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Abstract In this study, we considered the electronic and optical properties of quantum wells with the exponential and hyperbolic
Rosen–Morse potentials under an applied magnetic field. Calculations are made within the framework of effective mass and parabolic
band approximations. We have used the diagonalization method by choosing a wave function based on the trigonometric orthonormal
function to find eigenvalues and eigenfunctions of the confined electron. Our results show that the magnetic field, asymmetry, and
confinement parameters cause a significant increase in electron energies and energy differences between the electron states and the
blue shift in the absorption peaks. These results can be used to probe materials’ electronic and structural properties and develop new
materials with tailored optical properties.

1 Introduction

Semiconductor quantum wells (QWs) have attracted much interest due to their promising potential applications in electronic and
optoelectronic devices. In these nanostructures, the quantum confinement effects on the charge carriers have quite different electronic
and optical properties than their bulk materials [1]. External perturbations, such as electric, magnetic, or intense laser fields, are
powerful tools in controlling the optical response of low-dimensional semiconductor systems.

Thanks to recent advancements in material growth techniques, due to their unusual electronic and optical properties, single or
multiple QWs consisting of inhomogeneous pieces with various confinement potentials have attracted remarkable attention. These
structures’ electronic and optical properties can be adjusted according to the desired outcome by selecting appropriate geometries,
material parameters, and applied external fields, leading to new potential applications in optoelectronics. Therefore, these structures
have been extensively studied and are still being investigated under external fields such as electric, magnetic, and intense laser fields
[2–18].

The main objective of selecting the appropriate confinement potential profile for any of the mentioned structures is to manipulate
their electronic properties to best reflect the material’s atomic structure and enable the design of new optoelectronic devices. It
should be noted that the physics of QWs with different confinement potentials offers opportunities to explore new applications in
lower dimensions. In addition to the different shaped QWs mentioned above, molecular potentials such as Konwent [19], Manning
[20], hyperbolic type Rosen–Morse [21–23], and Razavy [24] are used extensively in the investigation of electronic and optical
properties of low-dimensional systems.

The exponential Rosen–Morse potential has independent fitting parameters more than the hyperbolic type Rosen–Morse potential
for the experimental results. The exponential Rosen–Morse quantum well (eRMQW) is a more reliable and advantageous model as
it provides a more flexible framework than the hyperbolic type Rosen–Morse potential, which includes more parameters to represent
experimental data accurately. Although there are a limited number of studies on the optical properties of QWs and quantum dots
with hyperbolic type Rosen–Morse potential under external fields [21–23], as far as we know, one has not reported any investigation
on the electronic and optical properties of the eRMQW except for the calculation of rotational vibration energies of some diatomic
molecules. Therefore, in this study, we investigated, for the first time, the electronic and optical properties of the eRMQW under an
applied magnetic field. In addition, in order to make a detailed comparison with the hyperbolic RMQW (hRMQW) potential, the
hRMQW potential function modified by us was defined, and both QWs were investigated in detail, and the results were compared.
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This work is arranged as follows: The theoretical framework is presented in Sect. 2, the results and discussion are outlined in
Sect. 3, and the conclusions are given in Sect. 4.

2 Theoretical model

In the effective mass approximation, the Hamiltonian for an electron under the magnetic field can be expressed as follows:

H � 1

2m∗
[
�p +

e

c
�A(�r )

]2
+ V (z) (1)

or

H � − �
2

2m∗
d2

d z2 +
e2 B2 z2

2m∗ c2 + V (z) , (2)

where the magnetic field ( �B) is applied perpendicular to the growth direction, �A(�r ) is the vector potential, and it is written in the
form �A(�r ) � (0, −B z, 0) to describe the applied magnetic field; �p is the momentum operator, m∗ is the electron effective mass, e
is the elementary charge, and V (z) is the confinement potential of the eRMQW; its functional form is given as follows [25]:

V eRMQW (z) � V0

(
1 − ez0/k + 1

ez/k + 1

)2

, (3)

where V0 is the QW depth, the k-parameter is related to the well-width, and z0 is the z-position of the minimum point of the
potential, it is also the distance from the equilibrium position and also affects the well-width. It should also be noted that using
the eRM potential used in the literature to obtain the molecular energy spectrum of diatomic molecules has been modified by us to
investigate the electronic and optical properties of an electron confined within this potential.

Immediately after the energies and related wavefunctions are acquired, linear and nonlinear absorption coefficients are found
for transitions between two electronic states using the perturbation expansion and the density matrix methods. Using the relevant
approaches mentioned before, expressions of the linear, third-order nonlinear, and total absorption coefficients (TACs) for the optical
transitions are found as follows [18, 19, 26, 27], respectively:
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and

β(ω, I ) � β(1)(ω) + β(3)(ω, I ) , (6)

where εr � n2
r ε0 is the real part of the permittivity, σv is the carrier density in the system, μ0 is the vacuum permeability,

Ei j � E j − Ei is the energy difference between two impurity states, Mi j � ∣∣〈ψi |ez|ψ j
〉∣∣, (i , j � 1, 2) is the transition matrix

element between the eigenstates ψi and ψ j for incident radiation polarized in the z-direction, �i j (� 1/Ti j ) is the relaxation rate, Ti j
is the relaxation time, c is the speed of the light in free space, and I is the intensity of incident photon with the ω-angular frequency
that leads to the intersubband optical transitions. It should be noted that diagonal (non-diagonal) matrix elements are zero (different
zero) Mii � Mj j � 0,(Mi j �� 0) in the symmetric case for z0 � 0.

3 Results and discussion

The parameter values in our numerical calculations are ε � 12.58, m∗ � 0.067m0 (where m0 is the free electron mass), V0 � 228
meV, nr � √

ε � 3.55, T12 � 0.4 ps, �12 � 1/T12, μ0 � 4π × 10−7 Hm−1, σν � 3.0 × 1022 m−3, and I � 5.0 × 108 W/m2.
These parameters suit for GaAs/GaAlAs heterostructures [13].

The presentation of results has been divided into two subsections. In subsection A, attention is focused on the eRMQW, giving
greater relevance to the z0-parameter and the dimensions of the structure, associated with the k-parameter. The results are given for
zero and 10 T of the magnitude of the applied magnetic field. In subsection B, a comparison is made of the results for the eRMQW
and the hRMQW as a function of the applied magnetic field, considering a fixed value of the z0 and k-parameters.
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Fig. 1 For k � 15 nm and
different z0-values, quantum well
profiles which have the
exponential Rosen–Morse
confinement potential, and
squared wave functions
corresponding to the ground state
of the electron localized within the
well as a function of the z-growth
direction coordinate: for B � 0
(a) and B � 10 T (b)

3.1 The exponential Rosen–Morse potential

In the absence and presence of the magnetic field, the changes in the shape of eRMQW according to the z0 asymmetry parameter as
a function of the z-coordinate are given in Fig. 1a and b, respectively. When the parameter-z0 is zero, the structure has a symmetrical
character, whereas if z0 is nonzero, it becomes an asymmetrical character, and the parameter-z0 also has a dominant effect on
geometric confinement. As shown in Fig. 1a, as z0 increases, the minimum point of the potential shifts and barrier height on the
right side slowly decreases, while the left side becomes sharper and rises to infinity. So, we defined as an asymmetry parameter the
z0 since it causes the eRMQW to turn into an asymmetrical structure. Figure 1b shows the magnetic field effect on the eRMQW
structure. The magnetic field creates additional parabolic confinement on QW due to the second term in Eq. (2), so the almost
parabolic eRMQW structure, whose minimum slowly shifts toward higher energies, is obtained.

In the absence and presence of the magnetic field, the variations of the energies corresponding to the first three levels of a confined
electron within the eRMQW as a function of z0-parameter for k � 15 nm and k � 25 nm are given in Fig. 2a and b. Solid (dashed)
lines are for B � 0 (B � 10 T ). For both B � 0 and B � 10 T values of the magnetic field, the energies are an increasing
function of z0-parameter since the increase in the z0-parameter causes an increase in the geometric confinement. An increase in the
k-width parameter weakens the geometric confinement, and therefore, the energies decrease. In the presence of the magnetic field,
the energies increase due to magnetic confinement. The energy increase is quite pronounced at large z0-values and in the presence
of a magnetic field. As shown from Fig. 1b, the combined effect of the magnetic field and z0-parameter causes a greater increase in
geometric confinement rather than individual effects of them. The magnetic field causes a further increase toward the upper energy
levels since the right side barrier of the eRMQW also rises sharply to infinity as on the left.

The variations of the energy differences between the energy levels of interest as a function of z0-parameter for both k � 15 nm
and k � 25 values are given in Fig. 3a and b. As a natural consequence of the increase in energies as a function of z0, the energy
differences between the pointed-out levels in the figures also increase for both B � 0 and B � 10 T values of the magnetic field.

Figure 4a and b shows the variation of total ACs for a transition that is called the (1–2) between the ground and first excited
states of an electron confined within the eRMQW as a function of the incident photon energy for different z0-values for k � 15 nm
and k � 25 nm, respectively. First of all, it should be noted that for z0 � 0, the eRMQW has a symmetrical character, and so the
(1–3) transition between the ground state and the second excited state is forbidden, other than that for all z0-values, all transitions
are allowed since the structure is asymmetrical. We would also like to point out that since the amplitude of the absorption peak
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Fig. 2 The variation of the
energies corresponding to the first
three energy levels of a confined
electron within the exponential
Rosen–Morse confinement
potential as a function of
z0-parameter in the absence and
presence of magnetic field:
k � 15 nm (a) and k � 25 nm (b).
Solid lines (dashed lines) are for
B � 0 (B � 10 T )

corresponding to this transition is also very small due to the transition matrix element, a figure containing the (1–3) transition is not
given.

For k � 15 nm, the total absorption peak positions corresponding to the (1–2) transition shift toward the blue with increasing
magnetic field and z0-values. For k � 25 nm, the variation of the absorption peaks for this transition with respect to the magnetic
field and z0-parameter is the same, but due to the weakening of the geometric confinement, the absorption peak positions are
located at lower photon energies. Furthermore, the bleaching effect that is more pronounced in the weak confinement range is
observed in absorption peaks due to the increasing importance of the nonlinear contribution; the contribution of the nonlinear
absorption coefficient decreases with increasing the magnetic field and z0-values. This phenomenon occurs when the nonlinear
absorption coefficient is much larger than the linear absorption coefficient. It means that the material exhibits a significantly stronger
light absorption at high intensities than at low intensities. A significant nonlinear absorption coefficient implies that the material’s
absorption properties change dramatically with increasing light intensity. The material may exhibit strong absorption or saturation
effects at higher light intensities, leading to a higher light attenuation rate. This behavior can be exploited in applications such as
optical limiting, optical switching, and nonlinear imaging, where controlling the intensity-dependent absorption is crucial.

As it is known, the energy difference between any two energy levels of interest determines the position of the absorption peaks,
and the increase (decrease) in the dipole matrix element determines the increase (decrease) in the absorption peak amplitudes. In
this context, to explain the changes in the absorption peak amplitudes in Fig. 5a and b, we present the variation of the reduced dipole
matrix element (ηi j � Mi j/e) versus the z0-parameter for k � 15 nm and k � 25 nm, respectively. Solid (dashed) lines are for B � 0
(B � 10 T ). It should be noted that diagonal (non-diagonal) matrix elements are zero (different zero) Mii � Mj j � 0(Mi j �� 0) in
the symmetric case for z0 � 0. As shown in Eqs. (4) and (5), the linear term of AC is proportional to |Mi j |2, whereas the third-order
nonlinear term of AC is proportional |Mi j |4 and also to |Mj j −Mii |2. In Fig. 4a and b, a decrease in amplitudes of linear ACs and an
increase in amplitudes of nonlinear ACs are observed since η2

12 decreases slowly with the increasing magnetic field and z0-values,
whereas η2

11 and η2
22 increase sharply. Therefore, the bleaching effect decreases in the increasing magnetic field and z0-values since

the amplitudes of total ACs increase.
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Fig. 3 The variation of the energy
differences between the energy
levels of interest as a function of
z0-parameter: k � 15 nm (a) and
k � 25 nm (b). Solid lines (dashed
lines) are for B � 0 (B � 10 T )

Fig. 4 The variation of total
absorption coefficients for a
transition that is called the (1–2)
between the ground and first
excited states of an electron
confined within the quantum well
with the exponential Rosen–Morse
confinement potential as a
function of the incident photon
energy for different z0-values:
k � 15 nm (a) and k � 25 nm
(Rosen–Morse). Solid lines
(dashed lines) are for B � 0
(B � 10 T )
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Fig. 5 In the absence and presence
of the magnetic field, the variation
of the reduced dipole matrix
element (ηi j � Mi j /e) versus the
z0-parameter: k � 15 nm (a) and
k � 25 nm (b). Solid lines (dashed
lines) are for B � 0 (B � 10 T )

3.2 The hyperbolic Rosen–Morse potential

To make comparison both qualitatively and quantitatively the eRMQW and hyperbolic RMQW (hRMQW) potentials, we also took
into account the hRMQW confinement potential, which has the following form

V hRMQW (z) � V0

2

[
1 − sech2(z/k) + tanh2(z/k)

]
, (7)

where V0, z, and k-parameters are as defined in the eRMQW potential. In order to make a detailed comparison of exponential and
hRMQW results, we should also point out that the potential function given in Eq. (6) was developed by us, unlike the one given in
the literature [21–23].

As shown in Figs. 1 and 6 and (for z0 � 0), both the QWs have the same shape, for hRMQW, only the k-width parameter can be
changed, and its symmetry can be broken by applying an external electric field. However, as shown from Eq. (2), eRMQW has more
tuning parameters than that of hRMQW, and it has an asymmetric character by changing the z0-parameter. As mentioned before,
thanks to this degree of freedom, eRMQW is a more reliable and advantageous model, since it provides a more flexible framework
for validating experimental data.

The variation of the energies corresponding to the first three levels of confined electron within the eRMQW for z0 � 0 and
hRMQW as a function of the applied magnetic field is given in Fig. 7, for k � 15 nm. The energies are an increasing function of the
magnetic field. Due to having a stronger confinement, energies and also energy intervals corresponding to the hRMQW are larger
than those of eRMQW.

Figure 8 shows the variation of the energy differences among the first three energy levels versus the magnetic field. For both
models, the energy differences between the levels we are interested in are increasing functions of the magnetic field. Energy
differences for hRMQW are also larger than those for eRMQW. These results mean that the absorption peaks of hRMQW will be
located at higher photon energies than those of eRMQW.

For both eRMQW and hRMQW, the linear, nonlinear, and total ACs corresponding to the (1–2) transition as a function of the
incident photon energy for different magnetic field values are given in Fig. 9. Dashed, dotes, and solid lines are for the linear,
nonlinear, and total ACs. The black, red, blue, and green lines are for B � 0, 10 T, 15 T, and 20 T, respectively. As shown in Fig. 9,
in both models, the AC peaks blue shift with increasing magnetic field; note that the absorption peaks corresponding to the hRMQW
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Fig. 6 For k � 15 nm, the
quantum well profiles, which have
the hyperbolic Rosen–Morse
confinement potential, and the
squared wave functions
corresponding to the ground state
of the electron localized within the
well as a function of the z-growth
direction coordinate. Results are
for B � 0 (a) and B � 10 T
(Rosen–Morse). The
corresponding ground state
eigenvalues are indicated

Fig. 7 The variation of the
energies corresponding to the first
three energy levels of a confined
electron within the exponential
(solid lines) and hyperbolic
(dashed lines) Rosen–Morse
confinement potential as a
function of the applied magnetic
field. In the case of the
exponential Rosen–Morse,
calculations are for z0 � 0

are localized at higher photon energies than those for eRMQW. While the amplitude of the linear AC almost does not change with
the effect of the magnetic field, the amplitude of the nonlinear AC decreases, and thus, the bleaching effect decreases, and gradually,
the bleaching effect begins to disappear. In the hRMQW model, as the energy intervals and also E12 are larger than that of eRMQW,
the bleaching effect is very weak, and at B � 15 T, the bleaching effect is no longer observed.

4 Conclusions

In this study, we investigated the electronic and optical properties of the exponential Rosen–Morse quantum well under the effects
of an applied magnetic field, which is applied parallel to the growth direction of the structure considered. To the best of our
knowledge, this potential has not yet been used to investigate low-dimensional systems’ electronic and optical properties, except for
calculating the rotational vibration energies of some diatomic molecules. Furthermore, in order to make a detailed comparison with
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Fig. 8 The variation of the energy
differences between the energy
levels of interest of a confined
electron within the exponential
(solid lines) and hyperbolic
(dashed lines) Rosen–Morse
confinement potential as a
function of the applied magnetic
field. In the case of the
exponential Rosen–Morse,
calculations are for z0 � 0

Fig. 9 The variation of lineal,
nonlinear, and total absorption
coefficients for a transition that is
called the (1–2) between the
ground and first excited states of
an electron confined within the
quantum well with the exponential
and hyperbolic Rosen–Morse
confinement potential as a
function of the incident photon
energy for different magnetic field
values (for each potential, from
left to right, the magnetic field
values are B � 0, 10 T, 15 T, and
20 T). For the exponential
Rosen–Morse potential, the
calculations are with z0 � 0

the hyperbolic RMQW potential, we compared the results we obtained using the same parameter values for the hRMQW potential
modified by us. The magnetic field, asymmetry, and confinement parameters lead to a significant increase electron energies, energy
differences between the confined electron states, and a blue shift in the absorption spectrum. Energies and energy differences between
the energy levels which are considered for hRMQW are also larger than those for eRMQW. Thus, the absorption peaks of hRMQW
shift to higher photon energies than those of eRMQW. It should be noted that a blue shift is also observed in the absorption peaks
corresponding to the eRMQW with the zo parameter.

The blue shift of the absorption peaks can be advantageous for applications such as optoelectronics and photonics. By controlling
the blue shift, researchers can engineer the bandgap of low-dimensional materials to tailor their optical and electronic properties
for specific device applications. The blue shift of an absorption peak is an important phenomenon in many areas of science and
technology, including materials science, chemistry, and optics. It can probe the electronic and structural properties of materials and
develop new materials with tailored optical properties.
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