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Abstract

In this paper, the inverted matrix variate Dirichlet distribution for both

the real and the complex cases are defined and some of their properties

are studied. Also, the asymptotic expansions of the probability density

functions of the inverted matrix variate Dirichlet distributions, for real

and complex cases, are derived.

1. Introduction

The inverted matrix variate beta distribution with parameters ( )ba,

is defined by the probability density function (p.d.f.)

( )
( ) ( ) ( ) ( ) ( ) ( ) ,0,detdet 21 >+

ΓΓ
+Γ +−+− VVIV

ba
ba ba

m
ma

mm

m (1)

where ( ) ,21−> ma  ( ) ,21−> mb  and the multivariate gamma function
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is defined as

( ) ( ) ( )∏
=

− −>


 −−Γπ=Γ
m

i

mm
m

maiaa
1

41 .
2

1Re,
2

1 (2)

We will denote it by ( ).,~ baBV II
m

As an n matrix variate generalization of the density in (1), we define

the inverted matrix variate Dirichlet distribution as follows:

The mm ×  random symmetric positive definite matrices nVV ...,,1

are said to have the inverted matrix variate Dirichlet distribution with

parameters ( )11 ...,, +nbb  if their joint p.d.f. is given by

( )
( ) ( )∏ ∑∏

∑
=

−

=

+−
+

=

+

=
∑ +

=













+

Γ






Γ n

i

bn

i
im

mb
in

i im

n

i im
n
i i

i VIV
b

b

1 1

21
1

1

1

1 ,detdet

1
1

(3)

where ,0>iV  ....,,1 ni =  This distribution is denoted by ( ) ~...,,1 nVV

( ).;...,, 11 +nn
II
m bbbD

It is possible to obtain the inverted matrix variate Dirichlet

distribution in the following way. Let the random matrices 11 ...,, +nXX

be distributed independently as Wishart, ( ),,2~ mimi IbWX  ...,,1=i

.1+n  Define ,21
1

21
1

−
+

−
+= nini XXXV  ....,,1 ni =  Then, it can be verified

that ( ) ( ).;...,,~...,, 111 +nn
II
mn bbbDVV

The matrix variate Dirichlet distributions have been studied by

several authors (see, for example, Olkin and Rubin [4], Tan [6], Javier

and Gupta [3], and Gupta and Nagar [1]). An extensive review on the

matrix variate Dirichlet distributions is available in Gupta and Nagar

[2].

In this article, we will derive certain properties including the

asymptotic expansions of the inverted matrix variate Dirichlet

distributions in real as well as complex cases.
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2. Properties

Let ( ) ( ).;...,,~...,, 111 +nn
II
mn bbbDVV  An immediate consequence of

(3) is

( ) ( )∫ ∫ ∏ ∏∑> >
= =

−

=

+−
∑ +

=













+

0 0
1 11

21

1

1
1

detdet
V V

n

i

n

i
i

bn

i
im

mb
i

n

n
i i

i dVVIV"

( )
.

1

1

1

1






Γ

Γ
=

∑
∏

+

=

+

=
n

i i

n

i i

b

b
(4)

Applying (4), we have the ( )th1 ...,, nhh  mixed moment, as

[ ( ) ( ) ] ( )
( )
( )∏∑

=+

=+

Γ
+Γ

Γ






 −Γ

=
n

i
im

iim

nm

n

i inm
h

n
h

b
hb

b

hb
VVE n

1
1

11

1 ,detdet 1 "

if ( )∑ =+ −+> n
i in mhb

11 ,21  ( ) ,21−>+ mhb ii  ,...,,1 ni =  and does

not exist otherwise. The means, variances and the covariances are
obtained as

( )[ ] ( )[ ]
( )[ ]∏

= +
=

+−
−−=

m

r
n

i
i ni

rb
rb

VE
1

1
,...,,1,

21
21

det

( )[ ] ( ) ( )[ ]
( )[ ] ( )[ ]∏

= ++

+ =
+−+−

−−−+=
m

r nn

ini
i ni

rbrb

rbrbb
V

1 1
2

1

1 ,...,,1,
2321

21
detVar

[ ( ) ( )] ( )[ ][ ( ) ]
( )[ ] ( )[ ]∏

= ++ +−+−

−−−−
=

m

r nn

ji
ji

rbrb

rbrb
VV

1 1
2

1

,
2321

2121
det,detCov

....,,1,, njiji =≠

Next, we generalize a result given in Tan [6]. This result will be used
to obtain the distribution of the partial sums of the random matrices

nVV ...,,1  which follow an inverted matrix variate Dirichlet distribution.
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Theorem 2.1. Let nWW ...,,1  be mm ×  positive definite matrices

jointly distributed as

( ) ( ) ( ) ( ),det...,,
1

1
21

1 ∏
=

+−α ++∝
n

i
n

m
in WWWWWp i "g

where ( )⋅g  is positive, continuous, supported on the space of mm ×

positive definite matrices such that ( ) ( ) ( )∫ >
+−α∑ =

0
211det

W
m dWWW

n
i i g

,∞<  and ( ) ,21−>α mi  ....,,2,1 ni =  Further, let ( ) ∑
∗

∗
− +=

α=α i

i

n

nj ji 11
,

,00 =∗n  ∑ =
∗ = i

j ji nn
1

,  ....,,1 A=i  Define ( ) ( ) ,2121 −−= ijij WWWZ  ∗
−= 1inj

1...,,1 −+ ∗
in  and ( ) ∑

∗

∗
− +=

== i

i

n

nj ji iWW
11

....,,1, A  Then,

(i) ( ( ) ( ) )AWW ...,,1  and ( ),...,,
111 −+ ∗∗

− ii nn
ZZ  A...,,1=i  are indepen-

dently distributed,

(ii) ( )
11

...,,
1 −+ ∗∗
− ii nn

ZZ  has a matrix variate Dirichlet type I distribu-

tion with the density proportional to

( ) ( )
( )

∏ ∑
−

+=

+−α
−

+=

+−α
∗

∗
−

∗∗

∗
−
















−

1

1

21
1

1

21

1 1

,detdet
i

i

ini

i

j

n

nj

m
n

nj

jm
m

j ZIZ

where ,0 mj IZ <<  ,1...,,11 −+= ∗∗
− ii nnj  ∑ −

+=

∗

∗
−

<1

11
,i

i

n

nj mj IZ  A...,,1=i

and

(iii) the density ( ( ) ( ) )AWWp ...,,11  of ( ( ) ( ))AWW ...,,1  is given by

( ( ) ( )) ( ( )) ( ) ( )
( ) ,det...,,

1 1

21
11 ∏ ∑

= =

+−α












∝

A A

A
i i

i
m

i WWWWp i g

where ( ) ( )AWW ...,,1  are mm ×  symmetric positive definite matrices.
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Proof. Transforming ( ) ∑
∗

∗
− +=

= i

i

n

nj ji WW
11

 and ( ) ( ) ,2121 −−= ijij WWWZ

,1...,,11 −+= ∗∗
− ii nnj  A...,,1=i  with the Jacobian

( ( ) ( ))A
A

WZZWZZWWJ nnnn ,...,,...,,,...,,...,, 111111
11 −+− ∗
−

→

( ( ))( )( )∏
=

−+=
A

1

211 ,det
i

nm
i

iW

in the p.d.f. of ( ),...,,1 nWW  we get the joint p.d.f. of ,...,,
111 −+ ∗∗

− ii nn
ZZ

( ) A...,,1, =iW i  proportional to

( ( )) ( ) ( )
( )∏ ∑

= =

+−α











A A

1 1

21det
i i

i
m

i WW i g

( ) ( )
( )

∏ ∏ ∑
=

−

+=

+−α
−

+=

+−α
































−×

∗

∗
−

∗∗

∗
−

A

1

1

1

21
1

1

21 ,detdet

1 1i

n

nj

m
n

nj

jm
m

j

i

i

ini

i

j ZIZ

where ( ) ,0>iW  ,...,,1 A=i  ,0 mj IZ <<  ,1...,,11 −+= ∗∗
− ii nnj  ∑ −

+=

∗

∗
−

1

11

i

i

n

nj jZ

....,,1, A=< iIm  Now, from the above factorization, the desired result

follows.

Corollary 2.1.1. Let ( ) ( ).;...,,~...,, 111 +nn
II
mn bbbDVV  Further, let

( ) ∑
∗

∗
− +=

= i

i

n

nj ji bb
11

,  ,00 =∗n  ∑ =
∗ = i

j ji nn
1

,  ....,,1 A=i  Define the random

matrix ( )iV  as ( ) ∑
∗

∗
− +=

== i

i

n

nj ji iVV
11

....,,1, A  Then,

( ( ) ( ) ) ( ( ) ( ) ).;...,,~...,, 111 +n
II
m bbbDVV AA

Proof. The density of ( )nVV ...,,1  is given by (3). Application of

Theorem 2.1 with the function g  given by ( ) ∑
+
=−+=

1
1det

n
i ib

m VIg  yields

the desired result.
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By substituting 1=A  in the above corollary we observe that =V

∑ ∑= = + 


n
i

n
i ni

II
mi bbBV

1 1 1 .,~

3. Asymptotic Expansion

In this section we derive the asymptotic expansion of the probability
density function of the inverted Dirichlet random matrices. We first give
three lemmas which are needed to derive the final result.

Lemma 3.1. For ( ) ,arg ε−π≤z  ,0>ε  the logarithm of ( )az +Γ

can be expanded as

( ) ( ) π+−−+=+Γ 2lnln5.ln zzazaz

( ) ( )
( ) ( )∑

=

−−−+
+

+
+

−+
r

s

rss
s

zOz
ss

aB

1

11
1

,
1

1

where ( )xBk  is the Bernoulli polynomial of degree k and order unity.

Lemma 3.2. For 21, aa  scalars, we have

( )
( ) ( ) zmaa

az
az

m

m lnln 21
2

1 −=





+Γ
+Γ

( )
( )∑∑

= =

−
++

+





 





 −−−





 −−

+
−+

m

i

r

s

s
ss

s
ziaBiaB

ss
1 1

2111

1

2
1

2
1

1
1

( ) ( ) 0,arg,1 >εε−π≤+ −− zzO r

where ( )xBk  is the Bernoulli polynomial of degree k and order unity.

Proof. Writing multivariate gamma functions in terms of ordinary
gamma functions using (2), one obtains

( )
( )

( )[ ]
( )[ ]∏

=
−−+Γ
−−+Γ

=
+Γ
+Γ

m

im

m
iaz
iaz

az
az

1 2

1

2

1 .
21
21

(5)

Now, taking logarithm of the above expression and using Lemma 3.1, one
gets the desired result.
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Lemma 3.3. For ,1<nZ

( ) ( )∑
=

−−
−

+=


 −−
r

s

r
ss

m nO
s

Zn
n
ZI

1

1 .trdetln

Theorem 3.1. Let ( ) ( ).;...,,~...,, 111 +nn
II
mn bbbDVV  Define =iY

,1 in Vb +  ....,,2,1 ni =  Then, the p.d.f. of ( )nYY ...,,1  can be expressed as

( ) ( )

( ) 











−













Γ ∑∏
==

+− n

i
i

n

i
im

mb
i Y

b
Y i

11

21
etr

det

( ) ,...,,1,0,
24

43
2

1 3
12

1

2
2
1

1

1 niYbO
b

aa
b
a

in
nn

=>











++++× −

+
++

(6)

where

( ) ( ),121tr2tr 2
1

2

11 +−+





−+






−= ∑∑ ==

mbmmbYbYa
n

i i
n

i i

2

1

3

12 tr3tr2 





−+






−= ∑∑ ==

n

i i
n

i i YbYa

( ) ( ) ( ) ( )13281143 223 −+−++− mmbmmmbmb

and

∑ =
=

n

i ibb
1

.

Proof. Substituting ,1 ini VbY +=  ,...,,2,1 ni =  with ( →nVVJ ...,,1

) ( ) 21
11 ...,, +−
+= mnm

nn bYY  in (3), we obtain the p.d.f. of ( )nYY ...,,1  as

( ) ( )

( ) ,...,,1,0,
det

21
1

21
niYII

b
Y

i

n

i
im

mb
i

i
=>













Γ∏
=

+−
(7)

where

( ) ,1
1

1

1

1
1

∑−
+

+

+

= =
Γ






Γ

=
∑ n

i ibm
n

nm

n

i im
b

b

b
I
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∑−

+

+
=







 +=

1
1

1
2 det

n
i ib

n
m b

YII   with  ∑
=

=
n

i
iYY

1

.

Now, using Lemma 3.2 with ,2=r  ,1+= nbz  ba =1  and ,02 =a  we

obtain

∑
=+ 



 





 −−





 −−=

m

in

iBibB
b

I
1

22
1

1 2
1

2
1

2
1ln

           ( ),
2

1
2

1

6

1 3
1

1
332

1

−
+

=+
+



 





 −−





 −−− ∑ n

m

in

bOiBibB
b

where ( ) 612
2 +−= xxxB  and ( ) .223 23

3 xxxxB +−=  Now,

substituting for ( )⋅2B  and ( )⋅3B  in the above expression and simplifying,

the above expression is re-written as

( ) ( )
 +−−



 +−=

++
1

4
3

6

11
2
1

2
1ln 23

2
1

2

1
1 mmbmb

b
mbmmb

b
I

nn

( ) ( ).132
8
1 3

1
2 −

++
−++ nbOmmbm (8)

Further, the application of Lemma 3.3 yields

( ) [ ( ) ( ) ]2

1
2 trtr2

2
1trln YYb

b
YI

n
−+−+−=

+

[ ( ) ( ) ] ( ).tr2tr3
6

1 2
1

32
2

1
+

+
+−+−+ n

n

bOYYb
b

(9)

Therefore, using (8) and (9) we get

( ) ( ),
62

trlnln 3
12

1

2

1

1
21

−
+

++
+++−=+ n

nn
bO

b

a
b
a

YII (10)

where 1a  and 2a  are given in Theorem 3.1. Hence we get

( ) ( ) .
24

43
2

1etr 3
12

1

2
2
1

1

1
21












+

+
++−= −

+
++

n
nn

bO
b

aa
b
a

YII (11)

Finally, substituting from (11) in (7) we get the desired result.
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4. Complex Matrix Variate Dirichlet Distribution

Let nVV ...,,1  be mm ×  random Hermitian positive definite (hpd)

matrices. Then ( )nVV ...,,1  is said to have the complex inverted matrix

variate Dirichlet distribution (Tan [5]) with parameters ,...,, 11 +nbb  if its

p.d.f. is given by

( )
( )∏ ∑∏

∑
=

−

=

−
+

=

+

=
∑ +

=













+

Γ






Γ n

i

bn

i
im

mb
in

i im

n

i im
n
i i

i VIV
b

b

1 1
1

1

1

1 ,detdet
~

~ 1
1

,...,,1,hpd niVi =             (12)

where the complex multivariate gamma function is defined as

( ) ( ) ( ) ( )∏
=

− −>+−Γπ=Γ
m

i

mm
m maiaa

1

21 .1Re,1~

We denote it by ( ) ( ).;...,,~...,, 111 +nn
II
mn bbbCDVV  For ,1=n  (12)

reduces to the p.d.f. of a complex inverted beta matrix given by

( )
( ) ( )

( ) ( ) ( ) hpd,detdet~~
~

VVIV
ba

ba ba
m

ma

mm

m +−− +
ΓΓ
+Γ

(13)

which will be denoted by ( ).,~ baCBV II
m

From (12), we have

( )∫ ∫ ∏ ∑
=

∑−

=

−

+
=













+

hpd hpd
1

1
11

1
1

detdet
V V

n

i
n

bn

i
im

mb
i

n

n
i i

i dVdVVIV ""

( )
.

~

~

1

1

1

1







Γ

Γ
=

∑
∏

+

=

+

=
n

i i

n

i i

b

b
(14)

Applying (14), the ( )th1 ...,, nhh  mixed moment, is derived as

[ ( ) ( ) ]
( )

( )
( )∏

∑
=+

=+

Γ
+Γ

Γ







 −Γ

=
n

i im

iim

nm

n

i inm
h

n
h

b
hb

b

hb
VVE n

11

11

1 ,~
~

~

~

detdet 1 "



w
w

w
.p

ph
m

j.c
om

ARJUN K. GUPTA, D. SONG and DAYA K. NAGAR22

if ∑ =+ −+> n
i in mhb

11 ,1  ,1−>+ mhb ii  ,...,,1 ni =  and does not exist

otherwise.

The means, variances and the covariances are

( )[ ] ( )
( )∏

= +
=

−
+−=

m

r
n

i
i ni

rb
rb

VE
1

1
,...,,1,

1
det

( )[ ] ( ) ( )
( ) ( )∏

= ++

+ =
−−−

+−++−=
m

r nn

nii
i ni

rbrb

rbbrb
V

1 1
2

1

1 ,...,,1,
1

121
detVar

[ ( ) ( )] ( )( )
( ) ( )

....,,1,,,
1

11
det,detCov

1 1
2

1

njiji
rbrb

rbrb
VV

m

r nn

ji
ji =≠

−−−

+−+−
=∏

= ++

Theorem 4.1. Let nZZ ...,,1  be mm ×  Hermitian positive definite

matrices jointly distributed as

( ) ( ) ( ) ( ),~detdet...,, 111
1

n
mb

n
mb

n ZZXZZZp n ++∝ −− "" g

where ( )⋅g~  is positive, continuous, supported on the space of mm ×

Hermitian positive definite matrices such that

( ) ( )∫ ∞<∑ = −

hpd
,det 1

Z

mb dZZZ
n
i i g

and ,1−> mbi  ....,,2,1 ni =  Further, let ( ) ∑
∗

∗
− +=

α=α i

i

n

nj ji 11
,  ,00 =∗n

∑ =
∗ = i

j ji nn
1

,  ....,,1 A=i  Define ( ) ( ) ,2121 −−= ijij WWWZ  1...,,11 −+= ∗∗
− ii nnj

and ( ) ∑
∗

∗
− +=

= i

i

n

nj ji WW
11

,  ....,,1 A=i  Then,

 (i) ( ( ) ( ) )AWW ...,,1  and ( ),...,,
111 −+ ∗∗

− ii nn
ZZ  ,...,,1 A=i  are indepen-

dently distributed,

(ii) ( )
11

...,,
1 −+ ∗∗
− ii nn

ZZ  has a complex matrix variate Dirichlet type I

distribution with the density proportional to
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( )∏ ∑
−

+=

−α
−

+=

−α
∗

∗
−

∗∗

∗
−
















−

1

1

1

11 1

,detdet
i

i

ini

i

j

n

nj

m
n

nj

jm
m

j ZIZ

where ,jZ  ,1...,,11 −+= ∗∗
− ii nnj  and ∑ −

+=

∗

∗
−

− 1

11

i

i

n

nj jm ZI  are Hermitian

positive definite, ,...,,1 A=i  and

(iii) the density ( ( ) ( ) )AWWp ...,,11  of ( ( ) ( ) )AWW ...,,1  is given by

( ( ) ( ) ) ( ( ) ) ( ) ,~det...,,
1 1

11 ∏ ∑
= =

−α













∝

A A

A
i i

i
m

i WWWWp i g

where ( ) ( )AWW ...,,1  are mm ×  Hermitian positive definite matrices.

Proof. Similar to the proof of Theorem 2.1.

Corollary 4.1.1. Let ( ) ( ).;...,,~...,, 111 +nn
II
mn bbbCDVV  Further, let

( ) ∑
∗

∗
− +=

= i

i

n

nj ji bb
11

,  ,00 =∗n  ∑ =
∗ = i

j ji nn
1

,  ....,,1 A=i  Define the complex

random matrix ( )iV  as ( ) ∑
∗

∗
− +=

== i

i

n

nj ji iVV
11

....,,1, A  Then,

( ( ) ( ) ) ( ( ) ( ) ).;...,,~...,, 111 +n
II
m bbbCDVV AA

Note that for ∑ ∑= = + 




== n

i
n
i ni

II
mi bbCBVV

1 1 1 .,~,1A

Lemma 4.1. For 21, aa  scalars, we have   

( )
( )

( ) zmaa
az
az

m

m ln~
~

ln 21
2

1 −=







+Γ
+Γ

( )
( ) ( ) ( )[ ] s

m

i

r

s
ss

s
ziaBiaB

ss
−

= =
++

+

∑∑ +−−+−
+

−+
1 1

2111

1
11

1
1

( ) ( ) 0,arg,1 >εε−π≤+ −− zzO r

where ( )xBk  is the Bernoulli polynomial of degree k and order unity.
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Proof. Similar to the proof of Lemma 3.2.

Theorem 4.2. Let ( ) ( ).;...,,~...,, 111 +nn
II
mn bbbCDVV  Define =iY

,1 in Vb +  ....,,1 ni =  Then, the p.d.f. of ( )nYY ...,,1  can be expressed as

( )
( )

( ) ,
24

~4~3
2

~
1exp~

det 3
12

1

2
2
1

1

1

11 










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+
++













−













Γ
−
+

++==

−

∑∏ n
nn

n

i
i

n

i im

mb
i bO

b

aa
b
a

Y
b

Y i

where nYY ...,,1  are Hermitian positive definite matrices,

,tr2tr~ 22
1

2

11 bmmbYbYa
n

i i
n

i i −+





−+






= ∑∑ ==

( ) 223
2

1

3

12 23tr3tr2~ mbmbYbYa
n

i i
n

i i +−





+






−= ∑∑ ==

( )bmbm 213 +−

and

∑ =
=

n

i ibb
1

.

Proof. Similar to the proof of Theorem 3.1.

5. Remarks

The expression (6) may be used to yield a corresponding asymptotic

formula for the c.d.f. of ( ),...,,1 nVV  i.e.,

( ) ( ).0...,,0;...,,;...,, 11111 nnnnnnn AVAVPbbbAAP <<<<=+

Writing niAbB ini ...,,2,1,1 == +  we have

( )111 ;...,,;...,, +nnnn bbbAAP

( )nnn BYBYP <<<<= 0...,,0 11

( ) ( )

( )∫ ∫ ∑∏<< << ==

+−














−













Γ
=

n n

i

BY BY

n

i
i

n

i im

mb
i Y

b
Y

1 10 0 11

21
exp

det"
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( ) .
24

43
2

1 1
3
12

1

2
2
1

1

1
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b
a "












+

+
++× −

+
++

(15)

It is seen that each term in (15) is a combination of the functions

( )nKK BBG ,,1,, 21
…α

( ) ( )∫ ∫ ∑∏<< << ==

+−













−












=

n n

i

BY BY

n

i
i

n

i

mb
i YY

1 10 0 11

21 expdet"

.trtr 1
11
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n

Kn

i
i

K
n

i
i dYdYYY "


























−






























−× ∑∑

=

α

=

(16)

The integral on the right-hand side of (16) does not seem to be easy to
evaluate. Further work on this will be reported elsewhere.
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