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Introduction

Carnielli, W. and Rodrigues, A (2019). An epistemic approach to
paraconsistency: a logic of evidence and truth. Synthese, 196:3789-3813.
@ Introduce the Basic Logic of Evidence BLE (equivalent to Nelson's

paraconsistent logic N4).
@ BLE is extended to the Logic of Evidence and Truth LET, by adding

a primitive classicality operator o, which allows to recover
simultaneously the explosiveness of contradictions and the excluded

middle for some propositions.
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Introduction

Carnielli, W. and Rodrigues, A (2019). An epistemic approach to
paraconsistency: a logic of evidence and truth. Synthese, 196:3789-3813.
@ Introduce the Basic Logic of Evidence BLE (equivalent to Nelson's

paraconsistent logic N4).
@ BLE is extended to the Logic of Evidence and Truth LET, by adding
a primitive classicality operator o, which allows to recover
simultaneously the explosiveness of contradictions and the excluded
middle for some propositions.
Rodrigues, A., Bueno-Soler,J., and Carnielli, W. (2021). Measuring
evidence: a probabilistic approach to an extension of Belnap-Dunn logic.
Synthese, 198(Suppl 22):5451-5480.
@ Presents another Logic of Evidence and Truth LETE, based on
Belnap-Dunn logic, with classicality and non-classicality operator

@ Provides a probabilistic semantics for LETF.
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Introduction

Rodrigues, A., Coniglio, M. E., Antunes, H., Bueno-Soler, J., and Carnielli,
W. (2023). Paraconsistence, evidence and abduction. In Magnani, L.,
Editor, Handbook of Abductive Cognition, pages 313-350. Springer.
@ Presents a summary of work on logics of evidence and truth.
@ Presents a new Logic of Evidence and Truth LETk and its first-order
extension QLETk, and an application of these logics to the problem
of abduction.
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Introduction

Rodrigues, A., Coniglio, M. E., Antunes, H., Bueno-Soler, J., and Carnielli,
W. (2023). Paraconsistence, evidence and abduction. In Magnani, L.,
Editor, Handbook of Abductive Cognition, pages 313-350. Springer.

@ Presents a summary of work on logics of evidence and truth.

@ Presents a new Logic of Evidence and Truth LETk and its first-order
extension QLETk, and an application of these logics to the problem
of abduction.

A new (Constructive) Logic of Evidence and Truth LET¢ is here proposed.

e LET( is based on N4* (an extension of N4 with L, T and <).

@ In LET, explosiveness of contradictions and excluded middle can be
independently recovered.

@ In order to explicitly formalise evidence, A-terms are added to LET
obtaining the type system LETé.

@ A realisabiliy interpretation is provided for LET¢.
@ Some constructive features of LET¢ are highlighted.
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Natural deduction system for LET¢ |

Natural deduction system for N4*: rules of propositional intuitionistic logic

plus the following, where ~ is Nelson's constructive negation and < is
co-implication (B < A reads A co-implies B).

-
~A B B~<A B~<A
B<A ~A B
~T
~ L 2
[~A] [~B]
~A ~B
~(ArB)  ~(ArB) ~(AAB) c C
C
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Natural deduction system for LET¢

~A ~B ~(AvB)  ~(AvB)
~(AvB) ~A ~B
A ~B ~(A—-B) ~(A—B)
~(A— B) A ~B
[~A]

~A  ~(B<A)
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Natural deduction system for LET¢

In N4*, intuitionistic negation — is defined by =A% A — 1 and
co-negation — is defined by — A T LA
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Natural deduction system for LET¢

In N4*, intuitionistic negation — is defined by =A% A — 1 and
co-negation — is defined by — A T LA

An equivalence operator < is defined in N4* as usual, but substitution by
equivalent formulae is not valid.
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Natural deduction system for LET¢

In N4*, intuitionistic negation — is defined by =A% A — 1 and
co-negation — is defined by — A T LA

An equivalence operator < is defined in N4* as usual, but substitution by
equivalent formulae is not valid.

A strong equivalence operator <> is defined by
A< BE (Ao B)A(~A o ~B), and substitution by strongly equivalent
formulae is valid.

J. C. Agudelo-Agudelo (UdeA) A Constructive Logic of Evidence XX SLALM - 2024



Natural deduction system for LET¢

QO+ —(Ar~A) o (Av ~A) (but tf —(Ar~A) = (Av ~A)).
Q@ - —(Av~A) o (AA~A) (but it —(Av ~A) < (Ar ~A)).
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Natural deduction system for LET¢

O - —(An~A) o (Av ~A) (but it —(An ~A) < (Av ~ A)).
QO+ —(Av~A) o (AA~A) (but tf —(Av ~A) < (AA~A)).

Definition 2.2
The logic LET¢ is the result of adding to N4* the following defined

connectives.
0AY —(Ar ~A),
#* AZ —(An ~ A) (equivalently, % A = ~ —=(Av ~ A)),
[ ] A dZEf r—(
* AL —(Av ~ A) (equivalently, * A £ ~ % A).

)
)

Av ~ A) (equivalently, e AL L o A),
)
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Adding A\-terms to LET¢

A BHK-style interpretation for LET¢ is defined by the following clauses.

Evidence for accepting AAB is a pair (e1, e2) where e is evidence for
accepting A and e, is evidence for accepting B.

Evidence for accepting Av B is a pair (e1, e2) where e; =0 and e is
evidence for accepting A, or e1 = 1 and e is evidence for accepting B.

Evidence for accepting A — B is a method that converts evidence for
accepting A into evidence for accepting B.

Evidence for accepting B < A is a pair (e1, e2) where e; is evidence for
rejecting A and ey is evidence for accepting B.

Evidence for accepting ~ A is evidence for rejecting A.
There is no evidence for accepting L.

& is evidence for accepting T.

. Agudelo-Agudelo (UdeA) A Constructive Logic of Evidence XX SLALM - 2024



Adding A\-terms to LET¢

e Evidence for rejecting AAB is a pair (e1, &) where e; =0 and e is
evidence for rejecting A, or e;1 = 1 and e; is evidence for rejecting B.

Evidence for rejecting Av B is a pair (e1, e2) where e is evidence for
rejecting A and e, is evidence for rejecting B.

e Evidence for rejecting A — B is a pair (e1, e2) where e; is evidence
for accepting A and e; is evidence for rejecting B.

@ Evidence for rejecting B < A is a method that converts evidence for
rejecting A into evidence for rejecting B.

Evidence for rejecting ~ A is evidence for accepting A.

& is evidence for rejecting .

There is no evidence for rejecting T.
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Adding A\-terms to LET¢

The Type system LETé is defined by the following rules:

[ t: L
g7 () A
r:A s: B t: AAB t: AAB
(r,s) : AnB mi(t): A m(t): B
[x:A]  [y:B]
t: A t:B : :
in(t) : AvB ino(t) : AvB ' '
in(t) : Av ina(t) : Av t:AvB r:C s: C
case t of [x]ror[y]s: C
[x:A]
r:A—>B s:A
. :.B ap(r,s): B
Mx.t:A— B
r:~A s: B t:B<A t:B<A
{r,s): B<A F():~A ¥ (t): B
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Adding A\-terms to LET¢

- t:~T
gi~L E(t): A
[x:~Al  [y:~B]
t:~A t:~B :
ini(t) : ~(AAB) ina(t) : ~(AAB) t: ~(ArB) r:.C s:.C
case t of [x]r or [y]s:
r:~A s:~B t:~(AvB) (A\/B)
(r,s):~(AvB) () ~A (t)
r:A s:~B t:~(A— B) ~(A— B)
(rysy:~(A— B) TE(t): A W;(t):~3
[x:~A]
. r:~(B<A) s:~A
t:.~B ap(r,s) B
Ax.t:~(B<A)
t:A t:~~A
id(t) : ~~A id=1(t): A
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Adding A\-terms to LET¢

The p-reduction relation on A-terms is the less compatible relation
satisfying:
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Adding A\-terms to LET¢

Bi,...,By = Ain LETc iff there is t € A\ such that
x1:B1,....,xn By —=t:Alin LETé.
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Adding A\-terms to LET¢

Bi,...,By = Ain LETc iff there is t € A\ such that
x1:B1,....,xn By —=t:Alin LETé.

Lemma 3.2 (Free Variables Lemma)
Q IfTt: A, then FV(t) < Dom(T).
Q@ IfTHt:A thenTIFV(t) - t: A.
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Adding A\-terms to LET¢

Bi,...,By = Ain LETc iff there is t € A\ such that
X1:Bi,...,xn: Bobt: Ain LETQ.

Lemma 3.2 (Free Variables Lemma)
Q IfTt: A, then FV(t) < Dom(T).
Q@ IfTHt:A thenTIFV(t) - t: A.

Lemma 3.3 (Uniqueness of Types)
IfT—t:Aandl —t:B, then- A< B.
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Adding A\-terms to LET¢

Lemma 3.4 (Subject Reduction)
Ifl —t:Aandt —»gs, thenl |-s:A.
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Adding A\-terms to LET¢

Lemma 3.4 (Subject Reduction)
Ifl —t:Aandt —»gs, thenl |-s:A.

Definition 3.5

A term t € A'is legal if there is a context I and a formula A such that
MN=t: A
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Adding A\-terms to LET¢

Lemma 3.4 (Subject Reduction)

Ifl —t:Aandt —»gs, thenl |-s:A.

Definition 3.5

A term t € A'is legal if there is a context I and a formula A such that
MN=t: A

Theorem 3.6 (Normalization Theorem)

Every legal term is strongly normalising.
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Realisability interpretation for LET¢

Whether a natural / P-realises or N-realises a formula of N4* is defined by:

| P-realises T .
I N-realises L . (IN)
| P-realises AAB iff | = P(m, n), m P-realises A and n P-realises B. (2P)
I N-realises AAB iff | = P(m, n), m =0 and n N-realises A,
or m> 0 and n N-realises B. (2N)
I P-realises Av B iff | = P(m,n), m =0 and n P-realises A,
or m> 0 and n P-realises B.
I N-realises Av B iff | = P(m, n), m N-realises A and n N-realises B.
I P-realises A — B iff, for every m that P-realises A, ;(m) P-realises B.
I N-realises A — B iff | = P(m, n), m P-realises A and n N-realises B.
| P-realises B < A iff | = P(m, n), m N-realises A and n P-realises B.
I N-realises B < A iff, for every m that N-realises A, ;(m) N-realises B.
| P-realises ~ A iff | N-realises A.
I N-realises ~ A iff | P-realises A.
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Realisability interpretation for LET¢

Theorem 4.1

If Bi,...,B, = A, there is a recursive function h : N"—>N such that, if
h,...,l, P-realise By, ..., B,, respectively, then h(h,...,I,) P-realises A.
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Realisability interpretation for LET¢

Theorem 4.1

If Bi,...,B, = A, there is a recursive function h : N"—>N such that, if
h,...,l, P-realise By, ..., B,, respectively, then h(h,...,I,) P-realises A.

Corollary 4.2

If Bi,...,B, — A and it is supposed that I, ..., I, P-realise By, ..., B,
respectively, then there is | that P-realises A (particularly, if = A, then
there is | that P-realises A).
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Realisability interpretation for LET¢

Theorem 4.1
If By,...,B, = A, there is a recursive function h : N"—>N such that, if
h,...,l, P-realise By, ..., B,, respectively, then h(h,...,I,) P-realises A.

Corollary 4.2

If Bi,...,B, — A and it is supposed that I, ..., I, P-realise By, ..., B,
respectively, then there is | that P-realises A (particularly, if — A, then
there is | that P-realises A).

Theorem 4.3
The following formulas do not have P-realisers:
Q@ | and~T.

@ pv ~ p, for a propositional variable p.

K

© ~(pA ~p), for a propositional variable p.

R R R R RBRBRBRREREEFEPERRPEEBBEEESESE—S—SmSm—ES—BB————
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Constructible features of LET

Some constructive features of LET¢ are the following:
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Constructible features of LET

Some constructive features of LET¢ are the following:
e Satisfies the disjunction property (i.e. if — AvB, then - A or - B).
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Constructible features of LET

Some constructive features of LET¢ are the following:
e Satisfies the disjunction property (i.e. if — AvB, then - A or - B).

e Satisfies the (negation of) conjunction property (i.e. if = ~(AAB),
then - ~Aor - ~ B).
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Constructible features of LET

Some constructive features of LET¢ are the following:
e Satisfies the disjunction property (i.e. if — AvB, then - A or - B).

e Satisfies the (negation of) conjunction property (i.e. if = ~(AAB),
then - ~Aor - ~ B).
e Has a BHK-style interpretation (where constructions are evidence).
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Constructible features of LET

Some constructive features of LET¢ are the following:
e Satisfies the disjunction property (i.e. if — AvB, then - A or - B).

e Satisfies the (negation of) conjunction property (i.e. if = ~(AAB),
then - ~Aor - ~ B).

e Has a BHK-style interpretation (where constructions are evidence).

@ Evidence has an algorithmic interpretation by means of A-calculus
terms.
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Constructible features of LET

Some constructive features of LET¢ are the following:

e Satisfies the disjunction property (i.e. if = Av B, then - A or - B).

e Satisfies the (negation of) conjunction property (i.e. if = ~(AAB),
then - ~Aor - ~ B).

e Has a BHK-style interpretation (where constructions are evidence).

@ Evidence has an algorithmic interpretation by means of A-calculus
terms.

@ Has a realisability interpretation.
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Thank you for your attention!
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