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1. Introduction

In [5], Ringel proposed a novel tool to investigate combinatorial
properties of representation-finite hereditary artin algebras. Such a tool was
named Dynkin function. These functions attach an integer (more generally a
real number, a set or a sequence of real numbers) to each Dynkin diagram.
Thus, a Dynkin function consists of four sequences of numbers namely

f(Ay), f(B,), f(C,) and f(Dy) and five single values f(Eg), f(E;),

f(Eg), f(F4) and f(G,) [5]. Dynkin functions arise from the context of

categorification of integer sequences, that according to Ringel and Fahr
means to consider instead of numbers in a given integer sequence suitable
objects in a category. We recall that recently, the Canadas et al. considered to
categorify the sequence A052558 by using 2-Kronecker modules [2] whereas
Fahr and Ringel gave a categorification of Fibonacci numbers by using the

Auslander-Reiten quiver of the 3-Kronecker quiver [3, 4].

One of the main tools dealing with integer sequences is the On-Line
Encyclopedia of Integer Sequences (OEIS), however in [5] Ringel proposed
to create a similar tool named On-Line Encyclopedia of Dynkin Functions
(OEDF) in order to establish properties of integer sequences arising from

Dynkin diagrams. Examples of Dynkin functions are:

(1) r(A,,) the number of indecomposable modules.

(2) a(Ap) the number of antichains in mod A, where A denotes the

corresponding hereditary artin algebra associated to the Dynkin diagram Ap,.
(3) ty(Ap) the number of tilting modules.

One characteristic of Dynkin functions is that numbers arising from them
are independent of orientation, however several interesting combinatorial
properties are obtained when dealing with oriented Dynkin diagrams. For

instance, the lattice A(mod A,,) may be identified with the lattice of non-

crossing partitions, where A, is the path algebra of the linearly oriented
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Dynkin diagram Ay,. In this way, the module categories mod A, allow to

establish a categorification of non-crossing partitions [5].

In this paper, we calculate the number of sections in the Auslander-
Reiten quiver of the path algebra of a given oriented Dynkin diagram in

order to obtain categorification of several integer sequences.

This paper is organized as follows: In Section 2, we give some notation
and definitions to be used throughout the document. Sections 3-5 concern the
Auslander-Reiten quiver of algebras of Dynkin type A,, D, and Eg, E7, Eg,

respectively. Finally, an appendix is provided where the Auslander-Reiten
quiver of some of these algebras have been described.

2. Preliminaries
In this section, we recall notation and definitions to be used throughout
the paper [1].
Let X =(Xg, %) be a connected and acyclic quiver. An infinite
translation quiver (Z 2, t) has the set (ZX), =Z x Xy =1{(n, X)|n € Z,

X € 2o} as its set of vertices, and for each arrow o : X — y € ¥ there

exist two arrows
(no):(nx)—> My (nao):(n+l,y)— (n x)in (ZX),.
And these are all the arrows in (ZY),. The trandation t on Z Y is
given by the identity t(n, x) = (n+ 1, x). Further, for every (n, X) € (ZX),,

it is defined a bijection between the set of arrows of source (n + 1, X) by the

formulas [1]:
o(n, ) =(n, o) and o(n, @) = (N+ 1, ).
Let (T, t) be a connected translation quiver. A connected full subquiver

2. of I'is a section of T if the following conditions are satisfied:

S(1) 2 is acyclic.
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S(2) For each X € Iy, there exists a unique N € Z such that X e 20 -
S@B) If Xxp &> X > - —> X% is a path in I with Xy, X € 2, then

Xj € 2o forallisuchthat 0 <i <t.

For a translation quiver (T, t), the t-orbit of a point X € T}y is defined

to be the set of all points of the form t"x with n € Z. Thus, any section Y,

meets each t-orbit exactly once.

The following are conditions that a subquiver . must satisfy to be a

section of a translation quiver (T, 1):

(DIf x > y isanarrowinI"and X € 2, then y € > or ty € 2.

(2)If x > y isanarrow in " and y € I}y, then X € X, or T ix e 20-

Henceforth, we let O, denote the orbit of a fixed element X € I,.
In particular, if T(Mod A) = (T}, I7) is the Auslander-Reiten quiver of
an algebra of Dynkin type A, then each element of the t-orbit of an

indecomposable projective module will be denoted by rin, i eN.
3. Number of Sectionsin Algebras of Dynkin Type A,

In this section, we calculate the number of sections in the Auslander-

Reiten quiver of algebras of Dynkin type Ay.
Henceforth, we let S;j\(n a) denote the number of sections of an algebra
of Dynkin type A, with a sink at the points i; with 1 < j <a, n fixed.

Theorem 1. If A denotes the path algebra associated to the oriented
Dynkin diagram A, with one of the following two orientations:

O O O O
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or
O O e O O
1 N _An-1
then SA(n,l) = SA(n,l) =2""fornx>1.
Proof. Consider the following admissible numberings for algebras of

type A:

O O . O O

1 2 n—1 n
or

O O . @) O

n n—1 2 1
then the corresponding Auslander-Reiten quiver I'(Mod A) has the following
shape:

- 7-*1 .................... 7—7<n’72) 7‘7(7171)
' 7N S NN A ~ 7!
i P i e
NN : 7 - O\ 7
N 7N T
Tn— 7-_1
N

Tn

Now, we define the map
¥ : T(Mod A) - R2,
7S > (sn-r-s)
with 1<r<n 0<s<n-1, for each irreducible morphism [rr_lsl] -
[rr_zsz] in [(Mod A) it is defined an arrow in Im ¥ < R? as follows:
(5% > [52)

_{(sl,n—rl—sl)a(sz,n—rz—sz), if p>nands <s,
(5, n-1Hh-5)>(s,n-nn-9), ifp<rand s =s,.
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We let P(((; 0)) denote the set of all paths in Im ¥ starting at (0, 0) and

ending at the point (i, h). Thus, the number of paths | (0 0) | from (0, 0) to

, i+h i _
(i, h) is given by ( h j The sets PUM with i +h=n-1 satisfy the

(0,0)
identity:
i+h i.h) .
i _ An-
2.1 Roo) 1=2
h=0
for n > 1 which equals the number of sections of T'(Mod A). O

Theorem 2. For n > 2 fixed and an algebra A associated to a Dynkin
diagram A, oriented as shown below:

O O O O
or

O O . O O
it holds that S An.1) = A(n = =32" %) 1.

Proof. Consider the following admissible numberings for A, :

O @) O O

n 1 n—2 n—1
or

O O @) @)

n—1 n—2 1 n

then the corresponding Auslander-Reiten quiver I'(Mod A) has the following
shape:
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C ST T,(n,g) 77('172>
FARERNN 7 T ~ 7"

. 1 e e —(n—3) Tf('n,—Q)

NN s 7 T

N T N ST

Tn—2 7-_1

We define the map ¥ : ['(Mod A) — R? in such a way that
_s (sn-1-(r+s), forl<r<n-1,
T
' (s+1,n-2-s), forr=n
with 0 £ s<n-2. Now we use the same arguments as in Theorem 1 to
associate a suitable arrow in Im¥ < R? to each irreducible morphism of the

—S 97 ; .
form [trl 1] - [trz ] in T(Mod A). The procedure goes as follows:

V(4] [,2))

(s,n-1-(n +s))

—>(s,n-1-(h+s)), ifn>n,g<sandl<r<n-1,
(s, n-1-(n+5))

—>(s,n-1-(n+s)), ifrn<n,s=sandl<n<n-1,
(s.n-1-(n+s))

—>(g+Ln-2-5), ifrob=ng=sandn =1,
(§+L,n-2-9g)

—>(s,n-1-(np-s)), ifn=ns,=s+landr, =1.

Note that, for i + h=n -1,

i+h  _(i,h -1 i.h i.h
Dol B0y 1= 27— 1and | RS = R |
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For ij + by = n -2, we have that

i+h i h) ip+hy i) '
[ i1 _ AN-—
Z|P(10) Z'P(OfO) =27
hy =0
Therefore, for n > 2

i+h

(i,h) (i h1) n-2
Z|P(00)|+Z|P(010 3(2 )_1
h=0
equals the number of sections in T'(Mod A). O

2 2 1 1

Proof. The arguments used in Theorem 2 allow to define the subquiver
Bc ImVY, wherefor 2<i<n-1,0< j<n-2, the points (i, j) satisfy

the condition:

i+h

h _
LA Z|P((ollo§1)|:2n * = Sinoa)
h=0

with i + h=n-1,i; + j; = n— 2. Further, the paths containing (0, 0) —>
(1, 0) = (2, 0) satisfy the identity:

i+h h i+h h
h= 0|P(((;0))|: h= 0|P((2|0))|

Let W be a subset of Im¥ whose points (s, t) with 0 <s<n-2,
1<t<n-2. Then

ir+hy

Zl ('2hz)|_ Z|p(l3 J3)|_2n2

hy =0

with iy + hy =n—1, i3 +h =n-2. For all paths containing (0, 0) —>

i+h i2+
(0,1) the identity Y| RG¢Y [= Y | R{%™) | holds.
h=0 =0
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Let T be another subset of Im¥ whose points (w, X) satisfy the

conditions 1 £w<n-2,1<x<n-2. Then

ig+hy

Z|p('4h4)|_zlp('515)| -3 _ (n21)

with iy + hy = n—1,i5+ hs = n— 2. For paths containing (0, 0) — (1, 0),
we have that:

i+h

i4+h4
h i s
2 IRy = 2 IR0 |
h=0 hy =0

Finally, we consider a subset M < Im ¥, with points (y, z), 1 <y <n
-2,0<z2<n-2. Thus

g+ ol ) 740y i i)

i 7, -2 1
Z (160)h6 | = Z | P(0,70)J7 |=2""" = SA(n—1,1)
he =0 hy =0

with ig + hg = n—1,i; + hy = n— 2. Further,

h he
Dol PO 1= LT R |

Therefore
2 1 n-2 |
Sant) = San-2.n * 2" =1+ Sy oy * San-i)
2 |
= Sa(n- 11)+SA(n 21) T Samn-1,1)y a

For the general case, we have the following result:

m-2

n-2
Theorem 4. SA(nl)_z(SE(nlll)) Z;‘)( i Jforn23,1<m<n

: 1 n n-1
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Proof. Let A be an algebra associated to a Dynkin diagram A, and
define the following suitable numbering:

O O . O O
n—1 n—2 n—m-+1 1

w0
o
@]

For I'(mod A), we define the subquiver
W, = T(mod A\t |In—m+1<i<n-2}U1).

Let W_; be the subquiver W_; < T'(mod A) defined in such a way
that

W =W (T, )10 < j <n-mi.

The subquiver W_; is isomorphic to T'(mod A), where A contains

A,_1 as subgraph with a sink at the mth position. Thus, sections in W are

obtained if all sections containing r;(_jg in W_; are connected by

r_(_jl_l) eW, or r;(_jl) €W, where 1< j<n-m Thus, Theorem 1

n
guarantees the existence of a map ¢ such that the number of admissible paths
in @MW) (denoted |W|) equals 2|W_;|. Further, I'(modA) is

isomorphic to the following quiver:

(0,1) (,T>—>£—> (1)—>£—>(1\>—> ------- —Q (n—2.1)

(0,0) O—=>0O—> =t —>0O0—=>0—>0—> — 00— (n—1,0)

(m—3,—(m—3)) £—>$—>£ (m—1,—(m—3))

(m—2,—(m—=2)) O—>Q (m—1,—(m—2))

(m—1,—(m—1))
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Therefore, if | P(m 2 n-m) | = (
m-2-—

j with 0 < s<m-2, then the

number of admissible paths is given by the formula 2/W_; [+ Y [ i j
i=0

which equals the number of sections in I'(mod A). O

=S

m m 1
Corollary 5. SA( A(n Lyt A(n—l,l) + SA(n—z,l) forn>31<

n1) —
m<n.

. . .. 1 _
Proof. We proceed by induction on n taking into account that S AN, 1) =

SR(n,l) =2" 1 Ifn=3and m= 2, then we have that

1
+ SA(1 1y

Suppose that the assertion is true for 3<k<n and 2<m<n-1.
Thus

+ s

8,26\(3,1) = Z(S,zA(z 1= A(2 1) T 2a2,1)

m
Sak+1,1) = 2(Sy Ak.1)) Z( i j

i=0
m-2 m-3
k-2 k-2
= 2(Sh1) + Z( i )+ Z( i )
=0 =0
Therefore
m-2 m-3
B 3 k-2 k-2
Sak1,1) = 2AShkor,n + Sak-r,ny T2 ) Z( i 7" Z i

i=0

k1) * Shtk.1) + SAk-L1)

Theorem 4 allows to construct the following triangular table where the
rows give the number of sections in the Auslander-Reiten quiver of an

algebra A associated to a Dynkin graph A, with a unique sink allocated at
the hth position, 1 < h < n:
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2 2
4 5 4
8 11 11 8
16 23 26 11 16
32 47 57 57 47 32

64 95 120 130 120 95 64

Remark 6. We note that the sequences, a, = S,zA(n,l)’ b, = S,sé\(n,l) and
Ch = ZE:I SR(n ) appear in the OEIS as A083329, A000295 and A049611,
respectively [9-11].

4. Number of Sectionsin Algebrasof Dynkin Type D,

In this section, we calculate the number of sections in the Auslander-
Reiten quiver of algebras of Dynkin type D, with only one sink. Henceforth,
we let S:Dj(n a) denote the number of sections in an algebra of type D, which

have a sink in points ij, 1 < j < a

Theorem 7. For an algebra A associated to the following oriented
quiver of type Dp,:

it holds that %( =2"3@2n-1) for n = 4.

n,1)

Proof. For n > 4 fixed, Consider the following admissible numbering:

O+
Ow
O
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with an Auslander-Reiten quiver I'(Mod A) as shown in Figure 1 (see

Appendix) and for i > 0 consider subquivers W, such that:
Wy = {1;°/0<s<n-31<r<n-2-s
and
wWo={t°li<s<n-2,1<r<n-2-(s-i)}

with 1 <i < n-2. Now, we can adapt the arguments used in Theorem 1 to

define a suitable map ¢ and conclude that the number of paths W associated

to @(w ) is given by the following identities:

W = 2",

W =(2")27%,

Wh-2 = 22,

Wi =[2“‘3 —%[n_ﬂzz for 1<k <n-—4.
t=0 t

Thus, the total number of admissible paths is given by
nz_fw 23 4 (n - 3)2n! [nz_fhz_f(n —~ 3)]22
h=0 ! h=2t=0 t
=2"3(1+ (n-3)2%2 -2(n-5))
=2"3@2n-1)

which equals the number of sections in the Auslander-Reiten quiver of the

algebra A associated to Dy,. [l

Theorem 8. For an algebra A associated to the following oriented
Dynkin diagram of type Dj,:
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/
\

©)

O O O ©)
©)

it holds that ngrf = 2" 2(n+1)-3 for n> 4.

Proof. Consider the following admissible numbering:

with an Auslander-Reiten quiver as shown in Figure 2 (see Appendix).

Now, we adapt arguments used in Theorem 1 to define subquivers
W < ['(Mod A) and a suitable map ¢, such that

W ={1;°0<s<i,i+l-s<r<n-2}
with 0 <i <n-3 and
Whop ={17°|1<s<i,n-1-s<r<n-2}

Thus, the number of admissible paths W associated to @(w;) is given by the

following identities:

-3/12
Wn—3 = 2n (2 )a

- n—4-k n-3 5
W =|2"0 - ) |t fori<k<n-4

t=0

The total number of admissible paths is

n-2 . -5n—-4-h n-3
D Wy =2 2(2+2+2(n—4))—[ ; ( t j]22—3

h=0 h=1 t

=)
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=2"2(4+2(n-4)-(n-5)-3
=2"2(n+1)-3

which equals the number of sections in the Auslander-Reiten quiver of the
algebra A. U

Theorem 9. For an algebra A associated to a Dynkin diagram of type
D, oriented as follows:

/O
® ® ® o\
O
or
/_/O
O O O O\
O
- -1 -2
it holds that SB(n’l) = Sg(n’l) =2""%(n)-2 for n> 4.
Proof. Consider the following admissible numbering:
1
1 2 2 /O
'6- o= o o
\O
mn
or
n
O
n—1 n—2 3 2
©) O ce O ©)

/
\O

=

The corresponding Auslander-Reiten quiver I'(Mod A) is shown in
Figure 3 (see Appendix), (if nis even, then X = n and y = n—2; if nis odd,
then Xx=1 and y =n—1). As in Theorems 7 and 8, we define subquivers

W < I'(Mod A) and a suitable map such that:
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W ={1;°0<s<i,i+2-s<r<n-1}
with 0 <i <n-3 and
Who ={17°|I<s<i,n-s<r<n-1}
with the number of admissible paths W associated to @(w:) given by the
following identities:

Wy =22 -2,

Wn—3 = 2n_3 (22):

n—4-k n—3
W =2"3 )W, = [2“‘3 _ Z [ t j}zz forl<k<n-4

=0
in this case, the total number of admissible paths is given by

n-2 n-5n—-4-h
D =2"?3+2n-4) - [i >, (n t_ 3)}22 )
h

h=0 =1 t=0
=2"23+2(n-4)-(n-5)-2

=2"2(n)-2
which equals the number of sections in the Auslander-Reiten quiver of A. [

The following result is a generalization of Theorems 7-9.

Theorem 10. The number of sections in the Auslander-Reiten quiver of
an algebra associated to a Dynkin diagram D, with a sink at the mth

position is given by the following identity:

2804 1)+2”‘2 +1, if m=2,
SIan — m-3 n-4 n-4
(n.1) 25Q(n_1 1)+2n_2+24 + , If3<m<n-3,
i=0 i m-2
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where
A(n y=2" 2(n+1)-3.
Proof. Consider the following admissible numbering:
o
o o o o o Oln—m-1
n—1 n—2 n—m-41 1 2 n—m-—2

n—m

Now, we define subquivers
W = F(mod AN({t) In—m+1<i<n-2}
Ui =ny2 <i <n-m).
Let Wj._; be the subquiver W_; < I'(mod A) such that:
Wit = WMo < j<n-2}.
Thus, W_; is isomorphic to I'(mod A), where A has D,_; as underlying
subgraph with a sink at the mth position. Since sections in W, are obtained
by connecting sections containing r;(_jz) in Wi_; with vertices r;(_jl_l) or

ra(_jl) for 1< j<n-2, the number of sections of W equals 2|W,_; |.
Further, the subquiver W, < I'(mod A)

W, ={rl[1<i<n-10<j<n-2

is isomorphic to the quiver illustrated in Figure I.

n—(m+2)

We consider the numbers | P(n (r)n+1) ,=1) | = ( <1

Jforlﬁss

n—(m+1) and

n—(m-1)
Z | P(n (m+1) 1) | _ 2n—(m+2)

i=1
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in the same way, | P(nn—_(%njrjl)%) |= ( _ j for0<j<m-Li=n-2-j and

m_

2 1
Z| P((nn (m+11)13) |=2m",
j=0

then the number of admissible paths containing (n—(m+1), —1) —>
: —2-j, -3
(n=(m+1),0)is T =| RYZ D =23

(—(m=1),n—2) Q== —3>= --rrrrr —>0—0(0,n-2)

- ,@L% ........ drdroa
(I

(—(m—l).m—l)é%—é% £9$—>$—>

(—(m—2),m—2)

(=(m=38),m—3) O—>

RN RS
Y 0 S ¢ 50 81

—0—>=0 (n—(m+1),-1)

........ —Q(n-3,1)

........ —>$—>O( n—2,0)

(n—(m+3),—(n—(m +3))£—>g—>g

(n—(m+2),—(n—(m+2)))

—(n—(m+3)))

—0O (n—(m+1),—(n—(m+2)))

(n—(m+1),—(n—(m+1)))

Figurel

Since, vertices rﬁj e I'(mod A) are excluded for m< j <n-2 and

. . _(r_
vertices Tn (m+1) can be connected with the vertices T,

m+1<r<

D or " for

n—2 in T'(mod A), it is possible to define the following sets:

wp =g '2<i<n-mn-i<j<n-2}



On the Number of Sections in the Auslander-Reiten Quiver ... 1649
Wy, = {rﬁj Im< j <n-2},

Wp, = {ri_j In-m-1<j<n-32n-m-2-j<i<n-1},

Wp, ={ri_(n_2)|i =landn-m+1<i<n-1}

such that the number of sections of W, = wp, U Wp, U Wp, U Wp, equals

2T =22 Let W, be the number:

1 2
\/\/t=||3((52+1))|—( j

forl1<s<m-1.

If m=2, then s=1 and

IF’((1122)|—( j=|{ri|lsisn}|.

Thus, the number of sections in the Auslander-Reiten quiver of the algebra A

associated to D, with a sink at the 2nd position is given by:

n-4 m n-2
2|Wk_1|+2T+( 0 jZZSD(n—1,1)+2 +1.

If 3<m< n-3, then

m— m-1 m-2
( Ln- 2) n-4 B n-4
-2 (02
=1 i=1 =0
If the sets Wps and Wp, are defined in such a way that

Wi, :{ri_j|n—m+lsisn—2,os j<n-2-i},

Wp, ={ri_j|1SiSn—mandi=n,()SjSm—Z},
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o o n-4
then the number of sections in Wps U Wpe 1s given by 4W, — 3(m— 2},
provided that the vertex T, J m- can be connected to rﬁj or rﬁ(j_l) or with
il or Ul for 1< j <m-2.

Sets W, W and the number 4W — 3( J allow us to give the

n
m-2
number of sections in the Auslander-Reiten quiver of A with a sink in the mth

position with 3 < m < n — 3 in the following way:

2| Wiy |+ 2T + 4w -3 -4
k-1 m—2

m-3
= 2Sg(n—1,1) +22 +4Z(ni_4j+(:qiz} O
i=0

Corollary 11. Sg(n,l) = Sg(_nl—l,l) + Sg(n_u) +32"3) for n>5,
Ism<n-2with Sy ) =2">(@2n-1) and S >y =2"(n+1)-3.

Proof. By induction on n, if n = 5 and m = 2, then we have that
2 _ 2 3
Sp(s,1) = 2Spa,p)) +27 +1
2 2 4

= 53(4,1) +(2(4) - 1)+ 3(2%)

= Sg)(4,1) + SE)(4, nt 3(2%).

Suppose that the assertion is true for n <k and 2 < m<n-3. Then

for n = k + 1, we consider three cases:



On the Number of Sections in the Auslander-Reiten Quiver ... 1651

First, if m = 2, then

k—
SDkenn) = ASpery) + 27+ L.

By induction, we have that

S%(k+1,l) = 2(520(k_1,1) + SllD(k—l,l) +32%3)) + 2% T 4

= 23%0(_1 py + (k= 1)2K=2 —2k=3 132K 2) 4 2k2 4
= 23%0(_1 o+ 20k - 1)+ 2%72 12022y 4 2k2 4

= 2Sé(k_u) +25°2 4142530k - 1) + 3(2%?)

2 1 k-2
Second, if m = 3, then
k-3 k-3
3 _ 3 k-1
ok = 2Sou.1) + 2 +4( 0 j*( | )
By induction, we have that

3 3 2 k-3 k-1
Sk = 2Sow-11) + Spk1.1) + 3@ ) +2
(k - 3j [k - 3)
+4 +
0 1
k—4) (k-4
k—
= 2S3D(k—1,1) +2K2 4 4( 0 j+( . j+ 2Sé(k—1,1)

+2%72 11430242

K—
= Sé(k,l) + Sé(k,l) +327).
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Third, if m > 3, then

m-3
_ k-3 k-3
Sg(kﬂ’l) = 2(Sg(k’1))+ ok=1 4 24[ . JJF( j

| m-2

i=0

By induction, we have that
m m m-1 k-3 k-1

okt 1) = 2Spk-1,1) + Spk-1,1) T332 7)) +2

m-3

k-3 k-3
+4 +

() ()

i=0
_ »am m-1 k-2 k=2 | k-1
= 285011y T 28pkor ) FIT) A2 42

B

i=0 i=0

m-3
=287 +2k_2+24[k_4j+[k_4j+2881—1
(k=1,1) . i m-2 (k-1,1)
i=0

N mf{k S E e

i=0

= S&k,l) + SQ(_kl,l) +3(252).

Therefore, the following triangular table is built whose arrows are giving

the number of sections in the Auslander-Reiten quiver of an algebra A

associated to a Dynkin diagram of type D,, with a sink at the hth position

with1<h<n-2:

14 17
36 43 45
88 103 112 109
208 239 263 269 253
480 543 598 628 618 573
1088 1215 133 1418 1438 1383 1277
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Remark 12. Sequence a, = S|13(n 1) for n > 4 appears in the OEIS as
A052951.

5. Number of Sectionsin Algebrasof Dynkin Type E¢, E; and Eg

In order to give the number of sections in the Auslander-Reiten quiver of
algebras of Dynkin type Eg, E; and Eg.

We let Sg(j 1) denote a vector such that
Se(i,1) = (@15 @, - By wees a)

which gives the number of sections in the Auslander-Reiten quiver of an
algebra associated to a Dynkin diagram of type E; for each sink allocated at
the mth position, in this case, 6 <i <8 and 1 < m<i, i is the position of

the higher vertex.

For instance the number of sections in the Auslander-Reiten quiver of an
algebra associated to Eg at the position m= 6 is a4 = 132. The following

are the vectors SE(i ) defined by the Dynkin diagrams, Eg, E; and Eg:
Se(q.p) = (124,139, 147, 139, 124, 132),
Se(;.p) = (412, 443, 465, 462, 439, 408, 434),

SE(g 1) = (1532, 1595, 1647, 1663, 1637, 1583, 1520, 1584).
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