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The linear and nonlinear intra-band optical absorption coefficients in GaAs/Ga1�xAlxAs two-dimen-

sional concentric double quantum rings are investigated. Taking into account the combined effects of

hydrostatic pressure and aluminum concentration the energies of the ground ðn¼ 1, l¼ 0Þ and the first

excited state ðn¼ 2, l¼ 1Þ have been found using the effective mass approximation and the transfer

matrix formalism. The energies of these states and the corresponding threshold energy of the intra-

band optical transitions are examined as a function of hydrostatic pressure and aluminum concentra-

tion for different sizes of the structure. We also investigated the dependencies of the linear, nonlinear,

and total optical absorption coefficients as functions of the incident photon energy for different values

of hydrostatic pressure, aluminum concentration, sizes of the structure, and incident optical intensity.

Its is found that the effects of the hydrostatic pressure and the aluminum concentration lead to a

shifting of the resonant peaks of the intra-band optical spectrum.

& 2012 Elsevier B.V. All rights reserved.
1. Introduction

Electron-related exchange and correlation effects, Coulomb
interaction between electron and hole carriers, as well as con-
finement and strain effects in quantum dots (QD) are subjects of
great interest in condensed matter physics. In all of them,
quantum properties are expected to play a vital role in bringing
out possible special features. Since these QDs possess discrete
energy levels, they may exhibit novel physical phenomena which
are entirely different from their bulk materials. Changing the
shape and size of these dots provides great advantages in view of
tuning desired properties. Theoretical studies on vertically
coupled QDs have been put forward in recent times [1–7]. In
Refs. [1,2] the electron, hole, and exciton spectra in the strained
QD molecule consisting of three vertically arranged type-II
InP/In0.49Ga0.51P self-assembled QDs are modeled by the k � p
theory. The exciton states are obtained from an exact diagonali-
zation method, and the authors also compute the oscillator
strength for recombination processes. The properties of excitons
confined in a type-II QD under the influence of perpendicular
applied magnetic field are studied in Ref. [4]. The Stark effect on
ll rights reserved.

yan).
exciton states in single and vertically coupled type-I and type-II
QDs has been investigated by Janssens et al. [5]. Kuskovsky and
co-workers [6] studied excitons in vertically stacked type-II QDs
finding that this system shows a topological magnetic phase; also
they demonstrate the presence of Aharonov–Bohm oscillations in
the emission intensity. In the same work, the photoluminescence
of vertically stacked ZnTe/ZnSe QDs is measured in magnetic
fields up to 31 T. In their study the positions of the peaks of the
emission intensity are in good agreement with numerical simula-
tions of excitons in stacked QDs. On the other hand, the work by
Mora-Ramos et al. considers the effects of the hydrostatic pres-
sure and applied magnetic field on the exciton properties of
GaAs–(Ga,Al)As QDs.

Since the first quantum rings (QRs) of nanoscopic sizes were
fabricated [8,9], these fascinating systems have drawn a consider-
able attention due to the interest in studying physical phenomena
such as the Aharonov–Bohm effect [10–13] and the appearance of
persistent currents [14]. Theoretical studies on vertically [15–18]
and laterally [19,20] coupled double QRs have discussed the
molecular properties of these systems. QRs may also be coupled
concentrically. In Refs. [21,22] the authors demonstrated the self-
assembled formation of GaAs concentric double quantum rings
(CDQRs) with high uniformity and excellent rotational symmetry
using the droplet epitaxy technique. When compared with single
QRs, these ring complexes open a new promising route, foreseen
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Fig. 1. The CDQR heterostructure: L1 is the width of the inner ring, L2 is the width

of the coupling barrier, L3 is the width of the outer ring, rin
1 and rin

2 are the inner

and outer radii of the inner ring; rout
1 and rout

2 are the inner and outer radii of the

outer ring, and H is the thickness of rings.
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by the use of novel ring geometries, to the measurement of
quantum interference effects [23,24]. A series of recent works
have addressed their electronic properties [25–30] and far-infra-
red response [31,32]. It has been shown for example that the
energy spectrum of a system of two concentric coupled rings,
with similar confinement length, corresponds roughly to the
superposition of the spectra of two independent rings, although
interesting anti-crossings among different states of the individual
rings – with the same angular momentum – can be observed [26].
Culchac et al. [33] have investigated the influence of axial
magnetic field and geometric confinement on the electronic states
in two-dimensional CDQRs, finding an interesting behavior of the
probability amplitude of the electron state that reflects the
competition between geometric and magnetic confinements.
Electronic tunneling between the coupled rings may be reinforced
or suppressed by conveniently modulating the barrier size separ-
ating the two rings, leading to a drastic change in the electronic
charge distribution through the nanostructure. In Ref. [34], two
concentric two-dimensional GaAs/(Al,Ga)As QRs in a normal
magnetic field are theoretically studied. The single-band effective
mass approximation is adopted for both the electron and the hole
states, and the analytical solutions are given. The authors have
shown that the oscillator strength for inter-band transitions is
strongly reduced close to each anti-crossing and also that the
optical excitonic Aharonov–Bohm effect may occur in QRs.

The influences of hydrostatic pressure and magnetic field on
the ground and excited electron states and on the electron–heavy
hole energy transitions in GaAs/Ga1�xAlxAs CDQRs have been
investigated by Culchac and co-workers [35]. For both, symmetric
and antisymmetric CDQRs, it is found that the electron–heavy
hole energy transition augments with the hydrostatic pressure,
which is mainly due to the pressure-induced increase in the GaAs
bandgap. Taking into account the combined effects of electric
field, hydrostatic pressure, temperature, and aluminum concen-
tration, the ground state energy of an electron in GaAs/Ga1�xAlxAs
CDQRs is calculated by Baghramyan et al. [36,37]. The ground
state energy dependencies on the mentioned factors have been
reported for different values of the sizes of the rings. The authors
found that the considered effects mainly depend on the dimen-
sions of the QRs.

The nonlinear optical properties, such as optical absorption
[38,39], have shown high potential for device applications in far-
infrared laser amplifiers [40], photo-detectors [41], and high
speed electro-optical modulators [42]. Therefore, for both funda-
mental and applied researches, the nonlinear optical properties of
semiconductor quantum heterostructures have attracted much
attention in recent years [43–48]. The effects of asymmetry and
applied electric field on the electronic subbands and the nonlinear
intersubband optical absorption in GaAs quantum wells with
Pöschl–Teller confining potential have been studied by Yildirim
and Tomak [43]. Karabulut and Baskoutas [44] have investigated
the effects of shallow-impurities, external applied electric field,
and intensity of the incident radiation on the optical properties of
spherical QDs with parabolic confinement. The results showed
that with the increase of the electric field, and/or the electron-
impurity distance, and/or the QD radius, there will be induced
blueshift and/or redshift of the peak positions of the total
absorption coefficient. The effect of impurities on the linear and
nonlinear optical absorption in a disc-like parabolic QD has been
performed by Xie [45]. The author has shown that the total optical
absorption coefficient is strongly affected by the incident optical
intensity and the confinement strength. Using exact diagonaliza-
tion techniques, the low-lying states of an exciton and the linear
and nonlinear optical absorptions in a disc-like QD are theoreti-
cally studied by Yuan and co-workers [46]. Their results show
that the total optical absorption coefficient is about two times
bigger than the corresponding one obtained without considering
the exciton effects. Additionally, they found that the optical
absorption saturation intensity can be controlled by the incident
optical intensity. The linear and nonlinear optical absorption
coefficients have been calculated in single QR taking into account
the electron–electron interaction in Ref. [47]. The author reports
that the intersubband optical absorption strongly depends on the
QR radius, electron–electron interaction, and the incident optical
intensity. The effects of exciton and magnetic field on the linear
and nonlinear optical absorption in a single QR has investigated in
Ref. [48]. Their results show the possibility to control the proper-
ties of nonlinear optical absorption of a QR by tuning the outer
and inner radius. Moreover, the authors have found that the
nonlinear optical properties of a QR can be modulated by the
magnetic flux through the QR. Also, there are recent reports on
the influence of hydrostatic pressure on the nonlinear optical
properties of GaAs-based quantum nanostructures (see, for
instance, Refs. [49,50]).

In the present work the effects of hydrostatic pressure,
aluminum concentration, and sizes of the structure on the linear
and the nonlinear intra-band optical transitions in GaAs/
Ga1�xAlxAs two-dimensional CDQR are investigated. The paper
is organized as follows. In Section 2 we describe the theoretical
framework. Section 3 is dedicated to the results and discussion,
and our conclusions are given in Section 4.
2. Theoretical framework

Fig. 1 presents a pictorial view of the CDQR geometry con-
sidered in this work. The dimensions of the heterostructure (radii,
widths, and the thickness of rings) are depicted there. Usually the
thickness of the ring is smaller than the radial dimensions. So, our
system can be considered as a two-dimensional one with the
electron confined in the plane z¼0 ðH-0Þ.

The radial sizes of the structure depend on the hydrostatic
pressure ðPÞ according to the expression [35,51,52]

rðPÞ ¼ rð0Þ½1�2ðS11þ2S12ÞP�
1=2, ð1Þ

where S11 and S12 are the components of the compliance tensor of
GaAs (S11 ¼ 1:16� 10�3 kbar�1 and S12 ¼�3:7� 10�4 kbar�1

Þ.
The Hamiltonian of the electron in a CDQR in the effective mass

and parabolic band approximations, under the effects of hydro-
static pressure, temperature, and for aluminum concentration x is



H.M. Baghramyan et al. / Journal of Luminescence 134 (2013) 594–599596
given by Ref. [37]
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where mðx,P,TÞ is the aluminum concentration, temperature
(T¼4 K in this work), and hydrostatic pressure dependent electron
effective mass, which is given by Ref. [53]
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Here m0 is the free electron mass, PðxÞ is the inter-band matrix
element ½P2

ðxÞ ¼ ð28 900�6290xÞmeV� and D0ðxÞ is the valence-
band spin–orbit splitting ½D0ðxÞ ¼ ð341�66xÞmeV�. The remote-
band effects are taken into account via the dðxÞ parameter, which is
given by the expression dðxÞ ¼�3:935þ0:488xþ4:938x2.

On the other hand, the energy gap function at the i-point
ði¼G,XÞ of the conduction band is given by the expression

Ei
gðx,P,TÞ ¼ aiþbixþcix

2þaiP�
biT

2

giþT
, ð4Þ

where the values of parameters ai, bi, ci, ai, bi, and gi are given in
Table 1. They have been taken from photoluminescence measure-
ments [53].

The confining potentials are defined taking into account the
hydrostatic pressure induced crossover between the G and X
minima of the conduction band [37,53,54]. Then, with the inclu-
sion of the crossover effect the confining potential is given by

Vðr,x,P,TÞ ¼
0 if rin

1 rrrrin
2 and rout

1 rrrrout
2 ,

Vðx,P,TÞ if rorin
1 ,rin

2 ororout
1 and r4rout
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(
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where

Vðx,P,TÞ ¼ r
EGg ðx,P,TÞ�EGg ð0,P,TÞ if PrP1ðx,TÞ,

EX
g ðx,P,TÞ�EG

g ð0,P,TÞþSGXðx,P,TÞ if P1ðx,TÞoPrP2ðx,TÞ:

8<:
ð6Þ

Here, r is the fraction of band gap discontinuity associated
with the confinement potential for electrons, P1ðx,TÞ is the critical
value of the hydrostatic pressure at which the crossover between
the G and X bands at the Ga1�xAlxAs barrier occurs, and P2ðx,TÞ
corresponds to the crossover between the G-band at the GaAs
well and the X-band at the Ga1�xAlxAs barrier.

The eigenfunctions of the Hamiltonian in Eq. (2) can be
presented in the form Fðr,jÞ ¼Neiljf n,lðrÞ, where N is the
normalization constant, and n¼ 1,2, . . ., and l¼ 0,71,72, . . .
are the quantum numbers. The f n,lðrÞ eigenfunctions, with eigen-
values En,l, are obtained from a suitable linear combination of
Bessel functions. In order to find the En,l energies and the
corresponding wavefunctions, the transfer matrix formalism is
used [55].

Using the density matrix approach, the linear and third
order optical absorption coefficients can be written, respectively,
Table 1

G-minimum X-minimum

aG ¼ 1519:4 meV aX ¼ 198 meV

bG ¼ 1360 meV bX ¼ 207 meV

cG ¼ 220 meV cX ¼ 55 meV

aG ¼ 10:7 meV=kbar aX ¼�1:35 meV=kbar

bG ¼ 0:5405 meV=K bX ¼ 0:46 meV=K

gG ¼ 204 K gX ¼ 204 K
as [39,56]
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where G0 ð ¼ 0:4 meVÞ is the Lorentzian – damping-related –
parameter, eðP,TÞ is the pressure and temperature dependent
GaAs static dielectric constant, which for Tr200 K is given by

eðP,TÞ ¼ 12:74 exp½�16:7� 10�4Pþ9:4� 10�5
ðT�75:6Þ�: ð9Þ

In Eqs. (7) and (8), I represents the intensity of the incident
field, ss ð ¼ 3� 1016 cm�3Þ is the density of the electrons,
Efi ¼ Ef�Ei, and Mfi ¼/n0,l09er cosðjÞ9n,lS¼/2,19er cosðjÞ91,0S
is the matrix element of the dipole operator, with e the electron
charge. In this case the selection rules for the matrix element of
the dipole operator indicate that the transitions are allowed for
Dl¼ 71.
3. Results and discussion

In Fig. 2(a) and (b) the dependencies on the hydrostatic
pressure of the ground (n¼1, l¼0) and first excited (n¼2, l¼1)
state energies are shown for different values of the widths of the
outer ring L3 and coupling barrier L2. From the figures we may
observe that both energies are decreasing functions of pressure.
Such a behavior can be explained as follows. For PrP1 the radial-
confining potential height is constant and the energy decrease is
only due to the increase of the electron effective mass with
pressure. If P1oPoP2 there will be a faster decrease in the
electron energy with pressure; because in addition to the
decrease associated to the growth in the value of the electron
effective mass, now there is an extra reduction in the energy. This
is associated with the fall in the radial-potential barrier height.
Here, one may notice that the energy decreases with the increase
of L3 as a result of the weakening of the size quantization. Also, by
comparing the corresponding curves in Fig. 2(a) and (b), we
Fig. 2. Electron energy as a function of the hydrostatic pressure: solid lines are for

the ground state whereas the dashed lines are for the first excited state. The

results are for x¼0.3, L1 ¼ 10 nm with L2 ¼ 1 nm (a) and with L2 ¼ 3 nm (b).

Several values of the width of the outer ring L3 have been investigated.



Fig. 3. Electron energy as a function of the aluminum concentration: solid lines

are for the ground state whereas the dashed lines are for the first excited state. The

results are for P¼0, L1 ¼ 10 nm with L3 ¼ 10 nm (a) and with L3 ¼ 12 nm (b).

Different values of the width of the coupling barrier L2 have been investigated.

Fig. 4. Threshold energy of the intra-band optical transition between the ground

and the first excited state as a function of the hydrostatic pressure. The results are

for x¼0.3, L1 ¼ 10 nm with L2 ¼ 1 nm (a) and with L2 ¼ 3 nm (b). Different values

of the width of the outer ring L3 have been investigated.

Fig. 5. Threshold energy of the intra-band optical transition between the ground

and first excited state as a function of the aluminum concentration. The results are

for P¼0, L1 ¼ 10 nm with L3 ¼ 10 nm (a) and with L3 ¼ 12 nm (b). Different values

of the width of the coupling barrier L2 have been investigated.
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observe that the energy of the ground and the excited states are
decreasing functions of the size of the coupling barrier as well.
This is a consequence of the fact that with the increasing of the
coupling barrier width the overlapping between the states in the
inner and the outer rings becomes smaller, and the energy of each
state reflects its tendency towards the more stable condition,
which is independent of any further increasing of the coupling
barrier width.

The ground and first excited state energies as functions of the
aluminum concentration for several values of the coupling barrier
width are presented in Fig. 3. Here we can see the same increasing
behavior of the ground and the first excited state in regard with
the increment in the coupling barrier width, as well as the
decreasing behavior of the distance between the energy levels
of the mentioned states if the system goes from the symmetric
(L3 ¼ 10 nmÞ to the asymmetric ðL3 ¼ 12 nmÞ structure geome-
tries. We observe also the evolution of the energy as an increasing
function of x, given the corresponding strengthening of the radial-
confining potential for larger barrier heights (although the effec-
tive mass in the barrier region is larger as well, thus inducing an
energy decrease, the influence of the variation of the confining
potential height is stronger and clearly dominates). We also
notice the strong influence of the x-variation on the dependence
of the energy on L2 which is the combined result of the increasing
of the effective mass in the barrier region and increasing of the
radial confining potential height.

Fig. 4(a) and (b) contains the threshold energy ðE2,1�E1,0Þ

associated with the transition between the ground state (n¼1,
l¼0) and the first excited state (n¼2, l¼1) varying as a function
of hydrostatic pressure, for different values of the width of the
outer ring L3. We can see that the threshold energy is a decreasing
function of the pressure for L3 ¼ 8 nm and L3 ¼ 12 nm but it has
both decreasing and increasing behaviors in the case L3 ¼ 10 nm.
This is associated with the change in the rate of decreasing of the
ground and first-excited state energies, which can be seen in
Fig. 2. It is also observed a different behavior of the threshold
energy as a function of L3 in both L2 ¼ 1 nm and L2 ¼ 3 nm cases,
which can also be understood from the energy spectrum shown in
Fig. 2.

In Fig. 5 we depict the variation of the threshold energy
resulting from the change in the aluminum concentration, for
several values of L2. It can be seen that the threshold energy
decreases with the increase of L2 and that its dependence on x has
a strong influence of variation of L2: in Fig. 5(a) the threshold
energy is a decreasing function of x for L2 ¼ 2 nm and L2 ¼ 3 nm
but changes its behavior type for L2 ¼ 1 nm near the x¼0.1 point
and the same behavior we see in Fig. 5(b). All these variations of
threshold energy can be understood from the energy dependen-
cies on x in Fig. 3.

In Fig. 6 the linear, nonlinear, and total absorption coefficients
are shown as functions of the energy of the incident photon for
several values of hydrostatic pressure. A redshift is observed if we
go from P¼0 to P¼15 kbar whereas a blueshift appears in the
region from P¼15 kbar to 25 kbar. This happens because, with the
increase of the hydrostatic pressure, the threshold energy of
intra-band transition [Fig. 4(a)] decreases for low pressures and
then augments when P becomes larger.

Fig. 7 depicts the linear, nonlinear and total absorption
coefficients as functions of the incident photon energy for several
values of the coupling barrier width L2. From the figure, it is
possible to observe the redshift of the absorption coefficients with
L2, in agreement with Fig. 5(a).

Moreover, in Fig. 8 we are presenting the variations of the
linear, nonlinear and total absorption coefficients as functions of
the energy of the incident photon for different values of the
aluminum concentration. Here it can be observed that there is a



Fig. 6. Absorption coefficient as a function of the energy of the incident photon:

solid lines are for a1ð_oÞ, dashed lines are for a3ð_o,IÞ, and dotted lines are for

að_o,IÞ ¼ a1ð_oÞþa3ð_o,IÞ. The results are for L1 ¼ 10 nm, L2 ¼ 1 nm, L3 ¼ 10 nm,

x¼0.3, and I¼ 5� 103 W=cm2. Different values of hydrostatic pressure have been

investigated.

Fig. 7. Absorption coefficient as a function of the energy of the incident photon:

solid lines are for a1ð_oÞ, dashed lines are for a3ð_o,IÞ, and dotted lines are for

að_o,IÞ ¼ a1ð_oÞþa3ð_o,IÞ. The results are for P¼0, L1 ¼ 10 nm, L3 ¼ 10 nm,

x¼0.3, and I¼ 5� 103 W=cm2. Different values of the width of the coupling

barrier L2 have been investigated.

Fig. 8. Absorption coefficient as a function of the energy of the incident photon:

solid lines are for a1ð_oÞ, dashed lines are for a3ð_o,IÞ, and dotted lines are for

að_o,IÞ ¼ a1ð_oÞþa3ð_o,IÞ. The results are for P¼0, L1 ¼ 10 nm, L2 ¼ 1 nm,

L3 ¼ 10 nm and I¼ 6� 103 W=cm2. Different values of aluminum concentration

x have been investigated.

Fig. 9. Total absorption coefficient as a function of the incident photon energy.

The results are for P¼0, L1 ¼ 10 nm, L2 ¼ 1 nm, L3 ¼ 10 nm, and x¼0.3. Different

values of the incident optical intensity have been investigated.
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blueshift when the aluminum concentration goes from x¼0.03 to
x¼0.1, whilst the appearance of a redshift becomes apparent
when this parameter changes from x¼0.1 to x¼0.3, in agreement
with what it is shown in Fig. 5(a). Besides that, we see that the
total absorption coefficient splits up into two peaks, which is the
consequence of the bleached absorption (in smaller values of x

the distance between energy levels is smaller which leads to the
decreasing of the linear absorption coefficient in such a way that,
with the appropriate choice of the incident optical intensity, the
influence of the third order coefficient can lead to this splitting).

As it can be readily seen in all figures containing optical
absorption results, there is no strong monotonic behavior of the
absorption peak as a function of the sizes of structure, pressure or
aluminum concentration. This, in fact, is an expected result,
taking into account the many factors that can affect both the
linear and nonlinear absorption coefficients (pressure and tem-
perature dependent dielectric constant, pressure-dependent
dipole matrix element, aluminum concentration, and the dimen-
sions of the structure).
Finally, in Fig. 9 it is shown that the total absorption coefficient
dependence on the energy of the incident photon for different
values of incident optical intensity. As can be noticed from the
figure, the absorption coefficient decreases with the increase of
intensity I and the absorption is strongly bleached at sufficiently
high-incident optical intensities. Besides that, we are able to see
the presence of a strong absorption saturation which begins to
occur at around I¼ 0:7� 104 W=cm2.
4. Conclusions

In this paper we have studied the combined influence of
hydrostatic pressure and aluminum concentration on the linear
and nonlinear intra-band optical absorption in GaAs/Ga1�xAlxAs
two-dimensional concentric double quantum rings. Our results
show that the behavior of the threshold energy and the position
of the maximum of the intra-band optical absorption, caused by
the transitions from the ground state to the first excited state,
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strongly depends on the effects of hydrostatic pressure, alumi-
num concentration and size variation in the structure. Influence
of both pressure and aluminum concentration has the conse-
quence of a mixed resonant peak position shifting: lower hydro-
static pressure values induce a redshift whereas for high enough
pressure values the peak position is shifted towards higher
energies. On the contrary, augmenting the Al molar fraction in
the region of smaller values of this quantity leads to a rather
significant blueshift; but this change in peak position reverses
towards lower energies if x40:1.

If the influence of the geometry is taken into account via the
modification of the coupling barrier width, for fixed inner and
outer ring dimensions, we may conclude that the increase in such
a quantity induces an important redshift in the resonant peak
position.

Additionally, we have found that the total optical absorption is
strongly affected by the incident optical intensity and aluminum
concentration. The present results can be useful in understanding
the influences of hydrostatic pressure and aluminum concentra-
tion on electronic states and nonlinear optical properties in
concentric double quantum rings.
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[34] V. Aroski, M. Tadić, F.M. Peeters, Acta Phys. Pol. 117 (2010) 733.
[35] F.J. Culchac, N. Porras-Montenegro, A. Latgé, J. Appl. Phys. 105 (2009) 094324.
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