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We study effects on the luminosity distance of a local inhomogeneity seeded by primordial curva-
ture perturbations of the type predicted by the inflationary scenario and constrained by the cosmic
microwave background radiation. We find that a local underdensity originated from a one, two or
three standard deviations peaks of the primordial curvature perturbations field can induce correc-
tions to the value of a cosmological constant of the order of 0.6%, 1%, 1.5% respectively. These
effects cannot be neglected in the precision cosmology era in which we are entering. Our results can
be considered an upper bound for the effect of the monopole component of the local non linear struc-
ture which can arise from primordial curvature perturbations and requires a fully non perturbative
relativistic treatment.

I. INTRODUCTION

Before the invention of the inflationary scenario of the early Universe, the standard cosmological model
was based on the assumption of global large scale homogeneity and isotropy (often dubbed ”the Cosmological
principle”) which reflects itself in the observed approximate isotropy of the Hubble flow and the temperature of
the cosmic microwave background (CMB) radiation. With the inflationary scenario, there is no more need in such
assumption since viable realizations of this scenario predict the large-scale space-time metric to be approximately
homogeneous and isotropic up to very large (but still finite) scales fantastically exceeding the present Hubble
radius. In addition, these viable inflationary models predict a specific structure of small inhomogeneous metric
perturbations of the scalar and tensor types inside the observed part of Universe (inside the last scattering surface
if speaking about photons). These perturbations are supposed to be the seeds of the CMB angular temperature
anisotropy and polarization. Also, from the scalar perturbations, galaxies and their clusters, as well as other
compact objects and the large-scale structure of the spatial distribution of galaxies in the Universe, have been
formed at later time due to gravitational instability. Due to the quantum (in fact, quantum-gravitational)
origin of these small primordial perturbations in the inflationary scenario, they can be very well described as
classical stochastic quantities with the almost Gaussian statistics. Because of this stochasticity, the Cosmological
principle is not exact even at observable scales less than the Hubble radius, some deviations from it are certainly
expected, though of a specific type and sufficiently small probability, e.g. near large extrema of perturbations.
However, cosmic variance [1–6] makes such a possibility viable and worth investigation. It should be emphasized
that the effects we study in this letter correspond to highly non linear structures which cannot be studied using
a perturbative approach, since the relativistic correction can be dominant [7], and for this reason they can
differ from previous estimations of the effects of cosmic variance which were based on perturbative relativistic
or Newtonian approximations.
That is why we study the effects of late time local inhomogeneities corresponding to large peaks of the

primordial scalar (curvature) perturbations on the apparent values of parameters of the standard cosmological
model, mainly on the value of a cosmological constant. We model a present day local inhomogeneity around
such a large peak by the Lemaitre-Tolman-Bondi (LTB) solution with the initial condition compatible with
inflation, i.e. with the homogeneous initial curvature singularity. The spherical symmetry of the metric is
justified by the known property of large peaks of a Gaussian random field [8] to be approximately spherically
symmetric, and we consider the case in which an observer is located at the center of the peak. In this way we are
able to relate the local inhomogeneity to the primordial curvature perturbation spectrum constrained by CMB
anisotropy observations. Previous studies have shown how ignoring the presence of such a local inhomogeneity
could lead to the wrong conclusion of the presence of evolving dark energy [9], while in fact dark energy is
simply a cosmological constant. Similar approach was used in [10] and [11]. Here we consider the effects on
the supernovae Ia luminosity distance, and quantify the effect on the estimation of the apparent value of the
cosmological constant. Other attempts to study the effects of inhomogeneities on cosmological observables
consisted in implementing some averaging procedure [12–17] or to consider inhomogeneities as alternative to
dark energy [13, 18–30].
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Following the definition of apparent value of the cosmological constant given in [31] we find that the effects of
a local overdensity are not very important, while a local underdensity can lead to a correction of the apparent
value of the cosmological constant up to a order of 1.5%, which cannot be ignored in high precision cosmology.
While our approach here is based on making a theoretical connection between the local Universe today and
early Universe physics, there have been some recent direct observational evidences [32] which we may actually
live inside a local inhomogeneity, which could have arisen from a primordial curvature perturbation peak of the
type we study here, as predicted by [8]. Other possible evidences of being located inside a local inhomogeneity
come from the apparent tension between the estimation of cosmological parameters from local observations and
the Planck satellite results [33, 34].

II. PRIMORDIAL CURVATURE PERTURBATIONS AND LATE TIME INHOMOGENEITIES

The metric after inflation on scales much larger than the Hubble scale can be written as

ds2 = −dt2 + a2F (t)e
2ζ(r)(dr2 + r2dΩ2) (1)

where r = |r|, and ζ(r) may be interpreted as a local, space-dependent number of e-foldsN from a hypersurface of
uniform spatial scalar curvature (called the flat hypersurface) during inflation (up to a constant absorbable into
aF ). This relation is the basis of the so-called δN formalism, first used in [35] in the case of a single field inflation,
and then extended to multiple field inflation in [36, 37]. Here we neglect tensor perturbations (primordial
gravitational waves) since, first, their power is suppressed by at least one order of the small inflationary slow-roll
parameter ε compared to scalar (curvature) perturbations and, second, they are not subjected to gravitational
instability and their amplitude decreases ∝ a−1

F inside the Hubble radius. Near large peaks of primordial
perturbations, we approximate ζ = ζ(r). Such points certainly exist somewhere in space.
The Lemaitre-Tolman-Bondi (LTB) solution is a pressureless spherically symmetric solution of Einstein’s field

equations given by [38–40]

ds2 = −dt2 +
(R,r )

2
dr2

1 + 2E(r)
+R2dΩ2 , (2)

where R is a function of the time coordinate t and the radial coordinate r, E(r) is an arbitrary function of r,
and R,r = ∂rR(t, r). The Einstein’s equations with a cosmological constant give

(

Ṙ

R

)2

=
2E(r)

R2
+

2M(r)

R3
+

Λ

3
, (3)

ρ(t, r) =
2M,r

R2R,r
, (4)

where M(r) is an arbitrary function of r, Ṙ = ∂tR(t, r) and c = 8πG = 1 and is assumed in the rest of the
paper. We will also adopt, without loss of generality, the coordinate system in which M(r) ∝ r3, and fix the
geometry of the solution by using a function k(r) according to 2E(r) = −k(r)r2.
As shown in [9] it is possible to choose an appropriate time when we can match the LTB metric and the

metric after inflation given in eq.(1). The result is a relation between the primordial curvature perturbation
and the function k(r) :

k(r) = −
1

r2
[(1 + rζ′)2 − 1] , (5)

which in the linear regime rζ′ ≪ 1 reduces to

k(r) = −2
ζ′(r)

r
. (6)

The approximation of the spherical symmetry is justified by the known property of a Gaussian random field
[8] according to which large peaks of a stochastic function tend to have a spherical shape. In the rest of the
paper we will make the additional assumption to be located at the center of such a spherically symmetric
inhomogeneity. This is supported by other evidences of isotropy such as the cosmic microwave background
(CMB) radiation, implying that if any local inhomogeneity around us is actually present, this should be highly
spherically symmetric. In this sense the effects we will consider are associated to the monopole component of
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FIG. 1: In the top k(r) is plotted for A = 2 × (5 × 10−5) (top) and A = −2 × (5 × 10−5) (bottom), and ζ(r) in the
bottom for A = 2× (5× 10−5) (top) and A = −2 × (5 × 10−5) (bottom). Different lines correspond to different values
of σ, expressed in units of H−1

0
.

the local structure surrounding us, assuming this was seeded by a few σ peak of the metric perturbation ζ.
Such perturbation still corresponds to a small additional density contrast if its size is sufficiently large. The
assumption of being located at the center of such a peak allows us to set an upper bound on the magnitude of
the effects on the estimation of cosmological parameters, in particular on the value of the cosmological constant.

III. EFFECTS ON THE ESTIMATION OF THE APPARENT VALUE OF THE COSMOLOGICAL

CONSTANT FROM SUPERNOVA IA LUMINOSITY DISTANCE

Our goal is to assess what could be the effect on the estimation of the value of the cosmological constant due
to a local inhomogeneity seeded by a fluctuation of the primordial curvature perturbation. In particular we
will focus on the effects on the supernovae Ia luminosity distance observations. In our analysis we will use the
Union 2.1 compilation data set [41].
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FIG. 2: The energy density ratio ρ(t0, r)/ρ(t0, 0) at the time observation t0 is plotted as function of the radial coordinate
for A = −2× (5× 10−5) on the left and A = 2× (5× 10−5) on the right. As can be seen positive primordial curvature
perturbations, correspond to a central overdensity, and negative primordial curvature perturbations correspond to a
central underdensity. Another important feature is that larger values of σ correspond to smaller levels of inhomogeneity.
The radial coordinate r and σ are expressed in units of H−1
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FIG. 3: The relative difference ∆(z) = (DΛCDM

L (z) − DΛLTB

L (z))/DΛCDM

L (z) of the luminosity distance between the
ΛLTB case and ΛCDM is plotted for different values of σ, where the latter is in units of H−1

0
. The left figure corresponds

to A = −2× (5× 10−5) and the right to A = 2× (5× 10−5). A local underdensity, corresponding to A < 0, is associated
to a larger luminosity distance respect to the homogeneous case, while local overdensities give a smaller distance. σ is
expressed in units of H−1
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FIG. 5: On the top the luminosity distance is plotted for different values of σ in units of H−1

0
. On the bottom the

relative difference ∆(z) = (DΛCDM

L (z) − DΛLTB

L (z))/DΛCDM

L (z) of the luminosity distance between the LTB case and
ΛCDM is plotted for different values of σ, in units of H−1

0
. The left figures corresponds to A = −2 × (5 × 10−5) and

the right to A = 2× (5× 10−5). These figures correspond to small values of σ, showing how the corresponding effective
H0 for σ < 0.04, estimated as a low redshift slope of the luminosity distance, is not compatible with the observed value.

Given the assumption of the central location of the observer, we need to solve the radial null geodesics [42]

dr

dz
=

√

1 + 2E(r(z))

(1 + z)Ṙ′[T (r(z)), r(z)]
, (7)

dt

dz
= −

R′[T (r(z), r(z))]

(1 + z)Ṙ′[T (r(z)), r(z)]
, (8)

(9)

and then substitute in the formula for the luminosity distance in a LTB space

DL(z) = (1 + z)2R(t(z), r(z)) . (10)

We will model the primordial curvature perturbations with a Gaussian profile:

ζ(r) = Ae−( r

σ
)2 , (11)

and fit data with the corresponding LTB solution given by eq.(5). The initial conditions for the geodesic
equations are obtained from the Einstein’s equations at the center, and the age of the Universe used as initial
condition for the time geodesics and reported in the last column of Table I is obtained by integrating with
respect to the scale factor from the big-bang till today. The parameter σ is associated to the scale of the
inhomogeneity, while A is related to its amplitude. From observational constraints from the CMB anisotropy
spectrum we know that the standard deviation of the primordial curvature perturbation ζ(r) should be about
5 × 10−5, so we will consider peaks with A equal to some multiples of this value. The relation between k(r)
and ζ(r) is shown in Fig. 1, for different values of A and σ. The present density contrast corresponding to
peaks of the primordial curvature perturbations with different values of A and σ is shown in Fig. 2, while
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FIG. 6: The contour plots for the luminosity distance χ2 are shown for the parameters ΩΛ and σ, expressed in units of
H−1

0
. For the top figures A = 1× 5× 10−5 , A = 2× 5× 10−5 and A = 3× 5× 10−5, from left to right respectively. For

the bottom figures A = −1× 5× 10−5, A = −2× 5× 10−5 and A = −3× 5× 10−5, from left to right respectively.

the effects on the luminosity distance are shown in Fig. 3.As can be seen small values of σ are associated to
larger k(r), which also correspond to greater observational effects. For this reason very small values of σ are
observationally excluded, since they would correspond to very high density contrasts today, and they would
also be incompatible with local measurements of the Hubble parameter as shown in Fig. 5-4. The results of
the data fitting are shown in the contour plots for the parameters σ,ΩΛ in Fig. 6. As can be seen in Fig. 2
positive values of A correspond to central overdensity, and negative values to underdensities. The effects on
the luminosity distance are shown for both positive and negative curvature perturbations peaks in Fig 3. For
negative peaks we have an increase of the luminosity distance with respect to a ΛCDM with the same value of
ΩΛ, while for positive peaks the effect is the opposite.
As it can be seen from the luminosity distance plots, values of σ lower than 0.1 introduce a large effect on

the value of H0, making this area of the parameter space incompatible with observational data of the Hubble
parameter, but this does not affect our conclusions, since we find that the best fit parameters correspond to
σ > 0.2.
From the table I we can see that the effects on the estimation of the value of the cosmological constant can

be of the order of ≈ 1.5%, which cannot be ignored, since they are of the order of magnitude of other sources
of systematic errors.

IV. CONCLUSIONS

We have studied the effects of late time inhomogeneities seeded by primordial curvature perturbations on the
luminosity distance of supernovae Ia, and consequently on the estimation of the apparent value of a cosmological
constant. Our analysis shows that these effects cannot be ignored in the high precision cosmology era in which
we are entering and should be properly taken into account. Fitting data under the a priori assumption of
exact background homogeneity could overestimate the value of the cosmological constant by up to 1.5%. The
same kind of conclusions can apply to other cosmological parameters whose estimation can be affected by
local structure and suggests the importance of including into any cosmological data analysis a realistic model
of the local Universe which goes beyond the perturbative approach. In this paper we have considered the
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A/(5× 10−5) σ ΩΛ χ2

min t0

3 1.64 0.7204 562.242 0.983023

2 1.212 0.7204 562.242 0.982992

1 0.864 0.7204 562.242 0.982995

0 0.72 562.242 0.982778

-1 0.209 0.7155 562.217 0.981357

-2 0.228 0.7124 562.202 0.980357

-3 0.232 0.709 562.190 0.979288

TABLE I: The table shows the values of σ, expressed in units of H−1

0
, and ΩΛ minimizing the χ2 for different values of

the amplitude A, where the latter is expressed in integer multiples of the 5×10−5, the value of the standard deviation of
the primordial curvature perturbations implied by CMB observations. Positive values of A do not improve appreciably
the value of χ2, neither affect greatly the best fit values for ΩΛ, while negative values improve the χ2 and also affect
considerably the best fit value for ΩΛ. The row corresponding to A = 0 gives the best fit values for a flat ΛCDM model,
and is reported as a reference for the magnitude of the effects of the local inhomogeneity. The last column corresponds
to the age of the Universe in units of H−1

0
, showing how the effect on this is smaller than on the cosmological constant.

monopole contribution to these effects and we have related them to primordial curvature perturbations of the
type predicted by the inflationary scenario.
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