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Abstract – The propagation of light incident upon a 1D photonic superlattice consisting of
successive stacking of alternate layers of a right-handed nondispersive material and a metamaterial,
arranged to form a Cantor-like fractal, is considered. Plasmon-polariton excitations are thoroughly
investigated within the transfer-matrix approach and shown to strongly depend on the Cantor step
number N . More specifically, the number of plasmon-polariton bands corresponds to the number
2N − 1 of metamaterial layers within the unit cell.

Copyright c© EPLA, 2011

Current progress in microstructuring techniques of
high-quality optical materials available nowadays yields
remarkable flexibility in the fabrication of nanostruc-
tures, which allows the realization of structures [1]
with simultaneous negative permittivity ε and negative
permeability µ and, hence, a negative refractive index
n=
√
ε
√
µ. Such negative refractive-index materials,

also called left-handed materials or metamaterials, have
been idealized by Veselago [2] who predicted unusual
properties such as backward wave propagation and
negative refraction. Moreover, metamaterials based on
anisotropic semiconductors heterostructures have been
realized, opening up new perspectives in the design and
development of metamaterials and new optical semicon-
ductor devices [3]. Recently, the study of the propagation
of light through periodic multilayered photonic systems
composed by alternating layers of right- and left-handed
materials [4–7] have evidenced the existence of non-Bragg
gaps insensitive to scale changes of the system, in contrast
to the usual behavior exhibited by Bragg gaps. Also, Li
et al. [8] have performed a theoretical study of the zero-〈n〉
gap in the photonic spectra of quasiperiodic Fibonacci
structures. Moreover, recent work has been focused on the
excitation of bulk (electric) magnetic plasmon-polariton
modes via the nonvanishing component of the (electric)

(a)E-mail: ereyesgomez@gmail.com

magnetic field along the growth direction of the photonic
metamaterial heterostructure, and thoroughly examined
the plasmon-polariton spectra in both periodic and
quasiperiodic Fibonacci– and Thue-Morse–like photonic
crystals [9–11].
The present work is concerned with the study of plas-

mon polaritons in 1D Cantor-like photonic superlattices
composed by alternate layers of right- and dispersive left-
handed materials. Nonperiodic multilayered structures
generated in a way similar to the Cantor set [12–14] are
termed as Cantor-like structures, which consist in frac-
tal nonperiodic multilayer systems. Here we study a 1D
Cantor-like photonic structure as depicted in fig. 1. One
takes the seed to be a bulk of positive-refractive-index
material (labeled A). The unitary cell of the photonic
crystal is generated by substituting the middle third of
the original seed by a dispersive refractive-index metama-
terial (labeled B) as in step N = 1 of fig. 1. Step N = 2
corresponds to again substituting by metamaterials the
middle third of the two remaining segments of positive-
refractive-index material, as in N = 2 of fig. 1. The middle
third of each remaining four segments are then substi-
tuted by metamaterials (step N = 3 of fig. 1), and so on to
infinity.
Here we will be concerned with the propagation of an

electromagnetic wave in 1D Cantor-like fractal photonic
periodic superlattices with unit cell given by the N -th
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Fig. 1: (Color online) Pictorial representation of the generation
of a Cantor-like 1D fractal photonic crystal.

step of the Cantor series depicted in fig. 1. We assume
that the medium is stratified with interfaces normal to
the z-axis, so that ε= ε(z) and µ= µ(z), and we take the
plane of incidence to be the xz-plane. In the case of a
TE field, it follows directly from the Maxwell equations
that, for monochromatic waves of angular frequency ω,
E(r, t) =E(z) exp[i(qx−ωt)]ey and, for TM polarization,
H(r, t) =H(z) exp[i(qx−ωt)]ey, where q is the wavevec-
tor component along the x-direction, and ey is the Carte-
sian unitary vector along the y-direction. The amplitudes
of electric E(z) and magneticH(z) fields satisfy the follow-
ing ordinary differential equations:

d

dz

[
1

µ(z)

d

dz
E(z)

]
=−ε(z)

[(ω
c

)2
− q2

n2(z)

]
E(z), (1)

d

dz

[
1

ε(z)

d

dz
H(z)

]
=−µ(z)

[(ω
c

)2
− q2

n2(z)

]
H(z), (2)

where n(z) =
√
ε(z)
√
µ(z) is the z-dependent refractive

index. In what follows, nA and nB are the refractive
indices whereas εA (µA) and εB (µB) denote the dielectric
permittivities (magnetic permeabilities) in layers A and B,
respectively. We assume layers A of air (εA = µA = 1), and
layers B of a dispersive refractive-index metamaterial. In
the B layers we consider a Drude-like model for both the
electric and magnetic responses which, neglecting losses,

may be written as εB(ω) = ε0− ω
2
e

ω2
and µB(ω) = µ0− ω

2
m

ω2
,

respectively. Here we choose ε0 = 1.21 and µ0 = 1.0, as
in previous work [15]. The electric and magnetic bulk
(layer B) plasmon modes are at ν = νe =

ωe
2π
√
ε0
and

ν = νm =
ωm
2π
√
µ0
, which correspond to the solutions of

εB(ω) = 0 and µB(ω) = 0, respectively. In the case of a TE
electromagnetic wave, in order to solve eq. (1), we consider

the two-component function Ψ(z) =

(
E(z)

1
µ(z)

d
dzE (z)

)
which

is continuous through the photonic structure, and write
Ψ(zj) =Mj(zj − z0)Ψ(z0), where Mj(zj − z0) is the

corresponding transfer matrix. The transfer matrix for
each layer of normal material A may be written as

AN =



cos(κA,Na)

µA

QA
sin(κA,Na)

−QA
µA
sin(κA,Na) cos(κA,Na)


 , (3)

where κA,N =QA
(
1
3

)N
, and N corresponds to the respec-

tive Cantor step. For layers of metamaterial B, we have

Bm =



cos(κB,Nb)

µB

QB
sin(κB,Nb)

−QB
µB
sin(κB,Nb) cos(κB,Nb)


 , (4)

where κB,N =QB
(
1
3

)N−1
, with QA and QB as defined

in ref. [9], and m varying from 1 to N . We denote as
GN the transfer matrix obtained by the product GN =
ANBNAN . For N � 3, the transfer matrix MN for a
Cantor-like fractal photonic crystal (for N = 1 and N = 2,
one obtains M1 =G1 =A1B1A1 and M2 =G2B1G2)
may be expressed as

MN=(((((
Γ
(3)
N,N−1,N−2KN −B−1N−2

)
Γ
(4)
N,N−1,N−2,N−3−B−1N−3

)

· Γ(5)N,N−1,N−2,N−3,N−4−B−1N−4
)

· Γ(6)N,N−1,N−2,N−3,N−4,N−5−B−1N−5
)
· · ·
)
, (5)

where
KN = tr(GNBN−1)GN −B−1N−1, (6)

and coefficients Γ
(N)
i1,i2,...iN

may be recursively obtained as

Γ
(3)
i,j,k = tr(GiBj) tr(GiBk)− tr(B−1j Bk), (7)

Γ
(4)
i,j,k,l =Γ

(3)
i,j,kΓ

(3)
i,j,l− tr(B−1k Bl), (8)

Γ
(5)
i,j,k,l,m =Γ

(4)
i,j,k,lΓ

(4)
i,j,k,m− tr(B−1l Bm), (9)

Γ
(6)
i,j,k,l,m,n =Γ

(5)
i,j,k,l,mΓ

(5)
i,j,k,l,n− tr(B−1m Bn), (10)

and so on. It is then straightforward to obtain the trace
of the transfer matrix (5) for each step of the Cantor
series. If we consider an unitary cell with length a, it is
easy to see that the widths of layers A are determined

by
(
1
3

)N
a, and the total length of the unitary cell for

each step of the Cantor series may be written as LN =(
2
3

)N
a+
∑N−1
j=0

(
2
3

)j
b, where b is the length of the initial

metamaterial layer B. One may then show that, if b= a3 ,
LN is invariant, i.e., LN = a for all N , as expected.
By imposing the periodicity constraint and using the

Bloch condition [16], we obtain that the dispersion relation
for each step N of the Cantor series may be written as

cos (kLN ) =
1

2
tr(MN ), (11)
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θ =  θ0 = π/12

θ = π/6 θ = π/3

Fig. 2: (Color online) TE dispersion relations, ν = ν(k), for
a first-order N = 1 Cantor-like fractal photonic superlattice
(ν = ω

2π
), with a= 27mm and b= 9mm, for different incidence

angles.

where k is the Bloch wave vector along the z-direction
which is the axis of the photonic superlattice.
One should mention that calculations for the TM

configuration may be essentially handled in the same
way as detailed above for TE waves. Results here are
presented for TE polarization and were obtained by using
the above-mentioned Drude-like responses for slab B, with
ωe
2π =

ωm
2π = 3GHz. Figure 2 presents the TE dispersion

ν = ω
2π = ν(k) for a first step Cantor-like fractal photonic

superlattice with a= 27mm and b= 9mm and different
angles of incidence. As one would expect, for the N = 1
first step of the Cantor series, the photonic superlattice
is a simple periodic photonic crystal composed by two
alternating slabs of materials A and B. One may observe
that, for θ �= 0, there is a non-Bragg 〈n〉= 0 gap and a non-
Bragg plasmon-polariton gap, well discussed in previous
work [9–11].
In fig. 3 we display the dispersion of TE electromagnetic

waves, for normal incidence (θ= 0), in photonic periodic
superlattices with unit cells given by the N = 1, 2 and 3
steps of the Cantor series, respectively. We should mention
that we are dealing with a Cantor-like photonic crystal
with initial (N = 1 step) B layer width b= a/3, which leads
to the unit cell width LN = a, as mentioned above. As one
increases the steps in the Cantor series, the proportion
of normal A material within the unit cell diminishes, and
the contentMB = a[1− ( 23 )N ] of metamaterial B increases,
which explains the displacement of the 〈n〉= 0 gap, which
tends to νm as expected, because its edges are located
at [7] 〈µ(ν)〉= 0 and 〈ε(ν)〉= 0 and asN →∞, one obtains
〈µ(ν)〉= µB(ν) = 0 and 〈ε(ν)〉= εB(ν) = 0. On the other

)b)a

Fig. 3: (Color online) TE dispersion relations, ν = ν(k), for
normal incidence (θ= 0) for Cantor-like fractal photonic super-
lattices with a= 27mm and b= 9mm. Dashed, solid and dotted
lines correspond to 1st, 2nd and 3rd steps of the Cantor series,
respectively.

Fig. 4: (Color online) TE dispersion relations, ν = ν(k), for
Cantor-like fractal photonic superlattices with a= 27mm and
b= 9mm, in the vicinity of the magnetic plasmon frequency
νm = 3GHz, for various values of the Cantor step and incidence
angle θ= π/3. Note that the number of plasmon-polariton
modes is SB = 2

N − 1.

hand, one may notice that there is one N = 1 lower band
below the 〈n〉= 0 gap, three subbands (for N = 2) with
null gaps below the 〈n〉= 0 gap, and JN = 2N − 1 bands
below the 〈n〉= 0 gap for a general N step of the Cantor
series.
In order to study and characterize the plasmon-

polariton modes in Cantor-like fractal photonic crystals,
we display the TE dispersion ν = ν(k) for the first three
Cantor steps in fig. 4 around νm = 3GHz. If we denote
SN = S

N
A +S

N
B as the number of slabs for each Cantor

step, where SNA and S
N
B represent the number of slabs

of materials A and B, respectively, one obtains that
SNA = 2

N and SNB = 2
N − 1. As one may see, the number

of excited plasmon-polariton modes corresponds to the

24004-p3
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Fig. 5: (Color online) TE dispersion relations, ν = ν(k), for
plasmon-polariton modes in Cantor-like fractal photonic super-
lattices with a= 27mm and b= 9mm, for N = 2 and N = 3,
with incidence angles θ= π/12 and θ= π/3.

number of metamaterial layers, SNB = 2
N − 1, in the unit

cell of the Cantor-like photonic superlattice. From fig. 4,
we notice that the single plasmon-polariton subband
for N = 1 splits into S2B = 3 for N = 2, and into S

3
B = 7

for N = 3. Another important feature that we may
observe in fig. 4 is that the dispersion of the successive
plasmon-polariton bands is related to the widths of the
layers of the metamaterial B. The plasmon-polariton
band for N = 1 essentially remains the same as the lowest
band in fig. 4 for N = 2, which is related to the central
slab of metamaterial B, and the two thin bands for N = 2
are associated to the two new metamaterial slabs, and so
on for higher steps of the Cantor series. In order to clarify
the above discussion, in fig. 5 we magnify the higher
plasmon-polariton bands for Cantor steps N = 2 and
N = 3 (a= 27mm, and b= 9mm) and incidence angles
θ= π/12 and θ= π/3. We may notice that some bands
for N = 2 are also present in N = 3 and show the same
behavior with θ. In fig. 6 we present the TE dispersion
relations ν = ν(k) for Cantor steps N = 1 and N = 2, for
incidence angles θ= π/12 and θ= π/3, with a= 27mm,
and b= 9mm. One observes that, for N = 1, the upper
edge of the 〈n〉= 0 gap increases with increasing θ,
whereas for N = 2 the reverse occurs. This behavior is
due to the fact that the non-Bragg 〈n〉= 0 gap behavior
clearly depends on the Cantor step, due to the increase
of metamaterial content in the unit cell. One may stress
that higher plasmon-polariton bands become essentially
dispersionless as N increases. These plasmon-polariton
bands are related to the narrow metamaterial layers
located around the central slab B. The optical coupling
between such slabs and its equivalent slabs in other
unit cells of the periodic system is weaker than the

)b)a

)d)c

Fig. 6: (Color online) TE dispersion relations, ν = ν(k), for
plasmon-polariton modes in Cantor-like fractal photonic super-
lattices with a= 27mm and b= 9mm, for N = 1 and N = 2,
with incidence angles θ= π/12 and θ= π/3.

(a)
N=1

0 9 18 27

(c)
N=3

z (mm)

(b)
N=2

|E
(z

)|
(a

rb
.u

n
.)

Fig. 7: (Color online) Electric field distribution along one
period of the superlattice for a= 27mm, k= 0, and θ= 0, at
the upper edge of the non-Bragg gap for N = 1, N = 2, and
N = 3.

optical coupling between wider central slabs of different
cells. As a consequence, the k -dependence of the group
velocity associated to the plasmon-polariton subbands
is weaker for higher subbands than for the lowest ones
and, therefore, the higher plasmon-polariton subbands
are basically nondispersive.
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(a)
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Fig. 8: (Color online) As in fig. 7, but for the lower edge of the
non-Bragg gap.

In order to complete our study, we have computed the
TE electric-field amplitude, as a function of the position
in the elementary cell, in three different superlattices
with the elementary cells corresponding to N = 1, N = 2
and N = 3. Numerical results, which were obtained for
a= 27mm and θ= 0, are displayed in figs. 7 and 8 for
k= 0 and frequencies at the higher and lower edges of
the non-Bragg gap. The local behavior of the electric-field
amplitude inside the elementary cell is determined by the
slabs distribution in the system. One observes, therefore,
a self-similar behavior of the electric-field amplitude as N
increases.
Summing up, we have obtained the general transfer

matrix and its trace for 1D Cantor-like fractal multilayer
systems, and studied the plasmon-polariton modes in
1D Cantor-like fractal photonic superlattices composed
of alternate layers of positive and dispersive left-handed
materials. We have shown that the plasmon-polariton
modes, which arise as a result of the coupling between
photons and plasmons in such multilayered systems,
strongly depend on the Cantor step N , and that the
number 2N − 1 of plasmon-polariton bands, which show
up for oblique incidence, corresponds to the number of
metamaterial layers contained within the unit cell.
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