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Abstract 

Categorification of integer sequences A083329, A000295 and 
A049611 in the OEIS is given by using the number of sections in the 
Auslander-Reiten quiver of path algebras of type kΔ, where Δ is an 

oriented Dynkin diagram of type 76,,, EEDA nn  and .8E  In 

particular, the sequence A000295 counts the number of Dyck paths of 
semilength n having exactly one long ascent. 
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1. Introduction 

In [5], Ringel proposed a novel tool to investigate combinatorial 
properties of representation-finite hereditary artin algebras. Such a tool was 
named Dynkin function. These functions attach an integer (more generally a 
real number, a set or a sequence of real numbers) to each Dynkin diagram. 
Thus, a Dynkin function consists of four sequences of numbers namely 
( ),nAf  ( ),nBf  ( )nCf  and ( )nDf  and five single values ( ),6Ef  ( ),7Ef  

( ),8Ef  ( )4Ff  and ( )2Gf  [5]. Dynkin functions arise from the context of 

categorification of integer sequences, that according to Ringel and Fahr 
means to consider instead of numbers in a given integer sequence suitable 
objects in a category. We recall that recently, the Cañadas et al. considered to 
categorify the sequence A052558 by using 2-Kronecker modules [2] whereas 
Fahr and Ringel gave a categorification of Fibonacci numbers by using the 
Auslander-Reiten quiver of the 3-Kronecker quiver [3, 4]. 

One of the main tools dealing with integer sequences is the On-Line 
Encyclopedia of Integer Sequences (OEIS), however in [5] Ringel proposed 
to create a similar tool named On-Line Encyclopedia of Dynkin Functions 
(OEDF) in order to establish properties of integer sequences arising from 
Dynkin diagrams. Examples of Dynkin functions are: 

(1) ( )nr Δ  the number of indecomposable modules. 

(2) ( )na Δ  the number of antichains in ,modΛ  where Λ denotes the 

corresponding hereditary artin algebra associated to the Dynkin diagram .nΔ  

(3) ( )nnt Δ  the number of tilting modules. 

One characteristic of Dynkin functions is that numbers arising from them 
are independent of orientation, however several interesting combinatorial 
properties are obtained when dealing with oriented Dynkin diagrams. For 
instance, the lattice ( )nΛmodA  may be identified with the lattice of non-

crossing partitions, where nΛ  is the path algebra of the linearly oriented 
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Dynkin diagram .nA  In this way, the module categories nΛmod  allow to 

establish a categorification of non-crossing partitions [5]. 

In this paper, we calculate the number of sections in the Auslander-
Reiten quiver of the path algebra of a given oriented Dynkin diagram in 
order to obtain categorification of several integer sequences. 

This paper is organized as follows: In Section 2, we give some notation 
and definitions to be used throughout the document. Sections 3-5 concern the 
Auslander-Reiten quiver of algebras of Dynkin type nn DA ,  and ,,, 876 EEE  

respectively. Finally, an appendix is provided where the Auslander-Reiten 
quiver of some of these algebras have been described. 

2. Preliminaries 

In this section, we recall notation and definitions to be used throughout 
the paper [1]. 

Let ( )10, ∑∑=∑  be a connected and acyclic quiver. An infinite 

translation quiver ( )τ∑,Z  has the set ( ) {( ) ,,00 ZZZ ∈|=∑×=∑ nxn  

}0∑∈x  as its set of vertices, and for each arrow 1: ∑∈→α yx  there 

exist two arrows 

( ) ( ) ( ) ( ) ( ) ( )xnynnynxnn ,,1:,,,:, →+α′→α  in ( ) .1∑Z  

And these are all the arrows in ( ) .1∑Z  The translation τ on ∑Z  is 

given by the identity ( ) ( ).,1, xnxn +=τ  Further, for every ( ) ( ) ,, 0∑∈ Zxn  

it is defined a bijection between the set of arrows of source ( )xn ,1+  by the 

formulas [1]: 

( ) ( )α′=ασ ,, nn  and ( ) ( ).,1, α+=α′σ nn  

Let ( )τΓ,  be a connected translation quiver. A connected full subquiver 

∑  of Γ is a section of Γ if the following conditions are satisfied: 

S(1) ∑  is acyclic. 
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S(2) For each ,0Γ∈x  there exists a unique Z∈n  such that .0∑∈τ xn  

S(3) If txxx →→→ "10  is a path in Γ with ,, 00 ∑∈txx  then 

0∑∈ix  for all i such that .0 ti ≤≤  

For a translation quiver ( ),, τΓ  the τ-orbit of a point 0Γ∈x  is defined 

to be the set of all points of the form xnτ  with .Z∈n  Thus, any section ∑  

meets each τ-orbit exactly once. 

The following are conditions that a subquiver ∑  must satisfy to be a 

section of a translation quiver ( ) :, τΓ  

(1) If yx →  is an arrow in Γ and ,0∑∈x  then 0∑∈y  or .0∑∈τy  

(2) If yx →  is an arrow in Γ and ,0Γ∈y  then 0∑∈x  or .0
1 ∑∈τ− x  

Henceforth, we let xO  denote the orbit of a fixed element .0Γ∈x                   

In particular, if ( ) ( )10,Mod ΓΓ=Γ A  is the Auslander-Reiten quiver of                    

an algebra of Dynkin type Δ, then each element of the τ-orbit of an 

indecomposable projective module will be denoted by ., N∈τ in
i  

3. Number of Sections in Algebras of Dynkin Type nA  

In this section, we calculate the number of sections in the Auslander-
Reiten quiver of algebras of Dynkin type .nA  

Henceforth, we let ( )
ji

anAS ,  denote the number of sections of an algebra 

of Dynkin type nA  with a sink at the points ji  with naj ,1 ≤≤  fixed. 

Theorem 1. If A denotes the path algebra associated to the oriented 
Dynkin diagram nA  with one of the following two orientations: 
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or 

 

then ( ) ( )
1

1,
1

1, 2 −== nn
nAnA SS  for .1≥n  

Proof. Consider the following admissible numberings for algebras of 
type A: 

 
or 

 

then the corresponding Auslander-Reiten quiver ( )AModΓ  has the following 

shape: 

 

Now, we define the map 

( ) ,Mod: 2R→ΓΨ A  

( )srnss
r −−→τ− ,  

with ,10,1 −≤≤≤≤ nsnr  for each irreducible morphism [ ] →τ− 1
1
s

r  

[ ]2
2
s

r
−τ  in ( )AModΓ  it is defined an arrow in 2Im R⊆Ψ  as follows: 

 ([ ] [ ])2
2

1
1

s
r

s
r

−− τ→τΨ  

( ) ( )
( ) ( )⎩
⎨
⎧

=<−−→−−
<>−−→−−

=
.andif,,,
,andif,,,

2121111222

2121222111
ssrrsrnssrns
ssrrsrnssrns
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We let ( )
( )hiP ,

0,0  denote the set of all paths in ΨIm  starting at ( )0,0  and 

ending at the point ( )., hi  Thus, the number of paths ( )
( )hiP ,

0,0  from ( )0,0  to 

( )hi,  is given by .⎟
⎠
⎞

⎜
⎝
⎛ +

h
hi

 The sets ( )
( )hiP ,

0,0  with 1−=+ nhi  satisfy the 

identity: 

( )
( )∑

+

=

−=
hi

h

nhiP
0

1,
0,0 2  

for 1≥n  which equals the number of sections of ( ).Mod AΓ  ~ 

Theorem 2. For 2≥n  fixed and an algebra A associated to a Dynkin 

diagram nA  oriented as shown below: 

 

or 

 

it holds that ( ) ( ) ( ) .123 21
1,

2
1, −== −− nn

nAnA SS  

Proof. Consider the following admissible numberings for :nA  

 

or 

 

then the corresponding Auslander-Reiten quiver ( )AModΓ  has the following 

shape: 
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We define the map ( ) 2Mod: R→ΓΨ A  in such a way that 

( )( )
( )⎩
⎨
⎧

=−−+
−≤≤+−−

→τ−
nrsns

nrsrnss
r for,2,1

,11for,1,
 

with .20 −≤≤ ns  Now we use the same arguments as in Theorem 1 to 

associate a suitable arrow in 2Im R⊆Ψ  to each irreducible morphism of the 

form [ ] [ ]2
2

1
1

s
r

s
r

−− τ→τ  in ( ).Mod AΓ  The procedure goes as follows: 

([ ] [ ])2
2

1
1

s
r

s
r

−− τ→τΨ  

( )( )

( )( )

( )( )

( )( )

( )( )

( )

( )

( )( )⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

=+==−−−→

−−+

===−−+→

+−−

−≤≤=<+−−→

+−−

−≤≤<>+−−→

+−−

=

.1and1,if,1,

2,1

,1and,if,2,1

1,

,11and,if,1,

1,

,11and,if,1,

1,

2121222

11

121211

111

12121111

222

12121222

111

rssnrsrns

sns

rssnrsns

srns

nrssrrsrns

srns

nrssrrsrns

srns

 

Note that, for ,1−=+ nhi  

( )
( )∑ +

=
− −=

hi
h

nhiP
0

1,
0,0 12  and ( )

( )
( )
( ) .,

0,1
,

1,1
hihi PP =−  
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For ,211 −=+ nhi  we have that 

( )
( )

( )
( )∑ ∑

+

=

+

=

−==
hi

h

hi

h

nhihi PP
0 0

1,
0,0

,
0,1

11

1

11 .2  

Therefore, for 2≥n  

( )
( )

( )
( ) ( )∑ ∑

+

=

+

=

− −=+
hi

h

hi

h

nhihi PP
0 0

2,
0,0

,
0,0

11

1

11 123  

equals the number of sections in ( ).Mod AΓ  ~ 

Corollary 3. ( ) ( ) ( ) ( )
1

1,2
1

1,1
2

1,1
2

1, −−− ++= nAnAnAnA SSSS  for .3≥n  

Proof. The arguments used in Theorem 2 allow to define the subquiver 
,ImΨ⊆B  where for ,20,12 −≤≤−≤≤ njni  the points ( )ji,  satisfy 

the condition: 

( )
( )

( )
( )

( )∑ ∑
+

=

+

=
−

− ===
hi

h

hi

h
nA

njihi
i

SPP
0 0

1
1,2

3,
0,0

,
0,2

1

1

11 2  

with .2,1 11 −=+−=+ njinhi  Further, the paths containing ( ) →0,0  

( ) ( )0,20,1 →  satisfy the identity: 

( )
( )

( )
( )∑ ∑+

=

+

=
=

hi
h

hi
h

hihi PP
0 0

,
0,2

,
0,0 .  

Let W be a subset of ΨIm  whose points ( )ts,  with ,20 −≤≤ ns  
.21 −≤≤ nt  Then 

( )
( )

( )
( )∑ ∑

+

=

+

=

− −==
22

2

33

3

3322

0 0

2,
0,0

,
1,0 12

hi

h

hi

h

njihi PP  

with ,122 −=+ nhi  .233 −=+ nhi  For all paths containing ( ) →0,0  

( )1,0  the identity ( )
( )

( )
( )∑ ∑

+

=

+

=
=

hi

h

hi

h

hihi PP
0 0

,
0,1

,
0,0

22

2

22  holds. 
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Let T be another subset of ΨIm  whose points ( )xw,  satisfy the 

conditions .21,21 −≤≤−≤≤ nxnw  Then 

( )
( )

( )
( )

( )∑ ∑
+

=

+

=
−

− ===
44

4

55

5

5544

0 0

1
1,2

3,
0,0

,
1,1 2

hi

h

hi

h
nA

njihi SPP  

with .2,1 5544 −=+−=+ nhinhi  For paths containing ( ) ( ),0,10,0 →  

we have that: 

( )
( )

( )
( )∑ ∑

+

=

+

=

=
hi

h

hi

h

hihi PP
0 0

,
1,1

,
0,0

44

4

44 .  

Finally, we consider a subset ,Im Ψ⊆M  with points ( ) nyzy ≤≤1,,  

.20,2 −≤≤− nz  Thus 

( )
( )

( )
( )

( )∑ ∑
+

=

+

=
−

− ===
66

6

77

7

7766

0 0

1
1,1

2,
0,0

,
0,1 2

hi

h

hi

h
nA

njihi SPP  

with .2,1 7766 −=+−=+ nhinhi  Further, 

( )
( )

( )
( )∑ ∑+

=

+

=− =
hi

h
hi

h
hihi PP

0 0
,
0,1

,
1,1

66

6
66 .  

Therefore 

( ) ( ) ( ) ( )
1

1,1
1

1,2
21

1,2
2

1, 12 −−
−

− ++−+= nAnA
n

nAnA SSSS  

( ) ( ) ( ).
1

1,1
1

1,2
2

1,1 −−− ++= nAnAnA SSS  ~ 

For the general case, we have the following result: 

Theorem 4. ( ) ( ( ) ) ∑
−

=

−
− ⎟

⎠
⎞

⎜
⎝
⎛ −

+=
2

0

1
1,11,

2
2

m

i

m
nA

m
nA i

n
SS  for nmn <<≥ 1,3  

with ( ) ( ) .2 1
1,

1
1,

−== nn
nAnA SS  
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Proof. Let A be an algebra associated to a Dynkin diagram nA  and 

define the following suitable numbering: 

 

For ( ),mod AΓ  we define the subquiver 

( ) ({ } ).21\mod 1
0 τ−≤≤+−|τΓ= ∪nimnAW ik  

Let 1−kW  be the subquiver ( )AWk mod1 Γ⊂−  defined in such a way 

that 

{ ( ) }.0\ 11 mnjWW j
nkk −≤≤|τ= −
−−  

The subquiver 1−kW  is isomorphic to ( ),mod 1AΓ  where 1A  contains 

1−nA  as subgraph with a sink at the mth position. Thus, sections in kW  are 

obtained if all sections containing ( )j
n
−
−τ 2  in 1−kW  are connected by 

( )
k

j
n W∈τ −−
−

1
1  or ( ) ,1 k

j
n W∈τ−−  where .1 mnj −≤≤  Thus, Theorem 1 

guarantees the existence of a map ϕ such that the number of admissible paths 
in ( )kWϕ  ( )kWdenoted  equals .2 1−kW  Further, ( )AmodΓ  is 

isomorphic to the following quiver: 
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Therefore, if ( )
( ) ⎟

⎠
⎞

⎜
⎝
⎛

−−
−

=−−
− sm

n
P mnm

ss 2
2,2

,  with ,20 −≤≤ ms  then the 

number of admissible paths is given by the formula ∑
−

=
− ⎟

⎠
⎞

⎜
⎝
⎛ −

+
2

0
1

2
2

m

i
k i

n
W  

which equals the number of sections in ( ).mod AΓ  ~ 

Corollary 5. ( ) ( ) ( ) ( )
1

1,21,1
1

1,11, −−
−
− ++= nA

m
nA

m
nA

m
nA SSSS  for <≥ 1,3n  

.nm <  

Proof. We proceed by induction on n taking into account that ( ) =
1

1,nAS  

( ) .2 1
1,

−= nn
nAS  If 3=n  and ,2=m  then we have that 

( ) ( ( ) ) ( ) ( ) ( ).12 1
1,1

1
1,2

2
1,2

2
1,2

2
1,3 AAAAA SSSSS ++=+=  

Suppose that the assertion is true for nk ≤≤3  and .12 −≤≤ nm  
Thus 

( ) ( ( ) ) ∑
−

=
+ ⎟

⎠
⎞

⎜
⎝
⎛ −

+=
2

0
1,1,1

1
2

m

i

m
kA

m
kA i

k
SS  

( ( ) ) ∑ ∑
−

=

−

=
⎟
⎠
⎞

⎜
⎝
⎛ −

+⎟
⎠
⎞

⎜
⎝
⎛ −

+=
2

0

3

0
1, .

22
2

m

i

m

i

m
kA i

k
i

k
S  

Therefore 

( ) ( ( ) ( ) ) ∑ ∑
−

=

−

=

−
−

−
−+ ⎟

⎠
⎞

⎜
⎝
⎛ −

+⎟
⎠
⎞

⎜
⎝
⎛ −

+++=
2

0

3

0

3
1,1

1
1,11,1

22
22

m

i

m

i

km
kA

m
kA

m
kA i

k
i

k
SSS  

( ) ( ) ( ).
1

1,11,
1
1, −

− ++= kA
m

kA
m

kA SSS  ~ 

Theorem 4 allows to construct the following triangular table where the 
rows give the number of sections in the Auslander-Reiten quiver of an 
algebra A associated to a Dynkin graph nA  with a unique sink allocated at 

the hth position, :1 nh ≤≤  
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Remark 6. We note that the sequences, ( ) ( )
3

1,
2

1, , nAnnAn SbSa ==  and 

( )∑ == n
h

h
nAn Sc 1 1,  appear in the OEIS as A083329, A000295 and A049611, 

respectively [9-11]. 

4. Number of Sections in Algebras of Dynkin Type nD  

In this section, we calculate the number of sections in the Auslander-
Reiten quiver of algebras of Dynkin type nD  with only one sink. Henceforth, 

we let ( )
ji

anDS ,  denote the number of sections in an algebra of type nD  which 

have a sink in points .1, aji j ≤≤  

Theorem 7. For an algebra A associated to the following oriented 
quiver of type :nD  

 

it holds that ( ) ( )122 31
1, −= − nS n

nD  for .4≥n  

Proof. For 4≥n  fixed, Consider the following admissible numbering: 
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with an Auslander-Reiten quiver ( )AModΓ  as shown in Figure 1 (see 

Appendix) and for 0≥i  consider subquivers iw  such that: 

{ }snrnsw s
r −−≤≤−≤≤|τ= − 21,300  

and 

{ ( )}isnrnsiw s
ri −−−≤≤−≤≤|τ= − 21,2  

with .21 −≤≤ ni  Now, we can adapt the arguments used in Theorem 1 to 
define a suitable map ϕ and conclude that the number of paths iW  associated 

to ( )iwϕ  is given by the following identities: 

,2 3
0

−= nW  

( ) ,22 23
1

−= nW  

,22
2 =−nW  

2
2

0

3 2
3

2
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−= ∑
−

=

−
k

t

n
k t

n
W  for .41 −≤≤ nk  

Thus, the total number of admissible paths is given by 

( )∑ ∑∑
−

=

−

=

−

=

−−
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−−+=
2

0

2
3

2

2

0

13 2
3

232
n

h

n

h

h

t

nn
h t

n
nW  

( ( ) ( ))522312 23 −−−+= − nnn  

( )122 3 −= − nn  

which equals the number of sections in the Auslander-Reiten quiver of the 
algebra A associated to .nD  ~ 

Theorem 8. For an algebra A associated to the following oriented 
Dynkin diagram of type :nD  
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it holds that ( ) ( ) 312 22
1, −+= −− nS nn

nD  for .4≥n  

Proof. Consider the following admissible numbering: 

 

with an Auslander-Reiten quiver as shown in Figure 2 (see Appendix). 

Now, we adapt arguments used in Theorem 1 to define subquivers 
( )Awi ModΓ⊆  and a suitable map ϕ, such that 

{ }21,0 −≤≤−+≤≤|τ= − nrsiisw s
ri  

with 30 −≤≤ ni  and 

{ }.21,12 −≤≤−−≤≤|τ= −
− nrsnisw s

rn  

Thus, the number of admissible paths iW  associated to ( )iwϕ  is given by the 

following identities: 

,10 =W  

( ),22 23
3

−
− = n

nW  

2
4

0

3 2
3

2
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−= ∑
−−

=

−
kn

t

n
k t

n
W  for .41 −≤≤ nk  

The total number of admissible paths is 

( )( )∑ ∑ ∑
−

=

−

=

−−

=

− −
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−−++=
2

0

2
5

1

4

0

2 32
3

42222
n

h

n

h

hn

t

n
h t

n
nW  
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( ) ( )( ) 354242 2 −−−−+= − nnn  

( ) 312 2 −+= − nn  

which equals the number of sections in the Auslander-Reiten quiver of the 
algebra A. ~ 

Theorem 9. For an algebra A associated to a Dynkin diagram of type 

nD  oriented as follows: 

 

or 

 

it holds that ( ) ( ) ( ) 22 2
1,

1
1, −== −− nSS nn

nD
n

nD  for .4≥n  

Proof. Consider the following admissible numbering: 

 
or 

 

The corresponding Auslander-Reiten quiver ( )AModΓ  is shown in 

Figure 3 (see Appendix), (if n is even, then nx =  and ;2−= ny  if n is odd, 

then 1=x  and .)1−= ny  As in Theorems 7 and 8, we define subquivers 

( )Awi ModΓ⊆  and a suitable map such that: 
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{ }12,0 −≤≤−+≤≤|τ= − nrsiisw s
ri  

with 30 −≤≤ ni  and 

{ }1,12 −≤≤−≤≤|τ= −
− nrsnisw s

rn  

with the number of admissible paths iW  associated to ( )iwϕ  given by the 

following identities: 

,222
0 −=W  

( ),22 23
3

−
− = n

nW  

( ) 2
4

0

33
1 2

3
222

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−== ∑
−−

=

−−
−

kn

t

n
k

n
n t

n
WW  for 41 −≤≤ nk  

in this case, the total number of admissible paths is given by 

( )( )∑ ∑ ∑
−

=

−

=

−−

=

− −
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

−−+=
2

0

2
5

1

4

0

2 22
3

4232
n

h

n

h

hn

t

n
t

n
n  

( ) ( )( ) 254232 2 −−−−+= − nnn  

( ) 22 2 −= − nn  

which equals the number of sections in the Auslander-Reiten quiver of A. ~ 

The following result is a generalization of Theorems 7-9. 

Theorem 10. The number of sections in the Auslander-Reiten quiver of 
an algebra associated to a Dynkin diagram nD  with a sink at the mth 

position is given by the following identity: 

( )

( )

( )
⎪
⎪
⎩

⎪
⎪
⎨

⎧

−≤≤
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

−

−
+

⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛ −
++

=++

=
∑
−

=

−
−

−
−

,33,
2

44
422

,2,122

3

0

2
1,1

2
1,1

1, nmif
m

n

i

n
S

mifS

S m

i

nm
nD

nm
nD

m
nD  
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where 

( ) ( ) .312 22
1, −+= −− nS nn

nA  

Proof. Consider the following admissible numbering: 

 

Now, we define subquivers 

( ) ({ }21\mod 0 −≤≤+−|τΓ= nimnAW ik  

    { ( ) }).22 mninyin
i −≤≤=|τ −−∪  

Let 1−kW  be the subquiver ( )AWk mod1 Γ⊂−  such that: 

{ ( ) }.20\ 11 −≤≤|τ= −
−− njWW j

nkk  

Thus, 1−kW  is isomorphic to ( ),mod 1AΓ  where 1A  has 1−nD  as underlying 

subgraph with a sink at the mth position. Since sections in kW  are obtained 

by connecting sections containing ( )j
n
−
−τ 2  in 1−kW  with vertices ( )1

1
−−

−τ j
n  or 

( )j
n
−
−τ 1  for ,21 −≤≤ nj  the number of sections of kW  equals .2 1−kW  

Further, the subquiver ( )AWk mod1 Γ⊆  

{ }20,111 −≤≤−≤≤|τ= − njniW j
ik  

is isomorphic to the quiver illustrated in Figure I. 

We consider the numbers ( )
( )( ) ( )

⎟
⎠
⎞

⎜
⎝
⎛

−
+−

=−+−
− 1

21,1
, s

mn
P mn

ss  for ≤≤ s1  

( )1+− mn  and 

( )
( )( ) ( )

( )

∑
−−

=

+−−+−
− =

1

1

21,1
, 2

mn

i

mnmn
ssP  
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in the same way, ( )( )
( ) ⎟

⎠
⎞

⎜
⎝
⎛ −

=−−
+− j

m
P jjn

mn
1,2

0,1  for jnimj −−=−≤≤ 2,10  and 

( )( )
( )∑

−

=

−−−
+− =

1

0

1,2
0,1 ,2

m

j

mjjn
mnP  

then the number of admissible paths containing ( )( ) →−+− 1,1mn  

( )( )0,1+− mn  is ( )
( ) .2 3,2

,
−−−

− == njjn
ssPT  

 
Figure I 

Since, vertices ( )Aj
n modΓ∈τ−  are excluded for 2−≤≤ njm  and 

vertices ( )
r

mn
−

+−τ 1  can be connected with the vertices ( )1−−τ r
n  or r

n
−τ  for 

21 −≤≤+ nrm  in ( ),mod AΓ  it is possible to define the following sets: 

{ },2,21 −≤≤−−≤≤|τ= − njinmniw j
ip  
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{ },22 −≤≤|τ= − njmw j
np  

{ },122,313 −≤≤−−−−≤≤−−|τ= − nijmnnjmnw j
ip  

{ ( ) }11and12
4 −≤≤+−=|τ= −− nimniw n

ip  

such that the number of sections of 4321 ppppp wwwwW ∪∪∪=  equals 

.22 2−= nT  Let tW  be the number: 

( )
( ) ⎟

⎠
⎞

⎜
⎝
⎛

−
−

== −−
+− 1

42,1
1, s

n
PW n

sst  

for .11 −≤≤ ms  

If ,2=m  then 1=s  and 

( )
( ) { } .1

0
42,1

2,1 ni
n

P i
n ≤≤|τ=⎟

⎠
⎞

⎜
⎝
⎛ −

=−−
−  

Thus, the number of sections in the Auslander-Reiten quiver of the algebra A 
associated to nD  with a sink at the 2nd position is given by: 

( ) .122
0

4
22 2

1,11 ++=⎟
⎠
⎞

⎜
⎝
⎛ −

++ −
−−

nm
nDk S

n
Tw  

If ,33 −≤≤ nm  then 

( )
( )∑ ∑ ∑

−

=

−

=

−

=

−−
+− ⎟

⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛

−
−

=
1

1

1

1

2

0

2,1
1, .

4
1
4m

i

m

i

m

i

n
ss i

n
s
n

P  

If the sets 5pw  and 6pw  are defined in such a way that 

{ },20,215 injnimnw j
ip −−≤≤−≤≤+−|τ= −  

{ },20,and16 −≤≤=−≤≤|τ= − mjnimniw j
ip  
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then the number of sections in 65 pp ww ∪  is given by ,
2
4

34 ⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
m
n

Wt  

provided that the vertex j
mn

−
−−τ 1  can be connected to j

n
−τ  or ( )1−−τ j

n  or with 

j
mn

−
−τ  or ( )1−−

−τ j
mn  for .21 −≤≤ mj  

Sets pk WW ,  and the number ⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
2
4

34
m
n

Wt  allow us to give the 

number of sections in the Auslander-Reiten quiver of A with a sink in the mth 
position with 33 −≤≤ nm  in the following way: 

⎟
⎠
⎞

⎜
⎝
⎛

−
−

−++− 2
4

3422 1 m
n

WTw tk  

( ) ∑
−

=

−
− ⎟

⎠
⎞

⎜
⎝
⎛

−
−

+⎟
⎠
⎞

⎜
⎝
⎛ −

++=
3

0

2
1,1 .

2
44

422
m

i

nm
nD m

n
i

n
S  ~ 

Corollary 11. ( ) ( ) ( ) ( )3
1,1

1
1,11, 23 −

−
−
− ++= nm

nD
m

nD
m

nD SSS  for ,5≥n  

21 −<≤ nm  with ( ) ( )122 31
1, −= − nS n

nD  and ( ) ( ) .312 22
1, −+= −− nS nn

nA  

Proof. By induction on n, if 5=n  and ,2=m  then we have that 

( ) ( ( ) ) 122 32
1,4

2
1,5 ++= DD SS  

( ) ( ) ( ) 24223 422
1,4 −++= DS  

( ) ( )( ) ( )22
1,4 23142 +−+= DS  

( ) ( ) ( ).23 21
1,4

2
1,4 ++= DD SS  

Suppose that the assertion is true for kn ≤  and .32 −≤≤ nm  Then 
for ,1+= kn  we consider three cases: 
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First, if ,2=m  then 

( ) ( ( ) ) .122 12
1,

2
1,1 ++= −

+
k

kDkD SS  

By induction, we have that 

( ) ( ( ) ( ) ( )) 12232 131
1,1

2
1,1

2
1,1 ++++= −−

−−+
kk

kDkDkD SSS  

( ) ( ) ( ) 12232212 22322
1,1 +++−−+= −−−−

−
kkkk

kD kS  

( ) ( ) ( ) 122221222 22232
1,1 ++++−+= −−−−

−
kkkk

kD kS  

( ) ( ) ( )2322
1,1 23122122 −−−

− +−+++= kkk
kD kS  

( ) ( ) ( ).23 21
1,

2
1,

−++= k
kDkD SS  

Second, if ,3=m  then 

( ) ( ( ) ) .
1

3
0

3
422 13

1,
3

1,1 ⎟
⎠
⎞

⎜
⎝
⎛ −

+⎟
⎠
⎞

⎜
⎝
⎛ −

++= −
+

kk
SS k

kDkD  

By induction, we have that 

( ) ( ( ) ( ) ( )) 132
1,1

3
1,1

3
1,1 2232 −−

−−+ +++= kk
kDkDkD SSS  

 ⎟
⎠
⎞

⎜
⎝
⎛ −

+⎟
⎠
⎞

⎜
⎝
⎛ −

+
1

3
0

3
4

kk
 

( ) ( )
2

1,1
23

1,1 2
1

4
0

4
422 −

−
− +⎟

⎠
⎞

⎜
⎝
⎛ −

+⎟
⎠
⎞

⎜
⎝
⎛ −

++= kD
k

kD S
kk

S  

 ( )22 2312 −− +++ kk  

( ) ( ) ( ).23 22
1,

3
1,

−++= k
kDkD SS  
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Third, if ,3>m  then 

( ) ( ( ) ) ∑
−

=

−
+ ⎟

⎠
⎞

⎜
⎝
⎛

−
−

+⎟
⎠
⎞

⎜
⎝
⎛ −

++=
3

0

1
1,1,1 .

2
33

422
m

i

km
kD

m
kD m

k
i

k
SS  

By induction, we have that 

( ) ( ( ) ( ) ( )) 131
1,11,11,1 2232 −−−

−−+ +++= kkm
kD

m
kD

m
kD SSS  

 ∑
−

=
⎟
⎠
⎞

⎜
⎝
⎛

−
−

+⎟
⎠
⎞

⎜
⎝
⎛ −

+
3

0
2
33

4
m

i
m
k

i
k

 

( ) ( ) ( ) 1221
1,11,1 222322 −−−−

−− ++++= kkkm
kD

m
kD SS  

 ∑ ∑
−

=

−

=
⎟
⎠
⎞

⎜
⎝
⎛

−
−

+⎟
⎠
⎞

⎜
⎝
⎛

−
−

+⎟
⎠
⎞

⎜
⎝
⎛ −

+⎟
⎠
⎞

⎜
⎝
⎛ −

+
4

0

3

0
2
4

3
44

4
4

4
m

i

m

i
m
k

m
k

i
k

i
k

 

( ) ( )∑
−

=

−
−

−
− +⎟

⎠
⎞

⎜
⎝
⎛

−
−

+⎟
⎠
⎞

⎜
⎝
⎛ −

++=
3

0

1
1,1

2
1,1 2

2
44

422
m

i

m
kD

km
kD S

m
k

i
k

S  

 ( )∑
−

=

−− +⎟
⎠
⎞

⎜
⎝
⎛

−
−

⎟
⎠
⎞

⎜
⎝
⎛ −

++
4

0

22 23
3
44

42
m

i

kk
m
k

i
k

 

( ) ( ) ( ).23 21
1,1,

−− ++= km
kD

m
kD SS  ~ 

Therefore, the following triangular table is built whose arrows are giving 
the number of sections in the Auslander-Reiten quiver of an algebra A 
associated to a Dynkin diagram of type nD  with a sink at the hth position 

with :21 −≤≤ nh  
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Remark 12. Sequence ( )
1

1,nDn Sa =  for 4≥n  appears in the OEIS as 

A052951. 

5. Number of Sections in Algebras of Dynkin Type 76, EE  and 8E  

In order to give the number of sections in the Auslander-Reiten quiver of 
algebras of Dynkin type 76, EE  and .8E  

We let ( )1,iES  denote a vector such that 

( ) ( )imiE aaaaS ...,,...,,, 211, =  

which gives the number of sections in the Auslander-Reiten quiver of an 
algebra associated to a Dynkin diagram of type iE  for each sink allocated at 
the mth position, in this case, 86 ≤≤ i  and ,1 im ≤≤  i is the position of 
the higher vertex. 

For instance the number of sections in the Auslander-Reiten quiver of an 
algebra associated to 6E  at the position 6=m  is .1326 =a  The following 

are the vectors ( )1,iES  defined by the Dynkin diagrams, 76, EE  and :8E  

( ) ( ),132,124,139,147,139,1241,6 =ES  

( ) ( ),434,408,439,462,465,443,4121,7 =ES  

( )
( ).1584,1520,1583,1637,1663,1647,1595,1532

1,8
=ES  
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