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Let k be a field, and let A be a (not necessarily finite dimensional) k-algebra. Received 25 May 2023

Let V be an indecomposable left A-module which is finite dimensional over k Revised 7 Jul 2024

and such that dimy Ext1A (V,V) < 1. Assume further that V has a weak universal Communicated by Angel del

Rio Mateos
deformation ring RY (A, V), which is a complete Noetherian commutative local
k-algebra with residue field k. We prove in this note, under certain conditions KEYWORDS
on the A-module V, that RY(A, V) is either isomorphic to k, or k[t], or to Algebras over a field; weak
lk[[t]]/(tN) for some integer N > 2. universal deformation rings
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1. Introduction

Assume that A is a finite dimensional self-injective k-algebra. If V has stable endomorphism ring
isomorphic to k, then it follows from the results in [1, Theorem 2.6 (i)] that the weak deformation
functor ’15»‘;(_) is naturally equivalent to the deformation functor ’F\V(—) and that V has a universal
deformation ring R(A, V). Consequently, V has also a weak universal deformation ring R (A, V) that
is isomorphic to R(A, V). Moreover, in [4], the authors obtain the same result for the case when A =T,
which is the repetitive algebra of a finite-dimensional k-algebra I" (as defined in [8]). It should be noted
that in this particular situation, A is an infinite-dimensional k-algebra. Furthermore, in [1, 3, 4, 7],
several combinatorial methods from the representation theory of algebras were employed to compute
universal deformation rings of modules whose stable endomorphism ring is isomorphic to k. It is
worth mentioning that many of these calculations use similar methods or involve adjustments from
one situation to the other. For instance, we refer to [3, Proof of Claim 4.5] and [4, Proof of Theorem 1.2]
for examples of such similarities and adaptations.

In this note, we present a general criterion and a unified technique for computing universal defor-
mation rings under broad assumptions, encompassing the aforementioned results as special cases.
Moreover, these calculations can be applied to other scenarios as well. Our objective in this note is to
prove the following result.

Theorem 1.1. Let A be a (not necessarily finite dimensional) k-algebra and V be an indecomposable left A-
module with dimy V < 00 and dimy Ext}\(V, V) = 1. Assume that V has a weak universal deformation
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ring R¥(A, V), and that there exists an ordered sequence of indecomposable finite dimensional left A-
modules (up to isomorphism) Ly = {Vo, V1,...} with Vo = V and such that for each £ > 1, there
exist a surjective morphism €; : Vo — V,_1, and an injective morphism tp : Vo1 — Vi such that the
composition oy = 1y o € satisfies that ker 0y = Vp, im af = Vo, f‘H = 0, and Ly is maximal in the
sense that if there is another ordered sequence of indecomposable left A-modules £}, with these properties,
then £y, € Zy.

(i) If Ly is finite, and its last element, say V, satisfies dimy Homp (Vi, V) = 1 and Ext}\(VN, V)=0,
then R" (A, V) = k[t]/(tNTD).
(ii) If Ly is infinite, then R¥ (A, V) = Kk[[¢]].

2. Preliminaries

As before, we assume that k is a fixed field of arbitrary characteristic. We denote by C the category of all
complete local commutative Noetherian k-algebras with residue field k. In particular, the morphisms in
C are continuous k- algebra homomorphisms that induce the identity map on k. Let A be a fixed and not
necessarily finite dimensional k-algebra, and let R be a fixed but arbitrary object in C. We denote by RA
the tensor product of k-algebras R @ A. Let V be a fixed left A-module with dimy V' < oo. Following
[1, Section 2], a lift of V over R is a pair (M, ¢), where M is a finitely generated left RA-module which
is free over R together with an isomorphism of left A-modules ¢ : k @ M — V; two lifts (M, ¢) and
(M, ¢') are said to be isomorphic if there exists an isomorphism of left RA-modules f : M — M’ such
that ¢’ o (idg ® f) = ¢; a deformation of V over R is an isomorphism class [M, ¢] of V over R; we denote
by Def (V, R) the set of all deformations of V over R. The deformation functor of V' is the covariant
functor Fy : C — Sets defined as follows for all objects R in C, we let Fy(R) = Defa(V,R), and if
0 : R — R’ is a morphism in C, then F(0) : Def A (V,R) — Def(V,R’) that sends [M, ¢] to [M', ¢ ],
where M’ = R' ®ry M and ¢y : k ®; M" — V is the composition of ¢ with the natural isomorphism
k ®r M’ = k ®r M. Assume that (M, ¢) is a lift of V over R. Then the isomorphism class [M] of M
as a left RA-module is called a weak deformation of V over R. We denote by Defy (V, R) the set of all
weak deformations of V' over R and thus we obtain a weak deformation functor of V as the covariant
functor FW C — Sets that sends every object R in Cto Def (V, R), and which sends any 1 morphism
0:R— R’ in C to the morphism FW(O) Def} (V,R) — DefW(V R’) that is defined as F* v(IM]) =
[R' ®rp M]. Observe that there is a natural transformation FV — FW As mentioned in Section 1,
it follows from [1, Theorem 2.6 (i)] that the weak deformation functor F”&( ) is naturally equivalent
to the deformation functor ’F\V(—) when A is a Frobenius k-algebra and End, (V) = k (see also
[4, Lemma 3.10]).

Assume that there exists an object RW(A V) in C that represents v v(=) in the sense that there is
a natural equivalence between the functors hai v(—) and Homz(R" (A, V) —). In this situation, we call
RY(A, V) the weak universal deformation ring of V. If R is the ring of dual numbers k[e] with €2 = 0,
then ty = Fy(k[e]) is called the tangent space of Fy. Assume further that there exists an isomorphism
of k-vector spaces ty = Ext} (V, V). If dimy ty = n, then it follows by using the same arguments as
those in [2, First paragraph on p. 223] that R¥(A, V) is a quotient of the ring of formal power series
kllt1,...,t,]. In particular, if Ext}\(V, V) = 0, then R"(A, V) = k. In this note, we are interested in
finite dimensional A-modules V such that dimy Ext}\ (V,V) = 1 and which have a weak deformation
ring R" (A, V) which is then a quotient of k[[¢]].

Remark 2.1. Inorder to prove the main result in this note, we need the following definition and property
of morphlsms between objects in C. Following [6], if R is an object in C, we denote by t; the quotient
mp/m% and call it the Zariski cotangent space of R over k. Let @ : R — R’ be a morphism in C. Tt follows
by [6, Lemma 1.1] that 6 is surjective if and only if the induced map of cotangent spaces 6 : t; — t},
is surjective.
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3. Proof of main result

Proof of Theorem 1.1. Let £ > 1 be a fixed integer and assume that V; and o are as in the hypothesis
of Theorem 1.1. It follows that the A-module V; is naturally a k[[¢]l/ #**1) @k A-module by letting
tactonx € Vyast-x = oy(x). In particular, tVy = V,_;. Assume that d = dimy V and let
{r1,...,74} be afixed basis of V over k. By using the isomorphism V;/tV, = V), we can lift the elements
71,...,7q to corresponding elements ry, .. .,rg € V, that are linearly independent over k and such that
{t*r1,...,'rg: 1 <s < £} isak-basis of tVy = V,_;, which implies that {r;,...,rs} isa NGRS
basis of Vy, i.e. V¢ is free over k[t]/(t*1). Note also that V; lies in a short exact sequence of A-modules

0— th — Vg — k ®]k[lt]]/(té+l) V( — 0,

which implies that there exists an isomorphism of A-modules ¢¢ : k ®yps/e+1y Ve — Vo, which

implies that V; induces a weak lift of V over k[[£]/(t**t1). Moreover, for each £ > 1, we also have short
exact sequences of k[[ ]/ (1 A-modules

0= Voo Ve L5 v, -0, (1)
where V; is considered as a left k[#]/(t*t1) A-module with trivial t-action and Ynn—1 is the canonical
projection.

In order to prove (i), assume next that .Zy is finite and that the last term of this sequence, say
VN, satisfies that dimy Homy (Vn, Vo) = 1 and Ext A(VN, Vo) = 0. Consider the weak lift Vy of
Vo over k[£]/(tN*t1). Since jai v(= ) is representable, it follows that there exists a unique morphism
0 : R¥(A, Vo) — Kk[tT/(N+1) in C such that

V Z k[ (V) ®rwia,vgre UA, Vo),

where U(A, Vp) is the weak lift corresponding to the weak deformation of Vi over R (A, Vj). On the
other hand, since Vy isa weak lift of Vi over k[[¢]]/(¢?), there exists a unique morphism 6’ : R¥(A, Vo) —
kl[1/(£?) in C such that

Vi Z K[/ () ®rwaverer UA, Vo).

By considering the natural projection w412 : k[[#]l/ (Nt — Kk[[t]/(t?) and the weak lift (U, ) of
Vo over k[£]/(t?) corresponding to the morphism 7n41,2 o 6, we obtain

U' Z K[t/ () ®r(an,Vo)mws1008 UAN, Vo)
= KD/ (1) @igegy v+ 1, (KD (EY) ®rean.ve)6 UAN, V)
= K1/ () ®uepyv+1ymysrs VN
= Vn/P VN 2 V.

The uniqueness of 8’ implies that 6’ = 7112 o 0, and since 6’ is surjective, it follows that 6 is also
surjective. We claim that 6 is an isomorphism. If this is false, then there exists a surjective k-algebra
homomorphism 6y : R¥(A, Vp) — kl1/(N*2) in C such that TIN+2.N+1 © By = 6, where TN 1o N+1 :
kD /(N2 — Kk[D/ (N T is the natural projection. Let My be a weak lift of V over kle1/ (N +2)
corresponding to 6. Since the kernel of wn2n-+1 is (£ 1) /(£ F2), it follows that My/tNT1My = V.
Consider the k[t]/(tN*?) ®) A-module homomorphism g : My — tN*1M, defined as g(x) = tN*1x
for all x € M. Since M is free over k[[¢]/(tV+?) it follows that the kernel of g is isomorphic to tMy.
Thus, My/tMy = tNT1M, for g is a surjection. Therefore tN+1My = V), and thus we obtain a short
exact sequence of k[[t1/(tN*2) @i A-modules

00— Vyg— My — VN — 0. 2)

Since by assumption we have Ext}\ (Vn, Vi) = 0, it follows that the sequence (2) splits as a sequence
of A-modules. Hence, My = Vi @ Vi as A-modules. Identifying the elements of My as (v, x) with
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v € Vgand x € Vy, we see that t actson (v,x) € Mg ast - (v,x) = (u(x),on(x)), where u : Vy — Vj
is a surjective A-module homomorphism. Since the surjection o5 : Vv — Vjp is non-zero and since
by hypothesis dimy Homy (Vi, Vo) = 1, it follows that there exists ¢ € k* such that u = CO’I{I\T , which
implies that the kernel of 1 is t V. Therefore tN 71 (v, x) = (u(tVx), UII\}] *l(x)) = (0,0) forallv € Vyand
x € Vy. This contradicts that N1 My = Vp. Thus 6 : RY(A, Vo) — k[[t]/(¢tNT!) is an isomorphism.
This proves (i).

Next assume that %y is infinite. In the following, we will argue as in e.g. [3, Proof of Claim 4.5] or in
the last paragraph of [4, Proof of Theorem 1.2]. Namely, by using the short exact sequences (1), we obtain
an inverse system {Vy, ¥y ¢—1}¢>1 that satisfies the Mittag-LefHler Condition, and by letting W = l(in . Vy

and using e.g. [5, Prop. II1.10.3], we obtain an exact sequence of left k[{]]A-modules

h(_m'//e,zq
0> Vg—>W— W — 0. (3)

where t actson W as l(1£1 Yee—1 andk @r W = W/tW = V. By arguing as before, it follows that W is a
weak lift /gf Vo over k[ t]l. Therefore, there exists a unique k-algebra homomorphism 6 : R (A, Vp) —
k[[¢] in C which corresponds to the weak deformation induced by W. Note that since W/t2W = V7 as
A-modules, we obtain that W/t>W defines a non-trivial lift of Vy over k[[¢]]/(t?) and thus there exists
a unique morphism 6’ : R¥(A, Vo) — k[¢]/(t?). Note that since the cotangent space (as Remark 2.1)
of k[[¢]l/(#?) is 1-dimensional over k, it follows that 6’ is also surjective. Moreover, if 8" : k[t] —
k[[¢]/(¢?) is the canonical projection, it follows by the uniqueness of 6" that 8’ = 6” o 6. Thus again
by Remark 2.1, since (6”)* is an isomorphism, we obtain that 6* and thus 6 is surjective. Therefore by
using that R (A, Vp) is a quotient of k[[¢]l, we conclude that € is an isomorphism. This proves (ii) and
finishes the proof of Theorem 1.1. O

Remark 3.1. (i) Assume that A is either a finite dimensional self-injective k-algebra or the repetitive
algebra of a finite dimensional k-algebra. If V is a finite dimensional module such that End , (V) =k,
then V has a universal deformation ring R(A, V) (in the sense of [1]) and moreover, V also has a weak
universal deformation ring R¥ (A, V) with R¥(A, V) = R(A, V). Therefore, Theorem 1.1 recovers
the results in e.g. [3, Claims 4.4 and 4.5], [4, Theorem 1.2 (ii), (iii)]), [7, Claims 4.1.1 and 4.1.2],
which involve symmetric (thus self-injective) special biserial k-algebras (in the sense of [8]).

(ii) The condition concerning the weak universal deformation ring R” (A, V) being a quotient of the ring
of formal series k[[t]] is commonly encountered, as demonstrated by the aforementioned results. In
fact, a more commonly encountered condition, which implies this, is when the dimension of the
tangent space ty = Ext}\ (V, V) is equal to one as a k-vector space.
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