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Abstract

We consider a finite-dimensional Jordan superalgebra A over a field of characteristic
zero [F such that A is the solvable radical of A. We proved that if N2 = 0 and A/N
is isomorphic to simple Jordan superalgebra of Grassmann Poisson bracket Kan(2),
then an analogous to Wedderburn Principal Theorem (WPT) holds.

Keywords Jordan superalgebras - Wedderburn principal theorem - Decomposition
theorem - Semisimple Jordan superalgebra - Second cohomology group - Grassmann
poisson bracket

Mathematics Subject Classification 17C70 - 17A70 - 17C10

1 Introduction

This paper is a continuation of a series of papers where there were proven analogous
versions to WPT for finite-dimensional Jordan superalgebras [1-3].

One of the most classical theorems in structure theory for finite-dimensional
associative algebras was given by Wedderburn [4], proving that for all finite
dimensional associative algebra A over an arbitrary field, with nilpotent radical A/,
there exists a subalgebra S C A such that S =~ A/AN and A = S@® N . This theorem
is known in classical literature as the Wedderburn Principal Theorem (WPT).

Communicated by Vyacheslav Futorny.

To Ivan Pavlovich Shestakov on the occasion of his 75th birthday.

P< F. A. Gémez Gonzilez
faber.gomez@udea.edu.co

J. A. Ramirez Bermidez
jalexander.ramirez @udea.edu.co

Institute of Mathematics, University of Antioquia, Medellin, Colombia

Published online: 19 June 2023 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40863-023-00367-7&domain=pdf
http://orcid.org/0000-0001-6386-4883

Sao Paulo Journal of Mathematical Sciences

Analogous versions of the WPT were proved for finite-dimensional Jordan
algebras by Albert [5], Penico [6], and ASkinuze [7].

Superalgebras are algebras that admit a decomposition as a direct sum of vector
spaces A = A, @ A, and it satisfies the multiplicative rule A;A; C A; 1040+ Ap and
A, are called respectively even and odd parts of A. It is well known that all asso-
ciative algebra is an associative superalgebra. However, it is not a general rule. For
example, if § is a Jordan superalgebra with odd part non-zero, then ¥ is not a Jordan
algebra while {§ is a Jordan algebra. It arises as a natural question to research the
validity of the WPT for finite-dimensional non-associative superalgebras. Note that
this is equivalent to investigating which superalgebras A = A, @ A, with radical
N there exists a Sy-superbimodule S; C A, such that S; = A, /N, A, =S, &N,
A=(S5,®S)D®WN,DN,), where S; C A, is a semisimple superalgebra, and
Ay /Ny = Sp, Ag = Sy ® N,

Additionally, it is known that on the variety of finite-dimensional Jordan and
alternative algebras, solubility implies nilpotence. However, in finite-dimensional
Jordan and alternative superalgebras Shestakov [8] proved that there exist solvable
superalgebras that are not nilpotent. In this sense as a first step, we consider solvable
radical to study the validity of WPT in Jordan superalgebras. The first author [1]
proved that it is possible to have an analogous version to WPT for finite-dimensional
Jordan superalgebras when some conditions are imposed over the irreducible
superbimodules contained in the solvable radical. First, as in the case of Jordan
algebras, he proved that it is possible to reduce the problem to Jordan superalgebra
A with solvable radical N with N2 = 0 such that the quotient Jordan superalgebra
A/N is isomorphic to a simple Jordan superalgebra §. As a consequence of this
result, it is possible to consider case by case of simple Jordan superalgebra. Second,
he proved that if § is a simple Jordan superalgebra then it is possible to reduce
the proof of WPT considering the irreducible Jordan §-superbimodules that are
contained in V.

The classification of finite-dimensional simple Jordan superalgebras over an
algebraically closed field of characteristic zero was given by Kac [9] and Kantor
[10].

In this paper, Sect. 2 gives some preliminary results regarding the theory of Jor-
dan superalgebras, including the definition of the superalgebra of the Grassmann
Poisson bracket &an(2), and the classification of irreducible Jordan Kan(2)- super-
bimodules given by Folleco and Shestakov [11]. Section 3 presents the conditions
over t xi%j) € N, where X; € A is a preimage under canonical homomorphism of

X, X € X and ? is an additive basis of .A/N such that S = alg ()~(1) ~ Kan(2). We
assume that X;X; = Y, &y, + v(X;X;);. Finally, Sect. 4 provides a proof of the main
theorem of this paper. We shall prove that if N> = 0 and .A/N is isomorphic to the
simple Jordan superalgebra of Grassmann Poisson bracket Kan(2), then an analo-

gous to WPT holds.
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2 Basic concepts and notation

Throughout the paper, all algebras are considered over an algebraically closed field
F of characteristic zero.

Recall that a superalgebra § = J, @ 3, is said to be a Jordan superalgebra, if for
every a, b, c,d € J,UJ, the superalgebra satisfies the super identities

ab = (=1)1lPlpg, 2.1

((ab)e)d + (_])IdI(ICI+IbI)+IbIICI((ad)c)b + (_1)IaI(IbI+ICI+IdI)+IdIICI((bd)c)a

= (ab)(cd) + (=MD Gy (be) + (= 1IN+ () (bd). @2

We denote the parity of a by |a| = iifa €

Let N'=N, @ N, be a superbimodule over . We say that N is a Jordan
-superbimodule if the split null extension &= § @ N is a Jordan superalgebra.
A regular J-superbimodule, denoted as Reg gy, is defined on the vector super-
space 5§ with an action coinciding with the multiplication in §. Besides, if NV is a 5
-superbimodule, then the superbimodule AP is defined as a copy of N where
NP =N, NP = N, and the action is defined via

am® = (=D (am)*®, m®a = (ma)°® 2.3)

for all a € F UF, and m € NyUN,. N is called the opposite of the superbimodule
N.

Now, we consider the simple Jordan superalgebra of type Poisson Grassmann bracket
Kan2) :=F - 1+F-f{+F -fL+F-ep)®EFE-u+F-e,+F-e,+F-f,) where
1 is a unity, f; »f; =f, »f, = 1, and nonzero products are given by

hHheer=—ficeya=epeu=fy, fiofn=—€ fHfn=e€. 2.4

ejce=¢ep, eeou=f, 2.5)

for i = 1,2. Products in (2.4) and (2.5) are symmetric and skew-symmetric respec-
tively. Irreducible Jordan superbimodules over the simple Jordan superalgebra Pois-
son Grassmann Bracket Kan(n) were classified by O. Folleco and 1. Shestakov [11].
In particular, it was proved that if V) is an unital irreducible Jordan superbimodule
over Kan(2), then there exists a special element v in V such that v.-e; =v-f; =0
where I € {1,2,12}. Besides, they proved that the action of Kan(2) on W(v, a)
depends on the choice of a special element v € V(v, @) and a parameter « = Rf eF,
where R, denotes the right multiplication operator. Without loss of generality,
we can assume that v is an even element. Then, for an additive basis for V given
by v,w,,w,, V5, W, v, v, and w;, where v,w;,w,,v,, are even elements and
w, vy, V,, W, are odd elements, the nonzero right action of Kan(2) over V(v, @) is
given by the following relations:
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VU=V fi=vy =W e = Wi = —wy e = v fip = w,
Wefi=wy flo =V e =vLwef=—wfip = v e =1,
Vg Hh = VU= =W e =W, — vV fi =V u=wip e = wy,
Wifo= =Wy fi = Vg Vip U =W,
Wi U=V, Wy U=aVy, W U=0aV,, WU =Wy fla=av,
Viter=Vy-e ="V ep =Y,
(2.6)

where a € . Note that if « = 0, then V(v, 0) = Reg Kan(2).

Now, let A be a finite-dimensional Jordan superalgebra with radical N such that
N? =0, and A/N = Kan(2). By [1] it follows that an analog to WPT is valid for A
if it is valid for each irreducible &an(2)-superbimodule. Due to [11], we just need to
consider two cases, N'= V(v, @), and N = V(v, a)°P.

As a consequence of WPT for Jordan algebras it follows that there exist 1 f],
for T €A such that S, = alg(1,f,./.2},) = (Kan(2)),, and AO = SO D N,.
Since (A/N); = A /N, = (Kan(2)),, then there exist elements U, ¢, e, and

]~”12 € A, such that Vec(u,el,ez,flz) ~ (Kan(2));, where X denotes the image of

X under canonical homomorphism. In the following, we identify elements X € A
with elements x € Kan(2). In the sequel, we denote the products in .A by juxtaposi-
tion, i.e., for X and y € A we write Xy. Note that products Xy € A can be written
as Xy = x oy + t(Xy) where t(Xy) € N. ©(Xy) is called the radical component of the
product Xy . So, given 7 € N and X € A, we denote 7X = 1 - x, where 7 is identified
with n € V(v, a) (n € V(v, a)°P). Without loss of generality, we can assume the fol-
lowing products in .A: skew-symmetric products are given by

i =t (u), e, = @2)faf2 = ¥(haf1),
zlflz = r@ﬁz), 22?12 = 17(52.712),.712E = r(?lzﬁ), 2.7

while symmetric products are given by

E =11 = T ].7; =E’TZIZ 2212’

T =i + v(10), T2, =2, +2(12), 1f;, = f1, + t(1fy),

fii =x(fii), 12, = v(fie).f2, = t(5h2,), (2.8)
Ziafia =t @pafin). Fifiz = =8 + t(fifi) oo = 2, + t(hfin)

fies == fi, +x(fiey), fer = fia +r(fhe)), €1 = fiy + r(eyu),

fori = 1,2, where t(Xy) € NyUN,, and t(3y) = (—=1)FIFG%).

Now, using the identity (2.2) and the fact that \V is a unitary irreducible bimodule
over A, it follows that for all @ € A, holds 2((1a)D1 + Ta = 3(1a)1. So, using this
equation and assuming 1d=3+7 where FEN , as a consequence, we conclude
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that 7 = 0. Then, we write Ti = u, le; =¢;, and T]N"]z =712 fori = 1, 2. Therefore, we
obtain that 1 is the unity in A.

3 Conditions on the radical component of products in A

In this section, we investigate the conditions that are satisfied by the radical com-
ponents of products Xy € A. We need to consider two cases N2 V(v,a), and
N = Vv, a)®. From now on, let 1, f,, fy, @, &, 2, 2, and f,, € A such that (2.7)
and (2.8) holds.

3.1 Case1

Assume that N = span{v, w,,w,,v,,), and N, = span{w,v,,v,, w;,) such that
N = V(v, @) with nonzero actions given by (2.6).

Initially, we present some lemmas used mainly to make short the proof of WPT
in this case.

Lemma3.1 Let f}, f5, €1, €5, €125 f12, and U be as equations (2.7) and (2.8) given in 2.
Then there exist scalars &y, 1y, @y, Oy 7y, s €0 &1> X1> 02 such that flu = ()W + & vy,
fii = oW + &1V F81 = agw + avy, 58, = 89w + 6y, 18, = Tow, €158, = o,
and elzfl2 = €gW.

Proof Let us consider a=c=d =}:~, and b=X€ A, in the equation
(22), we conclude that ((fX)f)f,=fx. Since fxeN, we write
EY =Aw + B,v, + B,v, + Cw,, where A,B;, and C € F are arbitrary scalars for
i = 1,2. By linearly independence of elements w, and v; we obtain f? = Aw + By,
for i =1,2. Thus, we have that there exist scalars &, al, Mjs 6 € [ such that
RAi=&w+&m, flel = agw +av;, ol = HgW + 1,V,, and F%, = 8w + 8y,

Now, taking a = f], =U, and c=d = f2 in the equation (2.2), we get that
cGh, + Chnhf — v = 0. _Consequently, we conclude that n, = &,. It
is easy to see that if r € N}, then (rf)e12 =0. So, substltutmg a=c —fl, =7¢,
and d =¢,, in the equation (2.2), we have that ((flel)f)elz + (Clzei)ﬁ)ﬁ =¢)5¢;
Noting that fe, € \;, it is clear that equality (@ 12~')f Y, — £(Z,%) = 0 holds,
and therefore we have scalars 7, 7, 64, and o, such that ¢,¢; = ryw + 7, v, and
epey = opW + 0,V

Considering a=d=7%¢, b=u, and c =]71 in the equation (2.2),
we obtain ((¢,,0)f;)¢;, =0. Expanding this equation, we have that
(@ i)f)2 1, + 2(fif1))e1, — ©(Z1,2,) = 0. From this, and using the fact that
(r(‘uﬁ)fq)zlz =0, we conclude that r(?]flz)zlz —1(e),6,) =0. Now, let
f}f12 =AW+ B v, + Bjv, + Cwy, with A;,B;;, C; € F, for i,j = 1,2; substituting
this in the last equality with j=1, we determme that —Cyw — (oyw + 0,v,) =0
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Then, by linear independence of elements, we conclude that ¢, =0, C; = —0,.
Similarly, with j = 2, we deduce that 7, = 0 and C, = 7. Thus, we can write

61261 = T()W, and 61262 = O-()W. (3.1)

Putting a:};, b=7u, and c:d:?ij in the equation (2.2), we have that

((fiie,)e; + (@i)e,f; = 0, and it follows that
v(@i)e,)f; + v@f)f; = 0. (3.2)

Let r(€u) = QoW + @ V| + @vy + @ oW, and
r(€),f12) = €gW + €,V] + €;V, + €1,W ), With @;, ¢; € F for i € {0,1,2, 12}. Replac-
ing these equalities in the equation (3.2) and using the fact that w, v,, v,, and w,
are linearly independent, we get that ¢, = ¢, = 0, and ¢, = @,,. Finally, substituting
a=c=d=7¢,,and b =1 in the equation (2.2), we obtain that ((¢,,1)¢,)¢;, = 0.
Thus, by simplifying the last equation, we get that ’3(512712)212 =0, hence ¢, = 0.
Therefore, we can write

512?12 = €W, (3.3)

which completes the proof. O

Lemma3.2 [fX € {?1,32,7‘12}, then XX = 0. If a # 0 then uu = 0; otherwise, there
exists A, € F such that ui = A, ,.
Proof Assume that Xx=Av+Bw, +Cw,+Dv,,, where A, B, C,
and D, €F. Putting a=b=%€ A, c=d=f; in the equation (2.2) using
linear independence of v, w;, and v;, we get (GX)f.)f; =%X. Then, we write
t(XX) = D,v,. Now, taking a=d=%¢; b=1u, and c=f; in the equation
(2.2), we conclude that (@)f;)e; — @;i)(@f;) =0. Thus, it follows that
(x(eu)fye; + v(fyfy)e; + v(eyf;)f; = 0. Observe that (v(e;u)fy)e; = v(e;f,)f; = 0.
Therefore x(f;f;;Je; = 0 and using the linear independence of v, w;, w,, and v, we
obtain that Dy, = 0. Besides, replacing a =f;, b = f;, c ='¢;, and d =¢;; in (2.2) we
get ((ff)e)e; + ((e,f;)e)f; — (ff;(e;e,) — (€,f;)(f;¢;)) = 0. Solving this equation
and using equations (3.1) and (3.3), we conclude that t(¢;e;Je; = 0. Then D; = 0 for
Jj=12

Finally, assume that i = A,v,,. Let us consider a=b=c=d="u in the
equation (2.2), we obtain ((wu)u)u = 0. Then, it follows from this that (v(uz)u)u = 0.
Therefore aA, = 0. Note that if « # 0, then A, = 0, which proves the Lemma. O

Lemma3.3 Let 2, 2y, [y, and 2, as equations (2.7) and (2.8) in Sect. 2. Let €, be a
scalar as Lemma 3.1. Then there exist Vi and Q, € F such that €,f, = Qyv + eyw,,
and 2,fy, = VoV — €W
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Proof By Lemma 3.1, we have that Cifin = €. Let
2fi, =Ayv+Byw, +Byw, + Cy,, with A, B, B, C,€F for i=12.
Now, putting a=d = JN”I, and b=c=¢; in the equation (2.2), we get
that  ((F¢))f; - (f&)(fgp =0 for i=1,2. From this, it follows that
(r(fle )e)f + (e, ffu)f 0 and it is clear that (r(fe )e )f 0. Consequently, we
conclude that t(‘}f )f 0, ie., (Ajy+Byw, + Bow, + C; vl2)f 0. Now, applying
action on the last equation, we obtam that +B;vi, + Cyw; =0, and using the linear
1ndependence of w; and v,, we get that B; =C; =0 for i=1,2. So, we write
ef12 =Ay+ Bw;. Further substltutlng a= f,, b=%¢,and c=d =]7,_-/- in identities
(2.2) we obtain that ((f el)fu)fu ((]7‘?;)]7”)? ((e, flj)flj)? 0. From this, it is clear to
see that rf}f])e (r(‘lf")fl])f 0. Therefore, we obtain that B;, = —B,,.

Finally, substituting a =¢,,, b =¢,, ¢ —fl, and d = f12 in the equatlon (2.2) and
making the calculations, we obtain that (x(Zj,f;,)f )| + (¥(Z,f;,)f;)¢, = 0. There-
fore, we conclude that ¢, = B,,, and the proof is complete. O

Note that, the following identities (3.4)—(3.15) hold as a consequence of Lemma’s
3.1,3.2,and 3.3.

1(€2,)e; = 0. (3.4)

(e — v(ffe; = 0 (3.5)
@ + (i — v(7&) — v@i) = 0. (3.6)
(&8, — v@f)ii — @ jif; = 0 (3.7)
@y, + r(fif, = 0 (3.8)
@@ + x(ff,)f; — x(fie) = 0. (3.9)

(r(e‘ﬁ)f,)?, + r(?x?;)zl + r@i%’) - (r@,ﬁ,)ﬁ)ﬁ - (r(El'ﬁ)z)EU =0. (3.10)
(fif)e; — (x@2 )i — R@Uf)e; + x@i) + x(fZ)f; =0.  (3.11)
(@ )2 — 2e@f)f; + @) = 0. (3.12)

2e(ff)f; — 2@ f) — CCf ) — (Fif)e; + x@ie, = 0. (3.13)
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(fe)ui — v(fii — e@uiy, — v, + @, = 0. (3.14)

(T, i — @i — (i) — o, Wi,

FAnf, 1
— (x(f)f; + v(umnye; = 0. (3.15)

The proof of these identities is not completely presented. Identities (3.4)—(3.15) are
obtained via appropriated replacements in the equation (2.2). The proofs of identities
(3.4) and (3.6) are only sketched. First, putting a = fl, b= fl], c=¢,and d="¢;in

the equation (2.2), we get ((flﬁje,)eu)+((~ffu)e )f (fflj) i€ Cfﬁj)(ﬂe,) =0. An

easy computation shows that x(e;e )elj = 0, which completes the proof of the identity
(3.4). Now, taking a = el], b=u,andc=d= fi in the equation (2.2) we obtain that
(Ciju)f})f;‘ + ((fiu)fi)uij et = 0. By Lemma 3.1, we have that (x(f;u)f;)e; = 0, then
(e(e;mf)f; + x(fif)f; — x(fie)) — x(e;) = 0; i.e., identity (3.6) is proved. Similarly,
identities (3.5), (3.7)—(3.15) are proved.

Lemma 3.4 Let 1, f,, o, 21y U, 2,, %y, f1 be as equations (2.7) and (2.8) in Sect. 2.
Let &y, ay, 8¢, Ny> Tgs Ogs €g» E1» A 025 o, Vo, A, € F as Lemmas 3.1, 3.2, and 3.3.
Then, there exist scalars f, 6y, o, Ay» Yo» Xo Such that the following equalities hold:
symmetry products
Fifia ==, + ygw + Byvy + 8gvy — 0oW0
Fofia =2, + Agv — agw; — Ogwy + 1w,
eu =]~‘12 + @ow + (Qy + aty)v, + (Vy + aoy)vy + €gwyy,
F% ==Fi+ Bow + 1rgv — (Vo + acp)v, — €Wy,
]72?1 :]712 + Oyw + (Q) + azty)vy — Agvy + Wi,
and skew-symmetric products
€€y =€, + oV + oWy + oWy,
T =f, + (a(=4g — Vo — acp) — EIV + agw, + (1o + @p + Bo)Ws — ¥ToV1ss
ol =f + (alyy + Qo + aty) — 1p)v — (xo + @ — Op)wy + Sgws — AoV,
]?125 =a(fy — 0y + @y + xo)v — (Q + aty)w; + (Vy + acy)w,,
and A, = 0,06, =7y + Qy + ary, ¢y = =4y — Vg — aoy, aey = 0.
Proof Let ¢, a;fori =0,1; Sj, o} 1 for j=0,2; @, for k =0,1,2; €, 7y, 64, A, Voo,
and €, be as in Lemmas 3.1, 3.2, and 3.3.

Assume that there exist some scalars f;, 0,, v;, 4;, A, k. p;» @;, and y; € F,
i=0,1,2,12 such that
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Ezﬁ =Agv+ Aywy + Ayw,y + Ay, e,u =]~‘12 + @ow + @ V| + @V, + €Wy,
51 = =Fio + Bow + Bivy + Bova + Biawins o8y =Fia + 0w + 0,v; + 030, + 01w,
Fifia==2,+ 1w+ 11V, + 729, — 6w, Fofio =1+ dgw + vy + vy + 1wy,
G =f, + PoV + piwi + paws + Pravins Gii=f,+ KoV + Kjwy + Koy + KppVpo,

€jey =e )y + yov+ 1wy + oWy + X1avin-

Now, we use identities (3.4)—(3.15) to complete our proof. By the identity
(3.4), it is clear that y;, = 0. Now, considering the identity (3.5) we have that
X1 =Ty Xo =0y, Ay =—0,, and y, = f,. Taking the identity (3.6) we have that
Yo =P @2 = =Py, 4g=—0,, o, =0,, and ¢, = 0,, = —f;,. Note that the identity
(3.7) implies that ae; = 0. Observe that if a # 0, then ¢, = 0. Later, using the
identity (3.8) we obtain that A;+¢@; =0, for i=1,2, and A, = —a¢g, =0.
Combining these last two equalities, it is clear that ¢, =—-A; =#6,, and
@, = —A, = —p,. Further, considering the identity (3.9), we get 6, =y, + @,

=—Ay— @ 7, =0y and A, =—a, Besides, taking the identity (3.10),
we have that p, = yy+ @y + ), and x; = —(yy+ @y —6,). Later, from the
identity (3.11), it follows that x, =y, =46y, and p;, = —A; = «,. Further, by
the equation (3.13) we get that @, = Qq + az), and @, = V, + ac,. Thus, we

conclude that 6, =y, + Q,+ ar;, and a; = -4, — V, — ac,. Besides, using the
identity (3.14), we obtain that k)= a(f; — A|) —ny = a(yy + Q + azty) — #y,
po=a(0, + Ay)) — & = a(=Ay — Vo — aoy), and

Agy=afy—akx; — A, =ap, —ab,—A,. Thus, Ay=a(y,+@,+ b —6)—A,
Finally, since the identity (3.15) we have that Ay = ay, —ak, + A, k|, = —ao,
and p,, = —at,. Note that y; = f;, and comparing this with the identity (3.14), we
conclude A, = 0, and the proof is complete. a

Note that by Lemmas 3.1 and 3.4 we have proved that:

Theorem 3.5 Let A be a finite-dimensional Jordan superalgebra with solvable
radical N such that N> = 0, A/N = Kan(2), and N is isomorphic to irreducible
Kan(2)-superbimodule V(v,a). Then there exists Te AO such that 1 is a unity
of A and there exist elements f,, fy, ¢, € Ay, and &, T,, Ty, fio € A, such that
alg(T,f,.f5.2,) = (Kan(2)), and span(ii,Z,,%,.f ;) = (Kan(2)), where X is the
image of X under canonical homomorphism. Moreover, there exist scalars &, &, ay,
00> 0> Mo To» Oo» €0 Po» 00 Po» Ags Yo» Xo Such that aey = 0 and the non-zero products
are given by: symmetric products
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ffi=1, i=12;
Rl =&w + vy, fl = &+ &v,
]71?1 =agw + (—4y — Vo — acy)vy,
]72?2 =6gw + (yy + Qy + aty)v,,
€p€) =TpW, €3¢, = oW, 512?12 = W
Fifia ==+ yow + vy + 8v, — ogw 5,
Fofia =8\ + dgv — agwy — Bgw, + 1wy,
€U =712 + @ow + (Qy + aty)v, + (Vy + aoy)v,y + €gwyy,
he =—Fn+ Pow + vov1 — (Vo + acp)vy — €Wy,
]72?1 =~12 + Oyw + (Q + aty)v, — Agvy + W12,
and skew-symmetric products,
Fi&, =Qqv + eqwy, f128, = Vv — egw,
€€, =€, + yov + Tow, + oWy,
eu =]~‘1 + (a(—=4g — Vo — aoy) — E)v + agw, + (xy + @y + Po)w, — atyvys,
Tl =f, + (a(yy + Qo + aty) — 1)V — (2o + @ — Op)W, + 5wy — oV,
Fiolli =a(fy = 0y + @ + £o)v — (Q + azg)w, + (Y + acy)w,.

3.2 Case2

Assume that A = span{w,v,,v,, w;,) and N, = span(v,w,,w,,v,,) such that
N = V(v, a)°P. We present a series of lemmas to simplify the proof in this case.

Lemma 3.6 Let f;, €;, €5, fi5, and U be as Egs. (2.7) and (2.8) in Sect. 2. Then
there exist scalars &,, &5, 12, 0y, X9, 8y, 615, and €, such that fii = E;w, + &,V 5,
hu==&wi+ v, fieg = awy +apv, fe = 6w+ 8, €pe; = ap,
€\,8, = —6,v, and €|,f}, = €yV.

Proof We can now proceed analogously to the proof of Lemma 3.1 using the same
replacements. O

Lemma3.7 ForallX € A, Xx = 0.

Proof Let X € A, be. Using the Eq. (2.2), it is easy to see that ((fc'fc)fi)fi =xx. Then,
we get that ((X)f,)e; = (XX)(f¢;), and, we conclude that Xx = 0. m]

By Lemmas 3.6 and 3.7, we are now in a position to show valid equations in 4.
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(@, + x(f)fs + v(f) = 0.

(2 - (e, — cF2f)e; - C@ZA; — 26(f2)f; = 0.
e, + c@aff + x(if)f — v(fe) — (@) = 0.
aGwfye, — c@uf)f, — x(e)f)i + @) = 0.
@Y + ()i — (fif )i — @) — v(fif; = 0.

~
1

C(nf)f; — GERAE+ v (&) — c(Fidf)f; + 26 (e, = 0.

~
1

((F2)e )it — v@f, )i + (x@)E,)f, — (e — x@if; = 0

(ff)ei + v@2 )i + (@) — Fye)f; — v(fif,)f;
— @), + v(fZ) =0

e, + e(ffei - v@,e )i — v(f)f;
- r(EUE)E] -T e}]?;]) =0

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

In the same manner as equalities (3.4)—(3.15) with suitable replacement in the

identity (2.2), we can see those equations (3.16)—(3.24) hold in A.

Lemma 3.8 Let 1, f,, fy, @15 10,2, 2y, and f,, be as relations eqrefpro: A1A1 and
(2.8) in Sect. 2. Let &, &5, N1, @y, @y, 61, 010, €y € F be as Lemma 3.6. Then, there
exist scalars yy, Ay, P12, 012, @, @1, @y such that the following equalities hold: with

symmetric products

il =f, + Pov + @1wy + @y + €V,

F18 ==Fio + (& = @) — @w; — (6, + @)W, + fov1a,
58 =fip + (=0 + @)V + (= + @ )w; + @awy + 05,
Fifio == + 7y + 81w, = Biaw, + (8, + @)V,

Bz =8\ + Agv = 13w, + W, + (ay — @)V,

and skew-symmetric products
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Eufia =(ay — @)W — appvy — 01y,
Efia == 6+ @)W+ By — 81205,
Fioll = = @ow + (13 — a@))vy + (15 — €@V, — €gwy,
€€, =€y + (a1, + S1)W + ayvy + 8, v,
eu =]~‘1 + (=Ag + m)w — aley — 01,)v; — (65 + aayp)v, — aywyy,
Sl =fo + (=Yp + E)W + (€5 + ab12)v, — aley + Bip)vy + 6, W),
Proof Let f;,0,,v,, ;s A}, ks pyy @5, and y; € F, fori =0, 1,2, 12 be such that

flzﬁ =Agw + A vy + Ayvy + Apwys, €U =712 + Qv+ @ W + @w, + €V
e ==Fin+ Bov + Biwy + Bywy + Brovin, 52 =fin + Opv + 0,wy + 0wy + 015y,
Tl ==+ 1+ 1w+ 1aws + 710vi0s fafia =81 gy + 4wy + Aawy + Appvy,

eu 2?1 + poW + p1vy + PV + praWins eu =j72 + KW + KV + KV, + KpWo,
T fia =Qow + Qv; + Qyvy + Q1w efia = Vow + Vv, + Vs + YV owp,,

ejey =ep, + yow + 11V + 2ava + XiaWia-

Using the identity (3.4) we get that y;, = 0. Later, considering the identity (3.16),
we have that 1, = a,, and y, = 6,,. The following identities hold as a consequence
of identity (3.17): yy =, + 015, X1 =@, ¥, =6, and y;, = —f,, A, =—0,.
Now, considering the Eq. (3.18) it follows that f, =&, — @y = =6, f, = —@,,
72 = B2, 6, = @,, and A, = —6,,. Later, taking the identity (3.19) we conclude
that p, = =& — aa,, k| =&, + @by, p1, = —y, and k|, = ;. On the other hand,
the Eq. (3.20) implies that ky = =&, + Yo, Po =12 — 49> P12 = —A;p + B, and
Ky, = =0, + 7, and, in consequence, 6, = —a, + ¢,, and f, = =6, — @,. Moreo-
ver, substituting a =Z-, b=c=T1u, and d =’e“j in the identity (2.2), we get that
p = a(A, +0,), and k, = a(A, — B,). Our next claim is obtained from the Eq.
(3.21) concluding that Ay = —@,y, A, =&, — a@,;, and A, =1, — a@,. Further,
replacinga =f,, b =1, ¢ = ¢;, and d ='¢; in the Eq. (2.2) and rewriting this replace-
ment, we obtain ¢, = €,. Besides, using the Eq. (3.23) we have that A, = —¢.
Finally, taking the Eq. (3.24) we obtain that Q, =V, =0, Q,=a, — ¢,
Vo ==, + 9,), Q =—ayy, V) ==06,, &, =—0,,, and V| = f;,, which com-
pletes the proof. O

By Lemmas 3.6-3.8, we have proved the following theorem:

Theorem 3.9 Let A be a finite-dimensional Jordan superalgebra with solvable
radical N such that N> = 0, A/N = Kan(2), and N is isomorphic to irreducible
Kan(2)-superbimodule V(v, ®)°P. Then there exists 1 € Ay such that 1 is a unity

of A and there exist elements f, fy, T,y € Ay, and U, ¢, e, fia € A, such that
alg(1.7,.15.2,) = (Kan(2)), and span(ii,2,,2,.f1,) = (Kan(2)), where X is the

image of X under canonical homomorphism. Moreover, there exist scalars &,,

@ Springer



Sao Paulo Journal of Mathematical Sciences

S12> Mig» Xy> A1y 815 612, €05 Y05 A Pras 012, @o. @1» @y, mON-zero products are given
by:symmetric products
ffi=1, i=12
715 =Ew, + &V, JNCzﬁ = —&Ewy + Vi,
Ezl =Wy + appVy, 72?2 =06,w; +612V12,
€pe) =my, €pe, = =6V, ?12]712 = €V,
el 21712 + @gv+ Q1w + @owy + €V,
F18 == Fio + (&2 = @) = @w; — (6, + @)W, + fov15,
72?1 =J~012 + (=€ + @)V + (—ay + @)W + @ywy + 01515,
71]712 ==+ ¥V + 8wy — Piowy +(8) + @)V,
72712 = + Agv — 0wy +apw, + (2 — @)vyy
and skew-symmetric products,
e\e, =€, + (o + 5w + apv; +6,v,
eu =71 + (=4 + )W — aley — 012)v; — (65 + aapp)vy — AWy,
e =}; + (=yo + €W + (6, + adyp)vy — aley + Bro)Vvy + 6wy,
flzﬁ =—@ow + (E1p —a@ vy + (115 — a@y)vy — Wy,
z1]712 =(oy — @)W — appvy — Oppvy,

?27]2 == (6, + W + B — 6127,

4 WPT for Jordan superalgebras of type San(2)

In this section, We apply Theorems 3.5 and 3.9 proved in Sect. 3 to prove our
main result.

Theorem 4.1 Let A be a finite-dimensional Jordan superalgebra over an
algebraically closed field, with solvable radical N such that N? =0 and
A/N = Kan(2). Then, there exists S= S, ® S, subsuperalgebra of A such that
A=N@®S, and S = Kan(2), i.e., an analogous to WPT holds for A.

Proof By results of the first author [1], the proof has two parts according to O.
Folleco and 1. Shestakov [11] results, we need to consider the cases A= V(v, a), and
N =V, a)P.

Case 1. Let V be an irreducible superbimodule over @an(Z) such that NV is iso-
morphic to V(v, a). Assume that 1, f], fz, €, u, el, ez, fl2 € A such that condi-
tions of Theorem 3.5 hold. Let 1 =T, fi fl, b _f2, and ¢, =€, € A, and
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let S, = alg(1,f;,f»,¢,), thus we have S,= (Kan(2)),. Now, let &t =%+ t(f),
e, =2, +1(2)), &2, +1(,), and fi, =f, +t(f;,) € A,. From this, note that
span(L, 2, 2,,f1,) = (Kan(2)),.
Let A, B, C, D, E, F, G, H;, L, J, K, MeF for i=1,2 be such that
i =1U+Aw+Bv, + Byv, + Cwy,, fia =fia + Dw + Ev; + Eyvy + Fwy,
e, =¢,+Gw+Hyv, +Hyv,+Lwy,, and &, =7¢,+Jw+Kv,+K,v,+Mw,.
Computing the products of elements Xy, we have the following equalities hold:
&,it =eyu + (aJ — By)v + (K| + O)w, + Kyw, + aMv,,,

Tt =f1o1i + a(D — C)v + Eyw, + Eyw, + aFvyy,

éléz 2’5122 + (H2 - KI)V - LW] - MWZ’

&ifi =€ f12 + (aL — E;)v — Fw,,

&\fi, =€\fi, + (@M — E,)v — Fw,.

.1

PN

Now, by Theorem 3.5, we have that &,&, =2, &éi=f, &i=f, and
Jiolt =f1,8, =f1,6, =0if and only if H; = —a, K, = =6y, L = 79, M = 0, F = €,
E, =Q)+arty, E, = =V, — aoy, and
_(,1/0+(p0—90)+K] +C=0,}(0+(p0+ﬂ0+H2—C=0,
10+H2—K1 =O,a(ﬂ0—90+(p0+)(0+D—C)=0
“4.2)

Hence, it is clear that 2K, = y,—(y+Fy), 2H,=—-(6y+ b+ xo)
2C= o+ Py—0y+2¢y and a(@D+ (yy+py—06y)=0. Further, using
Lemma 3.1, we have that £t = 0 if and only if A = —¢,, B, = &, and B, = #,; and
fié; = 0if and only if J = —(y, + Q + azy), and G = (4, + V,, + @g;). Observe that
all these conditions are consistent with the first line of the equation (4.2).

It is easy to verify that &,&, = ,,¢, = &,,f, = 0. To complete the proof in this
case, we need to prove that é,,it = &,f, = —&,f, = f,,. A computation shows that

el ="¢,u—Cw
~ 1
= flo + @ow + (Qy + aty)v, + (V + aoy)v, + egw, — (z()(o + By — 60y) — @y)w
~ 1
= flo + (Qg + aty)v, + (V + aoy)v, + €gw, — 5(;(0 + By — Op)w
=j~‘12 +Dw+ E\v| + Eyvy + Fwyy
= fi2s

and
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Zfllz + 90W + (QO + O{TO)V] - ).0\)2 + €0W12 + GV2 + HzW
=f12-

S1m1larly to the last computation, it is clear that &,f, = —f;,, fif;» = —&,, and
Ffin = ,. Finally, taking S, = alg(i, ,, ,,f,,), it follows that S, ® S; = Kan(2),
and A= N@® S, as a consequence, we have that an analogue to WPT holds for A
when N = V(v, @), which completes the proof of the first case.

Case 2. Assume that N is an irreducible bimodule isomorphic to
N2V, a)®, and let 1, f,, fy, 215 T, 1, @5, and }712 be as Theorem 3.9. In the
same manner, as in case 1, we can choose elements 1, f,, e &), € A, such that
So = (1./1. /> he1,) = (Ran(2),). Taking elements i, &,, &,, f;, € A, such that

:ﬁ + AV - 7112W1 + 512W2 + ézvlz,

Y

Ji2 o + @y = &v + @ wy + @w, + €V,
2, =€, + Agv + () — 010)wy + ajpw, + vy,

&y =y — ygv — 81ywy + (€ + Pr)wy — 61vyy.

It is easy to see that S; = vec(il, &, &,,1,) = (Kan(2)),, and consequently, we con-
clude that there exists a subsuperalgebra S in A such that S= 5, @ S; = Kan(2)
and A = S® N, which completes the proof. O

Observe that proof of the Theorem 4.1 is independent of a.

Let us mention one important consequence of the Theorem 4. This result implies
that the second cohomology group (SCG)

H2(Kan(2), Vv, @)) = 0, and H*(Kan(2), V(v, a)°?) = 0

The study of nontrivial SCG for finite-dimensional Jordan superalgebra was made
by the authors in [12].
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