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Abstract

In this paper, the inverted matrix variate Dirichlet distribution for both
the real and the complex cases are defined and some of their properties
are studied. Also, the asymptotic expansions of the probability density
functions of the inverted matrix variate Dirichlet distributions, for real
and complex cases, are derived.

1. Introduction

The inverted matrix variate beta distribution with parameters (a, b)

is defined by the probability density function (p.d.f.)

[, (a+b)

a—(m+1)/2 —(a+b)
T ()T, () det(V) det(1,, +V) , V>0, (1)

where a > (m —1)/2, b>(m—1)/2, and the multivariate gamma function

2000 Mathematics Subject Classification: Primary 62H10; Secondary 62E20.
Key words and phrases: density function, Dirichlet distribution, random matrix, asymptotic
expansion, Jacobian, transformation, multivariate gamma function.

Received November 7, 2003
© 2004 Pushpa Publishing House



14 ARJUN K. GUPTA, D. SONG and DAYA K. NAGAR

is defined as

T, (a) = nm(m_l)/‘lHl‘(a l ;1} Re(a) > m2_ Ly 2)
=1

We will denote it by V ~ Bl (a, b).

As an n matrix variate generalization of the density in (1), we define

the inverted matrix variate Dirichlet distribution as follows:

The m xm random symmetric positive definite matrices Vi, ..., V,

are said to have the inverted matrix variate Dirichlet distribution with

parameters (b, ..., b,,;) if their joint p.d.f. is given by

n+l n+1b
I, 2 b; | n
1=1

n _thl i
I ] cetv; Wi~ (/2 qetl 1.+ D VL-J . ®

+1

Hn Ly (B;) i=1 [ i1
1=1

where V; >0, i =1, ..., n. This distribution is denoted by (V;, ..., V},) ~

Dy (b, s by bys1)-

It is possible to obtain the inverted matrix variate Dirichlet

distribution in the following way. Let the random matrices Xi, ..., X, 11

be distributed independently as Wishart, X; ~ W,,(2b;, I,,,), i =1, ..,

n+1. Define V, = X71/2XL-X71/2 i =1, .. n Then, it can be verified

n+1 n+l

that (V, ..., V,,) ~ DX (by, ..., b; byoq).

The matrix variate Dirichlet distributions have been studied by
several authors (see, for example, Olkin and Rubin [4], Tan [6], Javier
and Gupta [3], and Gupta and Nagar [1]). An extensive review on the
matrix variate Dirichlet distributions is available in Gupta and Nagar

[2].

In this article, we will derive certain properties including the
asymptotic expansions of the inverted matrix variate Dirichlet

distributions in real as well as complex cases.
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2. Properties

Let (Vq, ..., V},) ~ D,{ll(bl, wees by; byi1). An immediate consequence of
3) is

n n _Zi: tn
J'V1>O...J'Vﬂ>ol:!det(Vi)bi‘(’”“)/Z det[fm + ZVLJ 1 HdVi

n+1 I, )' .
r(znﬂ )

Applying (4), we have the (hy, ..., A, )th mixed moment, as

Ly bn+ -
Efdet(V; )" - det(V,, )" ] = ( ;@E) )Hrf(bé »

if by > b+ (m=1)/2, b+h >(m-1)/2, i=1,.,n, and does

not exist otherwise. The means, variances and the covariances are

obtained as

m

E[det(V;)] = H —(r -1)/2] i=1,..,n,

n+1 - (r + 1)/2]

r=1

Var[det(V;)] = - (b + byay =)l = ( —1)/2] , 1=1, ..
+1 g — ¢+ 1)/2P[b,41 - (- + 3)/2]

[b; - (- —1)/2][b; - (r - 1)/2]
w1 — O+ 1)/2F By — 0+ 3)/2]

Covldet(V;), det(V;)] = H b
r=1

£ j,,j=1.,n

Next, we generalize a result given in Tan [6]. This result will be used
to obtain the distribution of the partial sums of the random matrices

Vi, ..., V,, which follow an inverted matrix variate Dirichlet distribution.
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Theorem 2.1. Let Wy, ..., W, be mxm positive definite matrices

jointly distributed as
n
PO, oy W) o | | detW;) s~ D gw + - W),
1=1
where g(-) is positive, continuous, supported on the space of mxm

positive definite matrices such that IW 0det(W)Zgl:lai_(m+1)/zg(W)dW
>

. n*
<o, and a; > (m-1)/2, i =1, 2, ..., n. Further, let o) = Zj;n;"_ﬁl aj,
no =0, nj =3 nj i=1 .0 Define Z; = Wi PW,Wl%, j=ni,

#1, e —1and Wy = 3% . W, i=1, .., (. Then,

j=ni_1+1

) (W(l), ey W(é)) and (an‘_1+1’ vy Z ), i=1,.., ¢ are indepen-

nl* -1
dently distributed,
() (Z « ., .., Z « _) has a matrix variate Dirichlet type I distribu-
n;_1+1 n; -1

tion with the density proportional to

o o ~(m+1)/2

ni-1 ni -1
[T etz 2aed 1, - Y z; :
j=ni_g+1 j=niq+1

where 0< Z; < Ly, j=niq+1onf =1, S0 Zi <@y i=1 .., 1(

j=niq+1
and

(iii) the density pl(W(l), ey W([)) of (W(l), ey W(é)) is given by

L 4
LWy, - Wiey) = Hdet(”’(i))a(i)_(mﬂ)/gg [2 VV(D]’

=1 i=1

where W(l), - W(f) are m X m symmetric positive definite matrices.
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Proof. Transforming W;) = Z"l . 1W and Z; = W; )1/2W W(l)1/2,
J=ni—1+

j=niq+1,.,n -1, i =1, .., ¢ with the Jacobian

J(V‘/l, ooy Wn — Zl’ ceey an—l’ VV(I), ooy Zn?_1+1, ceny Zn—l’ VV(/))

‘
- Hdet(W(i))(mH)("i —1)/2,

=1
in the p.d.f. of (W, ..., W,), we get the joint p.d.f. of Z RS Zn* ¥
L -1+ 1
W(i), i =1, ..., { proportional to
! !
| I E U R W
i=1 i=1
14 ni -1 n -1 anf ~(m+1)/2
P— 1)/2
<[T1 T1 detz)y P aed 1,,- Y 2 :
i=1 j:n;-k_1+1 j=n;<_1+1
where Wy >0, i=1,...0, 0<Z;<I,, j=nij+1,.,n; -1, 2] P Z;
<I,,i=1,.., ¢ Now, from the above factorization, the desired result
follows.

Corollary 2.1.1. Let (Vi, ..., V)~ DX (b,, ..., b,; b,.1). Further, let

b = Zni bj, no =0, n; = Z;zl nj, i =1, .., (. Define the random

j=niq+1

matrix Viy as Vi) = zni . V;

imnta1 0 i =1, .., ¢ Then,
=n;_1

(Vays - Viey) ~ DE by, s Be)3 brs1)-

Proof. The density of (Vi, .., V,) is given by (3). Application of

n+l
Theorem 2.1 with the function g given by g = det([,, + V)fzi:l b yields

the desired result.
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By substituting ¢ =1 in the above corollary we observe that V =

2?:1 Vvl = Bf{ll(zzlzl bi’ bn+1 j

3. Asymptotic Expansion

In this section we derive the asymptotic expansion of the probability
density function of the inverted Dirichlet random matrices. We first give

three lemmas which are needed to derive the final result.

Lemma 3.1. For |arg(z)| < n—¢, ¢ >0, the logarithm of T(z + a)

can be expanded as

InT(z+a)=(z+a—-.5)lnz—-z+Inv2n

s+1
2 ( l)s(s fsfjl(a) z275 + O(Z—r—l ),

where By, (x) is the Bernoulli polynomial of degree k and order unity.

Lemma 3.2. For a;, ay scalars, we have

ln{ [,z +q)

T+ 02)} =(q —ag)mlnz

m r 1 . .
(-1)°* i—1 i—1\] s
+lels(s+1) s+1{ A T g — Bsiq|ag - 9 JI?
p
+ 0@, |arg(z)|<m-¢ >0

where By, (x) is the Bernoulli polynomial of degree k and order unity.

Proof. Writing multivariate gamma functions in terms of ordinary

gamma functions using (2), one obtains

Tz +a;)  TqTlz+0a —(@-1)2]

[,(z+ag) 11 Iz +ay - (@ -1)/2] ®)

Now, taking logarithm of the above expression and using Lemma 3.1, one

gets the desired result.
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Lemma 3.3. For | Z/n | < 1,
r
Z\ n *tr(Z%) —r1
—lndet(lm —;J— ZT‘FO(TL )
s=1

Theorem 3.1. Let (V;,..,V,)~ DX, ..., b,; b,.1). Define Y; =
b1V, 1 =1, 2, ..., n. Then, the p.d.f. of (Y;, ..., Y,,) can be expressed as

n det(Yl )bi—(m+1)/2 12
{H L (b:) - Zl %

=1
2
X140 3D L o Y50, =1, ©)
2bn+1 24bn+1

where

a = tr(— Zn Yijz + thr(— le Yij +b%m - (1/2)bm(m + 1),

3 2
ay = 2tr(— Z?zl YL) + Sbtr[— Z:_l:l Yl)

—b3m + (3/4)b%m(m + 1) — (1/8)bm(2m? + 3m — 1)

and

b= Z; b,.

Proof. Substituting Y; = b,,,V;, i =1, 2, .., n, with J(V}, .., V, —

Yy, .., Y,) = b2 in (3), we obtain the p.d.f. of (Y, ..., Y,) as

n+l
n b —(m+1)/2
det(Y;) .
LI, Y.>0, i=1,..n, 7
T e @

where

[ n+l ]
Fm 2i=1bi b—mzl’-lzlbi

I = )
! I‘m (bn+1) ntl
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y I <
I, = det(lm + —) with ¥ = > ¥;.
bn+1 =1

Now, using Lemma 3.2 with r =2, z=10,,1, ¢ =b and a9 =0, we

obtain

m
1 I: ( l_l) (l_l):| =
- E Bs| b - -B +O(b ,
6br2l+1 ‘ 3 2 3 2 ( n+1)

where By(x)=x%2-x+1/6 and Bs(x)=x>-3x%/2+x/2. Now,
substituting for By(-) and Bs() in the above expression and simplifying,

the above expression is re-written as

SR S - S N PSSR P
Inl; = %, [b m-g bm(m + 1)} 7 [b m- b“m(m +1)
n %bm(2m2 +3m - 1)} L om3,). ®)

Further, the application of Lemma 3.3 yields

Inly = tr(= Y) + =2 [2bte(= V) + tr(— Y)?]
+1

25,
+——[3btr(= Y)? + 26(- Y)*] + O(b2,). )
n+1

Therefore, using (8) and (9) we get

a a _
Inl +Inly =tr(-Y)+—2— + 22 4 O0b3), (10)
1 2 ( ) 2bn+1 662+1 ( n+1)

where a; and ay are given in Theorem 3.1. Hence we get

a 3a12 + 4ay
2bn+1 24b,%+1

LI, =etr(-Y)|1+ +0(b,3)|. (11)

Finally, substituting from (11) in (7) we get the desired result.
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4. Complex Matrix Variate Dirichlet Distribution

Let Vi, ..., V,, be mxm random Hermitian positive definite (hpd)
matrices. Then (Vi, ..., V},) is said to have the complex inverted matrix
variate Dirichlet distribution (Tan [5]) with parameters b, ..., b,,1, if its
p.d.f. is given by

~ 1
| anl b; | n n ->
= Hdet(Vi)bi_m det| I, + Y V.
1 ..

n+l
i:+1 bi
+1~ ’
| ] RO =
i=1
V. hpd, i = " I, (12)
where the complex multivariate gamma function is defined as
m
T (a)= nm<m—1>/2H I(@-i+1), Re(@)>m-1.
1=1
We denote it by (Vi,..,V,)~CDX®,, ..., b,;b,.1). For n=1 (12)

reduces to the p.d.f. of a complex inverted beta matrix given by

fm (a+0b)
L, (@), (b)

which will be denoted by V ~ CB (a, b).

det(V)* ™™ det(I,, + V) @*?) Vv hpd (13)

From (12), we have

n+ly.
i1 0

-
n n

det(Voi ™ det| I, + Y V- dv, ---dV,
J.Vlhpd J‘Vnhpdg ( z) [ m ; LJ 1 n

1 7

=== _ _ 14)
~ n+l
F(Zizl bij
Applying (14), the (A, ..., h,, )th mixed moment, is derived as

~ n
Fm(bnﬂ ~ Zi=1 hi) T (b + 1)
rm(erl) i=1 l—‘m(bi)

E[det(V;)" - det(V,, )] =

b
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if b, > Zizl hi+m-1, b +h; >m -1, i =1, ..., n, and does not exist
otherwise.
The means, variances and the covariances are

Eldet(V;)] = H(b r+1) i=1..,n,

n+1_r)

m
Var[det(V;)] = H (b —r+1) (b; Oy 204 1), i=1,..n,
r=1 (bn+1 - 7‘) (bn+1 —-r- 1)

1)(b; — 1
Covldet(V;), det(V;)] = H % -7 +)22l§bl r+ )), i#j,i,j=1,..,n
n+l — T n+l — T -1

Theorem 4.1. Let Zy, ..., Z, be mxm Hermitian positive definite

matrices jointly distributed as
p(Zy, oy Zy) o det(Z) ™ - det(X,, )P0 T G(Zy + - + Zy,),

where §(-) is positive, continuous, supported on the space of mxm

Hermitian positive definite matrices such that

j det(Z)2i- %M g(Z)dZ < oo,
Z hpd

and b; >m-1, i =1, 2, ..., n. Further, let o = i a:, ng =0,
i )= 2 e % ™

* i . . ~1/2 12 . .
n; =Zj=1nj’ 1=1,..., 0. Define Z W()/ W]W(L)/ , j=niq+1,..,n -1

and W;) = Zni W,

. =1, L Then,
J=niq+1

® Wy, - W) and (Z .

L1 Zn*—l)’ i=1,.. ¢ are indepen-
l— 13

dently distributed,

@) (Z . ,..,Z . ) has a complex matrix variate Dirichlet type I
n;_1+1 n; -1

distribution with the density proportional to
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. ‘ o
n; -1 ni -1 ni
| | det(Z;)" " det Iy - Y Z; ,
j=nig+1 j=ni_j+1

*
n; -1
*

where Z;, j=njy+1,..,n] -1, and I, - >
J=ni+l

Zj are Hermitian
positive definite, i =1, ..., £, and

(iii) the density py(Wy), - Wp)) of W), s W(y)) is given by

Wy, s Wy)) = Hdet(W )i [Z Wi) ]

where Ways -, W) are m x m Hermitian positive definite matrices.

Proof. Similar to the proof of Theorem 2.1.

Corollary 4.1.1. Let (V;, ..., V,,) ~ CDH (b, ..., b,; b,.1). Further, let

ni * 2 i . .
b(i) = Zjl_n* . b;, ny =0, nz = 2j=1 nj, i=1 .., L Define the complex
=n}_

*

random matrix Vioy as Vi) = Zjl_n* . Vi,i=1,.., (. Then,
=n}_

(Vays - Vo)) ~ CDE b1y, -vos (03 ).
Note that for ¢ =1,V = > V; ~ CB;/ (Z?zl b;, bn+1).

Lemma 4.1. For ay, ay scalars, we have

ln|: fm (2 + al)

S 0@)} =(a; —ag)mlnz

s+1
2 2 (3(313r 1) [Bs1(a —i+1)- Byy(ag —i+1)]z7°

=1 s=1

+0@E"), |arg(z)|<m-¢ >0

where By, (x) is the Bernoulli polynomial of degree k and order unity.
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Proof. Similar to the proof of Lemma 3.2.

Theorem 4.2. Let (Vq, ..., V,)~ CD,{ZI(bl, vy bys by41). Define Y; =
b,+1V;, i =1, ..., n. Then, the p.d.f. of (Y1, ..., Y,,) can be expressed as

det(Y; )%™ 3G7 + 43y 3
exp|— » Y; + + 0,511,
H T, () Z 2bn+1 24b2,, i

i=1

where Y1, ..., Y, are Hermitian positive definite matrices,

2
G, = tr(z; Yi] + 2btr(— Z; Yij +b%m — bm?,
~ n ? n 2 3 2 2
Gy = 2tr(— Zizlyi) + Sbtr(zizlYij ~ b%m + (3/2)b%m

—bm® + (1/2)bm

and

b=S" b
T Lo v

Proof. Similar to the proof of Theorem 3.1.
5. Remarks

The expression (6) may be used to yield a corresponding asymptotic
formula for the c.d.f. of (V3, ..., V,,), i.e,

P,(A, .., Ay by, o by b,01) =P (0< V] < A, ., 0<V, < Ap).
Writing B; = b,,,14;,1 =1, 2, ..., n we have

P,(A, ..., A by, ..y by b,41)

=P,(0<Y, <B,..,0<Y, <B,)

i n det (Y, - (m 1) n
B J-0<Y1<Bnm.“O<Yl<Bn h_l[ 0 (0;) }pr[_;Yi]
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2
a1+ s 20+ 29 L 0(by%)|dY; - dY,. (15)
n+1 24bn+1

It is seen that each term in (15) is a combination of the functions

Ga,Kl,Kz(Bl""’Bn)

n n
= det(Y;)% "2 expl - S,
-[0<Y1<Bn IO<Y1<Bn ];:_‘1[ ( L) P ; '
n [0} Kl n K2
x|t - DY, trf =Y Y || dY;--dY,, (16)
i=1 i=1

The integral on the right-hand side of (16) does not seem to be easy to

evaluate. Further work on this will be reported elsewhere.
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