ+—gi+h1)
and
Eldet(I, — X)"
TRB+m+1)/2I0 (a4 B+ 7)Cw[h + (m+1) /2T (8 4+~ + h)
C Tlm+1)/2T0(B + ) T(a+ B+~ +h) T8+ (m+1)/2+h]

Proof. Theh-th moment ofdet(.X) is obtained by
I,
E[det(X)h] = K(a, ﬁ’ 7) / det(X)oc-‘r/@-‘rh—(m-‘rl)ﬂ
0

1
X o F'y (%—%a a+ 3 X) dX

FM(O‘ + 6+ /V)me + (m + 1)/2]Fm(a + 0+ h)
Lo+ B)0m(B +7)Cmla + B+ (m +1)/2 + hj

m+ 1 m+ 1
X3 Fy (— v, o0+ B+ R a+ﬁ,a+ﬁ+T+h I )

2
where the last line has been obtained by using (2.15). Similarly,

Ch(a+B8+9Tn8+ (m+1)/2]T,[h+ (m+1)/2]
Co(B+)T[(m+1)/20Ja+ 8+ (m+1)/2 + h
m+1

1
XoF' (%—v,a Oz+ﬂ+T+h I ) (3.10)

E[det(I,, — X)"

Further, using (2.10), the Gauss hypergeometric function in the above expression is
simplified as

1 1
QH(Tg——%aa+ﬂ+h+m; LQ
Lnla+B+h+(m+1)/2I0,(8+v+h)

T Tola+B+7+RTnB+h+ (m+1)/2

(3.11)

Substituting (3.11) in (3.10) and simplifying we finally obtain the desired resultll
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If X ~ HB,,(a,3,7), then it is easy to see that for amn x m constant matrix3,
we have

ECABX)] = G EIC(X) (3.12)
and
BICAB(Ly — X)) = G5 EICA (T = X)L (3.13)

Further, using the density of, E[C\(/,, — X)] is derived as

Im
ElC\(In— X)] = K(a,f, 7)/ Cr(I, — X)) det(X)t0-(mt1)/2
0
X o F (m; L , o0 +ﬁ;X> dX (3.14)

_ ((m+1)/2)x(8 + 7)x
(a4 B+7)A(B+ (m+1)/2)5

where the last line has been obtained using (2.24). Using results on zonal polynomials,
it is easy to see that

Ch(Im), (3.15)

m(m+1)(6 +7)

E[C(l)(]m - X)| = (a+B+7v)28+m+ 1)’

m(m +1)(6 +7)

Bl =X = O @i tm s 1

m(m+ 1) (m+2)(m+3)(B+)B+v+1)
a+ B+ (a+B8+7+1)28+m+1)(26+m+3)’

ElCe)(In—X)| = 3

2m*(m?* — 1)(B+7)(B+~ - 1/2)
(a+ B8+ (a+B+v—1/2)28+m)28+m+1)’

E[Cu2y(Im — X)] = 3

and

Eltr(I,, — X)?]

E[C)(Im — X)] + E[Cuz) (I — X)]
_ m(m+1)(8+7) { (m+2)(m+3)(B+~+1)
a++7)268+m+1) [(a+F+7+1)(28+m+3)
2m(m —1)(8+~v—1/2) 1
(a+8+7-1/2)26+m)|
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Further, using the invariance of the distribution/gf— X and above results, one obtains

(m+1)(8+7)

Elln = X) = (a+B+7)28+m+1)""
, (m+1)(8+7) (m+2)(m+3)(B+~+1)
E[(1, — X)7] a+B+7)28+m+1) {(a+ﬁ+’y—|—1)(2ﬁ+m+3)

IUELIESEIEN
(a+B8+v—1/2)28+m)| ™

By writing C,(X) as

CA(X) = Calln = (I = X))
i £ (N (DL — X)
= CA(Im) ; ; (/{) C’H(Im)

we get

k=0 & K Im)
where, using (3.15), one obtains

((m +1)/2)x(5 + 7)s

ElC(Ln = X)] (@ + B +7)u(B+ (m+1)/2)

Cy(Im)-

4. Distributions of Random Quadratic Forms
First we give definitions of several matrix variate distributions.

Definition 4.1: The random symmetric positive definite mat¥ix is said to follow a
matrix variate Gamma distribution, denotedl&s~ G,,(a, Z), if its p.d.f. is

{Tn(a)} "t det(2)® etr(—ZW) det(W)2~m+D/2 17 > 0 (4.1)

wherea > (m — 1)/2 and= is amm x m symmetric positive definite non-random
matrix.

Definition 4.2: The m x m random symmetric positive definite matrix is said to
have a matrix variate beta type Il distribution with paramefer$), denoted ag” ~
B!T(a,b), if its p.d.f. is given by

{Bp(a,b)} tdet(Y)2=(m+D/2 det(1,, + V)@ v >0, (4.2)

wherea > (m —1)/2,b > (m — 1)/2, andB,,(a, b) is the multivariate beta function.
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In the rest of the section we will derive density functions of certain random quadratic
forms.

Theorem 4.3: Let X ~ Bl (a,b) andU ~ HB,,(«,3,7) be independent. Then, the
density ofZ = U'/2X (U'/?) is given by

Ll + B4+ )Cn[8+ (m+1)/2]T,(a + b)
Lp(a+ B)n (B +7)i[(m + 1)/2]Fm(a)rm(b>

S

x det(I,, — Z)rHrto-(mt1)/2 Z Z ; 2.2 (Z) 2:;

det(Z)a—(m—H)/Q

(=0 s=0 k=0 o K
X(a+b—a—ﬁ)x(—1) (a+B+7 = (m+1)/2),(3),
14 (a+ B3)gs!
xg%e 7+ﬁ+b¢>0(1 -27), 0<Z<I,. (43)

Proof. Using (3.1) and (3.6), the joint density &f andU is given as
K(a, B,7){Bm(a,b)} " det(X)*~"*D/2 det(I,, — X)*~mHD/2 det(U) o mHD/2

—m“,ﬁ;a+ﬁ;U), (4.4)

x det(I,,, — U)YTA=m+D/2, @) (Oé +B8+7 - 9

where0 < U < I,, and0 < X < I,,. Making the transformatio® = U'/2X (U'/?)’
with the Jacobia/ (X, U — Z,U) = det(U)~(™+1/2in (4.4) we get the joint density
of Z andU as

K(a, B,7){Bm(a,b)} " det(2)*~ " D/2 det(U) @+t ==F) det(I,,, — U) A~ (mHD/2
x det(U — 2)b=(m+1/2, @, <a + B8+ - mTH By a+ B; U) : (4.5)
where0 < Z < U < I,. Now to obtain the marginal density ¢f, we need to
integratelU in (4.5). Collecting terms containing and using the substitutiol’ =

(I,—2Z)~Y*(1,,~U)(I,,— Z)~"/? with the Jacobian (U — W) = det([,,,—Z)m+V/2,
we get

Im
/ det(U) (07" det(L,, — U002 det(U — Z)P-0m D2
Z

1
X o F'y (a+6+7—%,6;a+ﬁ;U> aUu

= det(L,, — Z)T1o-(mtD)2 / i det(W)H U2 det (1, — WP D/
m ; det(Lyy — (I — Z)W)art-a-7

1
X o F (04+5—|—’y—%,6;@—%5;[”1—([,”—2)1/[/) dW. (4.6)
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Expandinglet(1,, — (I,, — Z)W)~(@tt=e=8) andy Fy (a+ B+~ — (m+1) /2, B; a + 3;
I, — (I, — Z)W) using (2.13) and (2.7) and applying (2.18), we obtain

+1
2Fl(a +5+7—m—76;a + 85 Iy — (I — Z)W)

x det (I, — (I, — Z)W)~latt=a=b)

SSYS YT (e

(=0 s=0 k=0 X
o G Vi Gt e (m+1)/2)() B2
0, Cy((In — :
CETON 2 O Callln = 2)W)
4.7)
Substituting (4.7) in (4.6) and integrating using (2.14), we obtain
/ " det(U)~@+b=2=0) det(1,,, — U)+A=m+D/2 det(U — Z)b=(m+D/2
Z
xXoF' <oz+ﬁ—|—’y— LH,ﬂ;a+ﬁ;U> dUu
Co(In)
— i (m / o m
= det(I,, — Z)btrHA-(m+ 2;;;;;2< )Cﬁ o
X(a+b—a—ﬁ)x (=D (@ +B+7y—(m+1)/2),(8),
¢! (o + )ys!
7+ﬁ ¢)' (b)
x ) (0 NCE Cy(Im — Z). (4.8)

PEKA

IntegratingU in (4.5) using (4.8), and simplifying the resulting expression we get the
desired result. [

Theorem 4.4: Let V ~ Bl(a,b) andU ~ HB,,(«, 3,7) be independent. Then, the
density ofZ = U2V U'/? is given by

Co(a+ B+Th[B8+ (m+1)/2T(a+ 8+ b)T(a+0b)
Fin(+ B)0m (B + )Tl + 6+ b+ (m +1) /2] (a)Tn (b)

(2O o (1), (om + /2, Golld + 2)7)
det ot Z)ath Ca(Im)

=0 X

(4 B+0)a(m+1)/2=7)a(@)n or
X%;%Z/\ a+B)la+B+b+(m+1)/2)k (9 )?Cy(L), Z >0,
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Proof. The joint density of/ andV is given by

1
K(a, 3,7){Bm(a,b)} det(U)aWL(mH)/QzFl (m;— —7,a;a+ 3 U)
x det (V)= D/2 det (1, + V)~ 0< U < I, V > 0.
TransformingZ = U2V U2 with J(V — Z) = det(U)~(™*+Y/2 in above, we get the
joint density ofU andZ as

2
x det(Z2)* M2 det(U + 2)~*) | 0 < U < I, Z > 0.

1
K(av, 3,7){Bm(a,b)} " det(U)*H0+0=(m+0/2, py (u — v, a5+ f3; )

Now, writing
det(U + 2)~@ = det(I,, + Z2)~ " det(I,, — (I, + Z) ' (I, — U))~(@®
ath) O (a+Db)x -
= det(l, +2)" @Y "y MU+ 2) Y1, — 1))
=0 A

and integrating ouV/, the density ofZ is obtained as

,B3,7) det(Z)2~(mt1)/2 2 a+b o
B(m((l, b)) det (T _|_ Z)a+b ZZ det(U) +0+b—(m+1)/2
m—+ 1

2

XC\((In + Z) (I, U))2F1< —fy,oz;oH—ﬂ;U) aU

Finally, evaluating the above integral using (2.21), (2.22) and (2.23), we get the desired
result. [ |

Theorem 4.5: Let S and X be independent§ ~ G,,(u, I,,) andX ~ HB,,(«a, 3,7).
DefineZ = X~/25X /2, Then the density of is given by
Lp(a+ B+ + (m+1)/2]0,(a+ 6+ p)
Lo+ B)Ln (B + )l + 8+ p+ (m+ 1)/2]
etr(—Z) det(Z)r—(m+1/2 & C’)\(Z)
. Tou(0) ZZ Ca(Ln)
XZZZ 2 (a4 B+ p)e((m+1)/2 —7)u(a)x

k=0 K GEK'A (a+B+p+(m+1)/2)4(a+B)k

'C¢(Im), Z > 0.

Proof. The joint density ofS and X is given by
{Ton (1)} K (o, B,7) etr(=8) det(S)#~mHD/2 deg(X )+ (mt0/2

1
><2F1<%—%a a+ﬁX),S>0,0<X<Im. (4.9)
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Now, use of the transformatiod = X ~'/25X~1/2 with the Jacobian/(S — Z) =
det(X)(m+1)/2 yields the joint density o and X as

{Ton(p0)} 'K (0, B,7) etr(=ZX) det(Z)*~ D2 deg (X)) Hum D)2

1
><2F1(%—%a;a+ﬁ;)(>, 0< X<, Z>0. (4.10)

Now, writing

= 1
etr(—ZX) =etr(=2) Y > AONZ(L = X))
A
and integratingX using using (2.21), (2.22) and (2.23), we get the desired resull
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