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Abstract

In this thesis, we analyze the electronic and optical properties in semiconductor heterostruc-

tures with zero dimension, that is, a quantum dot, which has a spherical symmetry based on

materials such as CdS, ZnS, CdSe, and ZnTe. The calculations are made under the effective

mass approximation, considering the effects of external electric and magnetic fields, the effect

of surface donor impurity states, and electron-hole interaction with excitonic contribution.

These properties are analyzed using the finite element method to solve the time-independent

Schrödinger equation. We also analyze the thermoelectric properties in circuits formed from

a single molecule connected between two metallic electrodes. To obtain the results, first, an

analytical process is carried out in which a renormalization of the system to be studied is

done using the Dyson equation for first neighbors, and the Green’s function formalism. Then

the Fisher-Lee relation is used to calculate the probability of transmission. Calculations of

the current-voltage characteristic curve and thermoelectric properties (Seebeck coefficient,

thermal and electrical conductance, and ZT) are made using the Landauer relation.

The first part of this thesis is dedicated to the theoretical details that support the equa-

tions and the numerical method used in the calculations, beginning with the section on the

Landauer-Buttiker electronic transport theory, the Landauer relation, obtaining the inte-

grals of Landauer for the calculation of thermoelectric properties, a section dedicated to the

development of electronic and optical properties in semiconductor heterostructures, where

the theory of effective mass is analyzed, the Hamiltonian for systems subjected to external

electric and magnetic fields, the theory of optical absorption (linear and nonlinear) and fi-

nally a brief description of the finite element method. The main details of each chapter are:

Chapter 3: A theoretical analysis of optical properties in a ZnS/CdS/ZnS core/shell/shell

spherical quantum dot was carried out within the effective mass approximation. The cor-

responding Schrödinger equation was solved using the finite element method via the 2D

axis-symmetric module of COMSOL-Multiphysics software. Calculations included varia-

tions of internal dot radius, the application of electric and magnetic fields (both oriented

along z-direction), as well as the presence of on-center donor impurity. Reported optical

properties are the absorption and relative refractive index change coefficients. These quan-

tities are related to transitions between the ground and first excited states, with linearly

polarized incident radiation along the z-axis.
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Chapter 4: A theoretical analysis was conducted to examine the electronic and optical

properties of a confined electron and a hole in a type-II core-shell spherical quantum dot

composed of CdSe/ZnTe and ZnTe/CdSe. The Schrödinger equation for the electron and the

hole was numerically solved using COMSOL-Multiphysics software in the 2D axisymmetric

module, which employs the finite element method under the effective mass approximation.

A Fortran code was utilized to calculate excitonic energy, specifically designed to solve the

Coulomb integral. The calculations encompassed variations in the inner radius (R1), as well

as variations in the electric (Fz) and magnetic (B) fields along the z-axis. The absorption

coefficients were determined for transitions between the hole and electron ground states,

considering z-polarized incident radiation.

Chapter 5: Taking into consideration the research that has been done on the optical, and elec-

trical properties of molecular systems, especially the good thermoelectric energy conversion

at a nanometric scale that such systems have presented, here we present a new alternative by

using a particular Diphenyl-ether molecule as a functional device. Such a molecular system

is modeled as a planar segment coupled to two electrodes in the first-neighbor approxima-

tion within a tight-binding Hamiltonian. We study the electrical and thermal properties of

Diphenyl-ether molecules like the electric current, electrical and thermal conductance, See-

beck coefficient, and figure of merit, in the strong and weak coupling regimes, considering

different structural configurations and variations with temperature.

Chapter 6: A theoretical analysis was performed to investigate the transport properties

of the Zinc Porphyrin molecule and its response to thermal fluctuations. The renormal-

ization method was used for this analysis, using the Green’s functions technique through

the Dyson equation, focusing on first-neighbor interactions. This study produced various

results, including energy-dependent transmission probability, voltage-current characteristic

curves, electrical and thermal conductance assessments, Seebeck coefficient, and figure of

merit (ZT).
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1 Introduction

The theoretical and experimental study of low-dimensional structures has been the focus

of study in recent decades for scientists focused on this area since these structures present

unique and interesting properties that can be applied to increase the efficiency of existing

electronic devices. As i the case of optoelectronics, photonics, electrical circuits at the nano-

metric scale, etc. [1–6]. In the case of semiconductor structures, we have the case of wells,

wires, and quantum dots (QDs), the first is achieved by confining the charge carriers (elec-

trons or holes) in one dimension, the second in two dimensions, and the third confines the

carriers in three spatial dimensions, and each one presents unique properties that are of great

technological interest. Currently, there is a bibliographic record of the study of electronic

and optical properties in QDs, using different geometries such as cylinders, pyramidal, con-

ical, and spherical, among others [7–10]. An interesting aspect in the study of properties in

QDs is the possibility of controlling, changing, or obtaining new properties using external

fields, such as electric and magnetic, considering donor or acceptor impurities, hydrostatic

pressure, and temperature [11–15].

There are various theoretical and experimental methods for the study of QDs, in the exper-

imental part we can find the following methods that allow us to control the manufacturing

of these structures such as molecular beam epitaxy (MBE), ultrasonic sol-gel, and the hy-

drothermal method, among others; with nanostructure sizes less than 10 nm, which has

enabled applications in areas such as nanophotonics and nanoelectronics [16–18]. In the the-

oretical part, we can find the development of the Schrödinger equation in many analytical

and numerical methods, which include perturbation theory, finite differences, finite element

method (FEM), etc. [19–21], being the last one used in this work. To solve the Schrödinger

equation proposed with the effective mass approximation with the finite element method,

the COMSOL-Multiphysics software is used, which requires a paid license [22–24].

In the QDs, the energies are discrete and depend on the size, if there are no external elec-

tromagnetic fields, of the prohibited bands, etc., and the physical and optical properties can

be controlled and used for applications in fields such as electronics, medicine, chemistry, and

biology [25–27]. The most commonly used semiconductors for the fabrication of quantum

dots (QDs) are compounds from groups II–VI, III–V, and IV–VI of the periodic table. For

instance, in 2022, Kuzyk et al. investigated the potential applications of deformation effects

in QDs with a CdSe/ZnS/CdS/ZnS multi-shell core structure in the field of nanomedicine.

They analyzed the interaction between these QDs and human serum albumin and found
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that QDs with three shells are more sensitive to deformation. Moreover, in some cases, the

deformation was found to be independent of the core radius, suggesting that such QDs could

be used as bio-nanosensors to detect and quantify albumin concentrations. [28].

In molecular electronics there has also been much interest in recent decades, aiming to in-

crease the density of the components that contain a microchip, following Moore’s law. With

current technologies focus on miniaturization, the idea of molecular electronics can replace

current electronic components, based on semiconductors, by monomolecular devices which

are among the smallest nanometer-scale structures [29,30]. The study of molecular electron-

ics, which is centered on the behavior of the charging ports when it comes to a molecule that

is found between two or more electrodes, which depend on its structure, can have the natural

properties of electronic devices, like rectifiers, transistors, diodes, among others. Today we

can meet many technical and experimental studies on electronic devices based on a single

molecule, such as cables, interruptors, power devices, amplification, and logic, to mention

some of them [31–34]. We first informed you theoretically about the rectifying properties

of a molecule based on tetratia-fulvaleno (donate) and tetracianoquinodimetano (acceptor),

united by a saturated molecule source, proposed by Aviram and Ratner in 1974 [35].

In molecular systems, various experimental and theoretical techniques are available today

to determine the structural, electronic, and transport properties of systems formed by a

single molecule. Among the experimental techniques you can find is scanning Tunneling Mi-

croscopy (STM), which uses individual molecular junctions on surfaces to manipulate and

characterize molecules at the nanometer scale. In this process, charge carriers generated

by a potential difference feel the tunneling mechanism. Scanning probe microscopy (SPM)

consists of breaking the joints of a probe with a sharp tip, facilitating the surface of a sample

to be scanned, and measuring its topography, conductivity, magnetic field, etc. [36–38]. Me-

chanically controlled rupture joints (MCBJ), which are characterized by having two metal

electrodes separated by a small distance, on the order of nanometers, which allows the

spacing of the electrodes to be precisely adjusted, which can be mechanically moved and

a molecule between them to act as a bridge. By varying the distance between the metal

tips, the conductance of the molecule can be studied as a function of the separation of the

electrodes [39, 40].

Among the theoretical methods for the study of molecular systems, such as density functional

theory (DFT), with the non-equilibrium Green’s function formalism (NEGF), renormaliza-

tion method with the tight-binding approximation, and the equation from Dyson to first

neighbors with Green’s function formalism to describe the system. With these methods,

studies can be carried out on the electronic, transport, and optical properties of molecular

systems, such as transmission probability, current-voltage characteristic curve, electrical and

thermal conductance, Seebeck coefficient, figure of merit (ZT), and absorption, among oth-

ers, all the above, considering variations in temperatures, external fields, etc. [41–44]. The

2
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method used in this work is renormalization, which consists of decimating the molecular sys-

tem using the tight-binding approximation, Dyson equation, and Green’s functions, which

translates into going from a 2D system with many atomic sites to a linear one with effective

sites but maintaining the information of the original system.

In this work, the transport and thermoelectric properties of a Diphenyl-Ether and Zinc-

Porphyrin molecule are studied, for which the system is decimated (going from a 2D system

to a linear system) using a tight-binding model, which allows us to establish interactions be-

tween sites in the molecular system, and the coupling between the molecule and the contacts.

The transmission probability will be calculated using the Fisher-Lee relationship, which is

the basis for the analysis of the other properties studied, the calculation of the current-

voltage characteristic curve will be carried out using the Landauer-Büttiker formalism and,

finally, the electrical and thermal conductance, Seebeck coefficient and figure of merit, ZT,

will be calculated using Landauer integrals.

The motivation to study the thermoelectric properties in these molecules is found in the fol-

lowing experimental works: the study reported by Perrin et al. in 2013, where they studied

the current curve as a function of voltage in a Zn(5) molecule,15-di(p-thiolphenyl)-10,20-di(p-

tolyl)porphyrin) (ZnTPPdT), for different electrode distances, using the MCBJ method. By

increasing the electrode separation, they observed a substantial increase in the transport

gap with level changes of several hundred meV for displacements of a few angstroms [45].

Another experimental study is the one carried out by Tali Dadosh et al. in 2005, where they

studied the electrical conductance as a function of voltage in three short organic molecules:

conjugated molecule of 4,4-biphenyldithiol (BPD), a bis-(4-mercaptophenyl)-ether (BPE)

molecule, in which the conjugate is broken in the center by an oxygen atom, and the 1,4-

benzenedimethanethiol (BDMT) molecule. The method used is based on synthesizing a

dimer structure, which consists of two colloidal gold particles connected by a short organic

molecule and trapping it electrostatically between two metal electrodes. Finding that the

conjugation of the molecules is broken near the contacts by a methylene group, concluding

that the oxygen in BPE and the methylene groups in BDMT suppress the electrical conduc-

tion relative to BPD [46].

The order of the thesis is as follows: Chapter 2 is dedicated to the theoretical framework.

Chapter 3 contains optical properties in a ZnS/CdS/ZnS core/shell/shell spherical quantum

dot: electric and magnetic field and donor impurity effects. Chapter 4 has the effect of

external fields on the electronic and optical properties in ZnTe/CdSe and CdSe/ZnTe spher-

ical quantum dots. Chapter 5 shows the results of the theoretical study of thermoelectric

properties of a single molecule of diphenyl-ether. Chapter 6 shows the theoretical study of

the thermoelectric properties through a single-molecule junction of Zinc Porphyrin.

3
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[11] Portacio, A.A.; Jiménez, A.F.; Urango, M.P. Theoretical study on the change of index

of refraction and the optical absorption in a quantum dot in the presence of a uniform

magnetic field. Rev. Mex. Fis. 2016, 62, 330–335.

[12] Holovatsky, V.; Chubrey, M.; Voitsekhivska, O. Effect of electric field on photoionisation

cross-section of impurity in multilayered quantum dot. Superlattices Microstruct. 2020,

145, 106642.

[13] Niculescu, E.C.; Cristea, M. Impurity states and photoionization cross section in

CdSe/ZnS core–shell nanodots with dielectric confinement. J. Lumin. 2013, 135, 120–

127.

[14] Chnafi, M.; Belamkadem, L.; Mommadi, O.; Boussetta, R.; Hadi, M.E.; Moussaouy,

A.E.; Falyouni, F.; Vinasco, J.A.; Laroze, D.; Mora-Rey, F.; et al. Hydrostatic pressure

and temperature effects on spectrum of an off-center single dopant in a conical quantum

dot with spherical edge. Superlattices Microstruct. 2021, 159, 107052.

[15] Duque, C.A.; Porras-Montenegro, N.; Barticevic, Z.; Pacheco, M.; Oliveira, L.E.

Electron-hole transitions in self-assembled InAs/GaAs quantum dots: Effects of applied

magnetic fields and hydrostatic pressure. Microelectron. J. 2005, 36, 231–233.
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2 General theoretical framework

2.1 Quantum transport through a single molecule

2.1.1 Time-independent Green’s functions.

Green’s functions (G(r, r′; z)) can be defined as the solutions of inhomogeneous differential

equations of the form:

[z − L(r)]G(r, r′; z) = δ(r − r′). (2-1)

Equation 2-1 is subject to certain boundary conditions for r or r′, which lie on the surface

S of the domain Ω. Here we assume that z is a complex variable with λ ≡ Re{z} and

s ≡ Im{z} and that L(r) is a linear, hermitian differential operator, independent of time

that has a complete set of eigenfunctions ϕn(r), i.e.

L(r)ϕn(r) = λnϕn(r), (2-2)

where ϕn(r) satisfies the same boundary conditions as G(r, r′; z), the subscript n specifies

each eigenfunction with its respective eigenvalue λn and the set {ϕn} is considered orthonor-

mal, satisfying the condition: ∫
Ω

ϕ∗
n(r)ϕm(r)dr = δnm. (2-3)

The completeness relation of the set {ϕn(r)} is given by the following relation:∑
n

ϕn(r)ϕ
∗
n(r

′) = δ(r − r′). (2-4)

Using Green’s functions allows us to introduce an abstract vector space, whose particular

representation is the various functions we deal with. The most convenient way to achieve

this is to use Dirac’s bra and ket notation, which can be written as follows:

ϕn(r) = ⟨r|ϕn⟩, ϕ∗
n(r) = ⟨ϕn|r⟩, (2-5)

δ(r − r′)L(r) ≡ ⟨r|L|r′⟩, (2-6)

G(r, r′; z) ≡ ⟨r|G(z)|r′⟩, (2-7)
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⟨r|r′⟩ = δ(r − r′), (2-8)∫
dr|r⟩⟨r| = 1, (2-9)

where |r⟩ is the eigenvector of the position operator. Now, we can rewrite the expressions

from (2-1) to (2-4) with Dirac notation:

(z − L)G(z) = 1, (2-10)

L|ϕn⟩ = λn|ϕn⟩, (2-11)

⟨ϕn|ϕm⟩ = δnm, (2-12)∑
n

|ϕn⟩⟨ϕn| = 1. (2-13)

If all the eigenvalues of (z − L) are non-zero, i.e., if z ̸= {λn}, then the solution of the

differential equations given in equation (2-10) can be written as:

G(z) = [z − L]−1. (2-14)

Applying the completeness condition (equation (2-13)) to the previous expression, we obtain:

G(z) =
1

z − L

∑
n

|ϕn⟩⟨ϕn| =
∑
n

|ϕn⟩⟨ϕn|
z − L

. (2-15)

The Green’s function formalism can be directly applied to physical systems. For exam-

ple, considering the time-independent, non-relativistic, single-particle Schrödinger equation,

which has the form:

[E −H(r)]ψ(r) = 0, (2-16)

by making the following substitutions L(r) → H(r), λ→ E, and z = λ+ is→ z = E + is,

it is possible to rewrite with the Green’s functions using the equation:

[E −H(r)]G(r, r′, E) = δ(r − r′), (2-17)

here, H(r) is the Hamiltonian operator in the r-representation, E is the energy eigenvalue,

and G(r, r′;E) that satisfies the same boundary conditions of the wave function ψ(r), i.e.,

the continuity of ψ(r) and ∇ψ(r), and finite (or zero) value at infinity.

Expressing G(r, r′;E) in terms of the eigenvalues En and the complete set of orthonormal

eigenfunctions ϕn of H is

G(r, r′;E) =
∑
n

ϕn(r)ϕ
∗
n(r

′)

z − En

, (2-18)

9



2.1 Quantum transport through a single molecule

or, in Dirac’s bra and ket notation,

G(r, r′;E) =
∑
n

|ϕn⟩⟨ϕn|
z − En

= [z −H]−1, (2-19)

where z has the form z → E∓ iη. In the limit where the imaginary part has an infinitesimal

contribution, i.e., η → 0, the advanced Green’s functions Ga and retarded Gr can be defined

as follows:

Ga(r)(E) ≡ lim
η→0

[(E ∓ iη)I −H]−1 (2-20)

where the sign (+) is attributed to the advanced Green’s function and the sign (−) to the

delayed Green’s function, and I is the identity operator.

Although time does not appear explicitly in the expression (2-20), the delayed Green’s func-

tion Gr can be related to the propagation of an electron forward in time (making physical

sense), while Ga is the corresponding time-inverted function, which would describe the prop-

agation of the electron backward in time (mathematical sense). Therefore, the equation

(2-20) can be written in terms of the eigenfunctions and eigenvalues as:

Ga(r)(E) =
∑
n

|ϕn⟩⟨ϕn|
E − En ∓ iη

, (2-21)

in the limit when η → 0 is implicitly assumed in all expressions in which the parameter η will

appear. This last expression shows that the Green’s functions (for a non-interacting case)

have poles in the self-energies En, of the system, which is part of the information contained

in these functions [1, 2].

2.1.2 Tight-Binding Hamiltonian

The Green’s function, as defined in equation (2-19), serves as the propagator for a specific

physical system characterized by a Hamiltonian. This Hamiltonian describes a particle ca-

pable of being confined within a particular site or transitioning to its nearest neighboring

site. In this context, the Hamiltonian employed is commonly known as the tight-binding

Hamiltonian.

The tight-binding method is defined as a linear combination of atomic orbitals located in the

atoms of a system (Equation 2-22), where the coefficients represent the amplitudes of the

plane wave exp(ik ·R) of atoms located at position R, and with wave vector k. With this

approximation, space can be represented in a discrete way, where there is an atomic orbital

of the form ϕn(r −Rj) located on an atom in position Rj and a band quantum number n,

which represents the n-th atomic energy level. This combination can be represented by:

10



2.1 Quantum transport through a single molecule

Bn,k(r) =
1√
N

∑
j

exp(ik ·Rj)ϕn(r −Rj), (2-22)

the above sum extends over all positions of the atoms in the unit cell of the material. The

expression (2-22) is called a Bloch sum, because it produces a function that satisfies the Bloch

condition, Bn,k(r) = Bn,k(r +R0), for the wave vector k, where the following condition is

met:

√
NBn,k(r +R0) =

∑
j

exp(ik ·Rj)ϕn(r +R0 −Rj),

√
NBn,k(r −R0) =

∑
j

exp(ik ·Rj)ϕn(r − (R0 +Rj)),

changing Rj → R′
j = Rj −R0, with R0 a lattice vector, we have:

√
NBn,k(r −R0) =

∑
j

exp
(
ik · (R′

j +R0)
)
ϕn(r −R′

j),

√
NBn,k(r −R0) = exp (ik ·R0)

∑
j

exp
(
ik ·R′

j

)
ϕn(r −R′

j),

thus fulfilling the property

Bn,k(r −R0) = exp (ik ·R0)Bn,k(r). (2-23)

When considering tight binding, the states of the atomic sites with orbitals (s, p or d) mix

with each other, which is known as hybridization, due to the overlap of neighboring atomic

orbitals within of the valence band, therefore, the valence wavefunction in the system is one

of the atomic functions with real quantities determined by the solution of the Schrödinger

equation. With the above, the electron wave functions of the system are expressed as a

quantity bn,k of each of the Bloch sums, of the form:

ψk(r) =
∑
n

bn(k)Bn,k(r), (2-24)

where the coefficient bn indicates the amplitudes of each of the Bloch states (Bn) in the wave

function of the particle moving in the system. The Bloch sums become the basis functions,

with which the wave functions of the electrons are expressed. To find the wavefunctions,

we need these to be solutions of the Schrödinger equation. On the other hand, these Bloch

functions can be expressed in Dirac notation of the form |n⟩ ≡ Bn, and taking into account

that |n⟩ must be orthonormal functions, that is, they satisfy ⟨n|β⟩ = δnβ, the strong bond

Hamiltonian in the Hilbert space formed by Bn,k can be written as:

11



2.1 Quantum transport through a single molecule

H =
∑
n

(En + eφn)|n⟩⟨n|+
∑
n,β

vn,β|n⟩⟨β|+
∑
nβ,λγ

Vnβ,λγ|n⟩|β⟩⟨λ|⟨γ|+ · · · , (2-25)

where the first term in the Hamiltonian describes the localized states with energies En, φn

is the electrostatic potential, the second term is known as the tight-binding coupling and

determines the jump between first neighbors, where vn,β represents the matrix elements of

the energy between the nearest neighbors, the third term is an interaction between two or

more particles in conduction, and the following terms are taken into account in case of con-

sidering more interactions.

The tight-binding model is reasonable only when the local states can be orthogonalized,

however, the method turns out to be of particular importance for describing small molecules

when atomic orbitals form the basis. Mathematically, this model is a discrete version of the

Schrödinger equation, which is why it is frequently used in numerical calculations. Consider-

ing the simplest model where there is no interaction between electrons, and there is only one

particle in conduction, therefore, the electrostatic potential interactions in the n states are

ignored, so only the first term of (2-25) is maintained, along with the first neighbor coupling

term. In this way, the Hamiltonian reduces to:

H =
∑
n

En|n⟩⟨n|+
∑
n̸=β

vn,β|n⟩⟨β|, (2-26)

the Hamiltonian above represents a single particle that goes from a state n to a state β. To

solve the single-particle problem, it is necessary to introduce a new representation, where

the coefficients bn in the expansion (2-24) are the vector components of the wavefunction ψ.

{ψ} =


b1
b2
b3
...

bN

 (2-27)

These components are obtained from the Schrödinger matrix equation:

[H]{ψ} = E{ψ}, (2-28)

the matrix elements are given by:

Hn,β = ⟨n|H|β⟩ =
∫
ψ∗
n(r)Hψβ(r)dr. (2-29)

This Hamiltonian is applied in some very common examples such as: a linear chain that is

made up of coupled sites between first neighbors (see figure 2-1), the Hamiltonian of this

system will have the form:

12



2.1 Quantum transport through a single molecule

[H] =


E1 v 0 . . . 0

v E2 v . . . 0

0 v
. . . . . .

...
...

...
. . . EN−1 v

0 0 . . . v EN

 (2-30)

Figure 2-1: Linear chain described by a tight-binding Hamiltonian, where the action of the

creation and destruction operators in the system is shown.

Also for a single quantum dot, where the basis is formed by its eigenstates, the matrix Hamil-

tonian is diagonal, similar to that of the linear chain, with the difference that the coupling

to its neighbors, v, is zero.

The tight-binding Hamiltonian can be rewritten in new operator notation using the second

quantization, substituting the product of the states {|n⟩} into the expression (2-26). These

are the annihilation operator â and the creation operator â†, which act at the site n. These

operators correspond to the lattice and obey the switching rules:

[ân, â
†
β] = δnβ, (2-31)

[ân, âβ] = [â†n, â
†
β] = 0. (2-32)

Using the new notation, the Hamiltonian can be expressed in terms of those new operators

as:

H =
∑
n

Enâ
†
nân +

∑
n ̸=β

vnβâ
†
nâβ, (2-33)

where the ladder operators â† and â, create and destroy an electron in the n site or in the β

site.

Another consideration of great importance in the tight-binding Hamiltonian is that only

interactions with nearest neighbors are important (first neighbor interaction), i.e., if ∆n

represents the vectors from n to all neighboring sites closest, then the Hamiltonian can be

written as:

13
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H =
∑
n

Enâ
†
nân +

∑
n ̸=β

vn,∆n(â
†
nân+∆n + â†n+∆n

ân), (2-34)

the above expression has diagonal contributions given by the eigenenergies of the site En,

and hopping energy contributions, which create and annihilate the excitations in neighboring

lattice sites and annihilate or create them respectively in the site n, (see figure 2-1) [2–5].

2.1.3 Dyson equation

To analyze the electronic behavior of a molecule connected between two electrodes (left,

right), considering the formulation of the tight-binding Hamiltonian, the molecular system

will first be studied independently to establish the equation of motion using the Green’s

function formalism, based on the following relation:

G =
1

E − Ĥ
, (2-35)

where G is the Green’s function of the particle and Ĥ is the Hamiltonian of the molecular

system. The matrix components of the Green’s function are given by:

Gij = ⟨i|G|j⟩, (2-36)

applying the relationship (2-36) in the equation (2-35), we have:

⟨i|G(E − Ĥ)|j⟩ = δi,j, (2-37)

now, the completeness relation is applied, we obtain:∑
k

⟨i|G|k⟩⟨k|(E − Ĥ)|j⟩ = δi,j,∑
k

Gik(Eδkj −Hkj) = δij. (2-38)

Using the Hamiltonian of equation (2-26), to obtain the matrix elements Hkj

⟨k|Ĥ|j⟩ =
∑
n

En⟨k|n⟩⟨n|j⟩+
∑
n ̸=β

vn,β⟨k|n⟩⟨β|j⟩,

Hkj =
∑
n

Enδknδnj +
∑
n ̸=β

vnβδknδβj,

from the previous equation the first summation for n = k is expanded, and for the second

summation for n = k and β = j, nothing remains of the above:

Hkj = Ekδkj + vkj, (2-39)

14



2.1 Quantum transport through a single molecule

replacing (2-39) into (2-38) ∑
k

Gik(Eδkj − Ekδkj − vkj) = δij,∑
k

Gik(Eδkj − Ekδkj) = δij +
∑
k

vkjGik,

expanding the first sum to k = j

(E − Ej)Gij = δij +
∑
k

vkjGik, (2-40)

the second term on the right of the previous expression shows the interaction of the particle

with its first neighbors, which in the case of the Hamiltonian (2-26), represents the hopping

term of the electron to one of the two possible sites i or j, therefore, the expression (2-40)

can be written as:

Gij =
1

E − Ej

δij +
1

E − Ej

∑
k

vkjGik,

Gij = G0δij +G0

∑
k

vkjGik, (2-41)

assuming that site i has two nearest neighbors, the sum of the previous expression can be

expanded as:

Gij = G0δij +G0vj−1,jGi,j−1 +G0vj+1,jGi,j+1. (2-42)

This equation is generalized by introducing a term, in which all the possible effects of the

interactions on the system’s dynamics are assumed. This quantity, called irreducible self-

energy, is represented as Σ(E). With this term the equation (2-42) can be written in the

form:

G(E) = G0(E) +G0(E)Σ(E)G(E). (2-43)

This equation is known as the Dyson equation (equation of motion), where the irreducible

self-energy can be written for our system as Σ = ΣL + ΣR; ΣL is the irreducible self-energy

due to all interactions produced by the left electrode, and ΣR is the self-energy due to the

right electrode:

G(E) = G0(E) +G0(E)(ΣL(E) + ΣR(E))G(E). (2-44)

The Dyson equation will be the starting point for the determination of physical proper-

ties (such as electrical, thermal and magnetic) in some one-dimensional and quasi-one-

dimensional models [1, 5, 6].
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2.1 Quantum transport through a single molecule

2.1.4 Landauer-Büttiker formalism

This section shows the Landauer relation, which allows us to characterize the tunnel current

through a single molecule, semiconductor system, or any other nanoscale structure, which

is connected to two metallic electrodes, which are semi-infinite pieces of conductors that

intersperse the central region C (see Fig. 2-2).

Figure 2-2: Finite device (C) coupled to two semi-infinite conductive electrodes (right, left)

through the operators VLC and VCR. There is no coupling between the electrodes.

The Hamiltonian of the central region, the right electrode, and the left electrode are repre-

sented as follows: ĤC , ĤR, and ĤL, respectively. Which can be associated with the Green

function GC(z), GR(z), and GL(z), according to equation 2-35. The Schrödinger equation

for the system shown in Fig. 2-1 is given by:

Ĥ|ψ⟩ = E|ψ⟩, (2-45)

where E is the system energy, |ψ⟩ the wavefunction, and Ĥ is the Hamiltonian of the complete

system, in which is the Hamiltonian of the central zone, of the electrodes (right, left), and

the coupling of the electrodes and zone C, the regions L and C are coupled by the potentials

V̂LC and V̂ †
LC , while the regions C and R, by the potentials V̂CR and V̂ †

CR. It will also be

assumed that the regions L and R are not coupled to each other, that is, there is physically

no direct tunneling effect between the two regions. Taking the above into account, the total

Hamiltonian can be represented as follows:

Ĥ = ĤC + ĤR + ĤL + V̂LC + V̂ †
LC + V̂CR + V̂ †

CR. (2-46)

The Schrödinger equation can be formally written in matrix form as follows: ĤL V̂LC 0

V̂ †
LC ĤC V̂ †

CR

0 V̂CR ĤR


|ψL⟩
|ψC⟩
|ψR⟩

 = E

|ψL⟩
|ψC⟩
|ψR⟩

 . (2-47)

The following definition of the Green’s function will be used for the total Hamiltonian of the

system:

(E − Ĥ)Ĝ ≡ Î , (2-48)
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2.1 Quantum transport through a single molecule

It will be assumed that Green’s functions of the C region and the electrodes are exactly

known. The objective is to determine the Green’s function Ĝ(z), not ĤC , since Ĝ(z) has the

presence of the information of the coupling of the central region with the electrodes. This

is done because it is easier to calculate Green’s function than to solve the entire problem of

eigenvalues, to do this we proceed to write the previous equation in matrix form:E − ĤL −V̂LC 0

−V̂ †
LC E − ĤC −V̂ †

CR

0 −V̂CR E − ĤR


 ĜL ĜLC ĜLR

ĜCL ĜC ĜCR

ĜRL ĜRC ĜR

 =

I 0 0

0 I 0

0 0 I

 , (2-49)

to find the expression for ĜC(z) from the previous matrix equation, the equations that

emerge when multiplying the first matrix, with the second column of the second matrix, will

be taken, obtaining the following system of equations:

(E − ĤL)ĜLC − V̂LCĜC = 0, (2-50)

−V̂ †
LCĜLC + (E − ĤC)ĜC − V̂ †

CRĜRC = I, (2-51)

(E − ĤR)ĜRC − V̂CR = 0, (2-52)

solving ĜLC from the equation 2-50,

ĜLC =
1

E − ĤL

V̂LCĜC ,

ĜLC = ĜLV̂LCĜC , (2-53)

performing the same procedure for ĜRC of equation 2-52

ĜRC =
1

E − ĤR

V̂CRĜC ,

ĜRC = ĜRV̂CRĜC , (2-54)

ĜL and ĜL are defined as (E − ĤL(R))
−1. Now, we replace 2-53 and 2-54 into 2-51

−V̂ †
LC(ĜLV̂LCĜC) + (E − ĤC)ĜC − V̂ †

CR(ĜRV̂CRĜC) = I,

(−V̂ †
LCĜLV̂LC + E − ĤC − V̂ †

CRĜRV̂CR)ĜC = I,

ĜC = (E − ĤC − V̂ †
CRĜRV̂CR − V̂ †

LCĜLV̂LC)
−1, (2-55)

the third and fourth terms on the right side of the equality are known as the self-energies of

the system, and are defined as follows:

Σ̂L = V̂ †
LCĜLV̂LC ,
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Σ̂R = V̂ †
CRĜRV̂CR,

replacing Σ̂L and Σ̂R in 2-55, we have:

ĜC = (E − ĤC − Σ̂R − Σ̂L)
−1, (2-56)

the previous expression gives us an account of the effect of the metal electrodes (leads)

on the central region (or device) since calculating the Green’s function of the device implies

calculating the Green’s function of an effective Hamiltonian, which is adding the self-energies

to the Hamiltonian of the device (Ĥeff = Ĥd + Σ̂L + Σ̂R).

Non-equilibrium case

Before studying the non-equilibrium case, we will consider the case where the contact L is

isolated from the contact R and the central region C (see Fig. 2-2). At a given energy we

have solutions of an incoming wave function that is completely reflected at the end of the

contact. We will denote the solutions of the wave functions as |ψL,n⟩, where L is the name of

the contact, and n is a quantum number associated with the different modes in the contact.

When the electrodes are connected to the device, and the system is non-equilibrium, implying

that the electrodes are at different chemical potentials (or different Fermi functions), they

inject electrons as plane waves, occupying the states corresponding to the waves incident on

the electrodes. Therefore, we want to find the solutions corresponding to these incoming

waves.

To calculate the wave function in the entire system due to the incoming wave at the contact

L. First, a wave function must be proposed that must have the following form |ψL,n⟩+ |ψR⟩,
where |ψL,n⟩ is the completely reflected wave and |ψR⟩ It is the delayed response of the entire

system. Substituting into the Schrödinger equation gives the following:

Ĥ(|ψL,n⟩+ |ψR⟩) = E(|ψL,n⟩+ |ψR⟩),(
ĤC + ĤR + ĤL + V̂LC + V̂ †

LC + V̂CR + V̂ †
CR

) (
|ψL,n⟩+ |ψR⟩

)
= E

(
|ψL,n⟩+ |ψR⟩

)
,(

ĤC + ĤR + ĤL + V̂LC + V̂ †
LC + V̂CR + V̂ †

CR

)
|ψL,n⟩ + Ĥ|ψR⟩ = E

(
|ψL,n⟩+ |ψR⟩

)
,

ĤC |ψL,n⟩+ ĤR|ψL,n⟩+ ĤL|ψL,n⟩+ V̂LC |ψL,n⟩+ V̂ †
LC |ψL,n⟩+ V̂CR|ψL,n⟩+

V̂ †
CR|ψL,n⟩+ Ĥ|ψR⟩ = E

(
|ψL,n⟩+ |ψR⟩

)
,

E|ψL,n⟩+ V̂ †
LC |ψL,n⟩+ Ĥ|ψR⟩ = E

(
|ψL,n⟩+ |ψR⟩

)
,

Ĥ|ψR⟩ = E|ψR⟩ − V̂ †
LC |ψL,n⟩, (2-57)

In the previous expression, it can be seen that |ψR⟩ is the response of the entire system to a

perturbation of the type −V †
CL|ψL,n. From the equation 2-57 we can have an expression for

|ψR⟩, in the following form:
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(
Ĥ − E

)
|ψR⟩ = −V̂ †

LC |ψL,n⟩,

|ψR⟩ = − 1

Ĥ − E
V̂ †
LC |ψL,n⟩,

|ψR⟩ = ĜV̂ †
LC |ψL,n⟩, (2-58)

This equation represents the scattering states of an incident electron, using all possible

incoming wave states from each contact. With the previous procedure, the expression of the

wave function of the device |ψC⟩ can be obtained as a function of the contact wave |ψL,n⟩,
which is given by:

|ψC⟩ = ĜC V̂
†
LC |ψL,n⟩. (2-59)

From the equation 2-47 we can know the response of the wave function of the electrode R,

in terms of the wave function of the device in the following way:

|ψR⟩ = ĜR(z)VCR|ψC⟩, (2-60)

replacing the equation 2-59, into the equation 2-60, we have:

|ψR⟩ = ĜR(z)VCR(ĜC V̂
†
LC |ψL,n⟩),

|ψR⟩ = ĜR(z)VCRĜC V̂
†
LC |ψL,n⟩, (2-61)

to find the wave function for the contact L, a similar process is carried out as for the contact

R, with the difference that it must contain the incoming wave therefore it must be added to

the expression obtained:

|ψL⟩ = |ψL,n⟩+ ĜL(z)VLC |ψC⟩,
|ψL⟩ = |ψL,n⟩+ ĜL(z)VLC(ĜC V̂

†
LC |ψL,n⟩),

|ψL⟩ = |ψL,n⟩+ ĜL(z)VLCĜC V̂
†
LC |ψL,n⟩,

|ψL⟩ =
(
1 + ĜL(z)VLCĜC V̂

†
LC

)
|ψL,n⟩. (2-62)

With what has been done above, it is possible to know the wave functions of the electrodes

in terms of the incident disturbance, with which it is possible to calculate the complete set

of solutions for the Schrödinger equation for the central dispersion region, for the contact

L and R. This provides a tool with which it is possible to study and analyze the behavior

of the electrons that enter the central region at a certain energy, and how these modify the

properties of the system.
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Charge density

When the system is in non-equilibrium, the electronic current that passes through the entire

system can be calculated. Still, first, it is necessary to know the charge density on each

electrode, which is different in each contact. The charge density matrix is defined as:

ρ =
∑
k

f(Ek, µ)|ψk⟩⟨ψk|, (2-63)

in the previous expression, the sum covers all states with occupation numbers given by the

Fermi-Dirac distribution, in this case, the occupation number is determined by the reservoirs,

which fill the incoming waves through the contacts, so that:

f(Ek, µL) =
1

1 + e(Ek−µL)/kBT
, (2-64)

the equation 2-64 represents the Fermi-Dirac function of the contact L with a chemical po-

tential (µL) and at a fixed temperature T .

The wave function in the device as a function of the incoming contact wave L is given in

equation 2-59, which is redefined as:

|ψC,k⟩ = ĜC V̂
†
LC |ψL,k⟩, (2-65)

if we take into account all the states of the contact L and add them up, we have:

ρC,L =

∫ ∞

−∞

∑
k

f(E, µL)δ(E − Ek)|ψC,k⟩⟨ψC,k|dE, (2-66)

now, we replace the ket and bra from the equation 2-65 into the equation 2-66:

ρC,L =

∫ ∞

−∞

∑
k

f(E, µL)δ(E − Ek)ĜC V̂
†
LC |ψL,k⟩⟨ψL,k|V̂LCĜ†

CdE,

ρC,L =

∫ ∞

−∞
ĜC V̂

†
LCf(E, µL)

(∑
k

δ(E − Ek)|ψL,k⟩⟨ψL,k|
)
V̂LCĜ

†
CdE, (2-67)

the term in parentheses, in the previous expression, is known as the spectral function, and

can be redefined as follows:

D̂(E) =
∑
k

δ(E − Ek)|ψL,k⟩⟨ψL,k| ≡ i

(
Ĝ+ − Ĝ−

2π

)
, (2-68)

where Ĝ+ is the leading and Ĝ− is the lagging Green’s functions. Considering the above in

the equation 2-67, we have:
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2.1 Quantum transport through a single molecule

ρC,L =

∫ ∞

−∞
f(E, µL)ĜC V̂

†
LCD̂(E)V̂LCĜ

†
CdE, (2-69)

from the previous expression, it is possible to rewrite the term V̂ †
LCD̂(E)V̂LC in the following

way:

V̂ †
LCD̂(E)V̂LC = iV̂ †

LC

(
Ĝ+ − Ĝ−

2π

)
V̂LC =

1

2π

(
V̂ †
LCĜ

+V̂LC − V̂ †
LCĜ

−V̂LC

)
, (2-70)

From the expression 2-55, we know that the product V̂ †
LCĜ

+V̂LC = Σ+
L , substituting we have:

V̂ †
LCD̂(E)V̂LC =

1

2π

(
Σ+

L − Σ−
L

)
≡ 1

2π
Γ̂L, (2-71)

where the term Γ̂L corresponds to the coupling potential between the central scattering

region with the contact L and is a definition in terms of self-energies. Substituting this

result into equation 2-69, we have:

ρC,L =
1

2π

∫ ∞

−∞
f(E, µL)ĜCΓ̂LĜ

†
CdE. (2-72)

Following the same steps, a similar expression can be found for the charge density for the

contact R

ρC,R =
1

2π

∫ ∞

−∞
f(E, µR)ĜCΓ̂RĜ

†
CdE. (2-73)

To know the total contribution of the charge density due to the contacts L and R, both

contributions must be added, taking into account the double degeneracy of the electron

spin:

ρ = 2(ρC,L + ρC,R),

ρ = 2

(
1

2π

∫ ∞

−∞
f(E, µL)ĜCΓ̂LĜ

†
CdE +

1

2π

∫ ∞

−∞
f(E, µR)ĜCΓ̂RĜ

†
CdE

)
,

ρ =
1

π

(∫ ∞

−∞
f(E, µL)ĜCΓ̂LĜ

†
CdE +

∫ ∞

−∞
f(E, µR)ĜCΓ̂RĜ

†
CdE

)
. (2-74)

Probability Current

So far, we have described a system of two contacts, which have different chemical potentials,

which in turn have different populations of electrons, these conditions give rise to a tunnel

current. To know the expression of the current, the temporal conservation of the total

probability density of the complete system (contacts and scattering region) will be used,
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2.1 Quantum transport through a single molecule

since, in the steady state, the probability of finding the electron in the central region is

conserved.

0 =
∂
∑

s |ψs|2
∂t

=
∑
s

∂⟨ψ|s⟩⟨s|ψ⟩
∂t

=
∑
s

(
∂⟨ψ|s⟩
∂t

⟨s|ψ⟩+ ⟨ψ|s⟩∂⟨s|ψ⟩
∂t

)
, (2-75)

To know the terms of the derivatives in the previous expression, we will use the time-

dependent Schrödinger equation:

iℏ
∂|ψ⟩
∂t

= Ĥ|ψ⟩,

⟨s|iℏ∂|ψ⟩
∂t

= ⟨s|Ĥ|ψ⟩,

∂⟨s|ψ⟩
∂t

= − i

ℏ
⟨s|Ĥ|ψ⟩, (2-76)

and,

−iℏ∂⟨ψ|
∂t

= ⟨ψ|Ĥ,

−iℏ∂⟨ψ|
∂t

|s⟩ = ⟨ψ|Ĥ|s⟩,

∂⟨ψ|s⟩
∂t

=
i

ℏ
⟨ψ|Ĥ|s⟩, (2-77)

replacing the expressions 2-76, and 2-77 into 2-75, we have:

0 =
∑
s

(
i

ℏ
⟨ψ|Ĥ|s⟩⟨s|ψ⟩ − ⟨ψ|s⟩ i

ℏ
⟨s|Ĥ|ψ⟩

)
,

0 =
i

ℏ

(
⟨ψ|Ĥ

{∑
s

|s⟩⟨s|ψ⟩
}

−
{∑

s

⟨ψ|s⟩⟨s|
}
Ĥ|ψ⟩

)
, (2-78)

since we want to know the response of the device to the incoming wave, to do so we change

the terms in braces to the wave function of the device, considering the following:

|ψC⟩ =
(∑

s

|s⟩ ⟨s|
)
|ψC⟩ =

∑
s

|s⟩ ⟨s|ψC⟩ , (2-79)

⟨ψC | = ⟨ψC |
(∑

s

|s⟩ ⟨s|
)

=
∑
s

⟨ψC |s⟩ ⟨s| , (2-80)

substituting equations 2-79 and 2-80 into equation 2-78:

0 =
i

ℏ

(
⟨ψ|Ĥ|ψC⟩ − ⟨ψC |Ĥ|ψ⟩

)
, (2-81)
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2.1 Quantum transport through a single molecule

expanding the Hamiltonian of the system, we have:

0 =
i

ℏ

(
⟨ψ|(ĤC + V̂LC + V̂CR)|ψC⟩ − ⟨ψC |(ĤC + V̂ †

LC + V̂ †
CR)|ψ⟩

)
,

0 =
i

ℏ

(
⟨ψ|ĤC |ψC⟩+ ⟨ψ|V̂LC |ψC⟩+ ⟨ψ|V̂CR|ψC⟩ − ⟨ψC |ĤC |ψ⟩ − ⟨ψC |V̂ †

LC |ψ⟩ − ⟨ψC |V̂ †
CR|ψ⟩

)
,

0 =
i

ℏ

(
EC⟨ψ|ψC⟩+ ⟨ψ|V̂LC |ψC⟩+ ⟨ψ|V̂CR|ψC⟩ − EC⟨ψC |ψ⟩ − ⟨ψC |V̂ †

LC |ψ⟩ − ⟨ψC |V̂ †
CR|ψ⟩

)
,

0 =
i

ℏ

(
⟨ψ|V̂LC |ψC⟩+ ⟨ψ|V̂CR|ψC⟩ − ⟨ψC |V̂ †

LC |ψ⟩ − ⟨ψC |V̂ †
CR|ψ⟩

)
,

0 =
i

ℏ

(
⟨ψ|V̂LC |ψC⟩ − ⟨ψC |V̂ †

LC |ψ⟩
)
+
i

ℏ

(
⟨ψ|V̂CR|ψC⟩ − ⟨ψC |V̂ †

CR|ψ⟩
)
, (2-82)

the previous expression represents the probability of current entering the device through

the contact on the left (first parenthesis), and through the contact on the right (second

parenthesis). The expression of the equation 2-82 can be generalized for any contact k, and

multiplied by the charge of the electron (−e) the electric current is obtained:

ik = −ie
ℏ

(
⟨ψk| V̂Ck |ψC⟩ − ⟨ψC | V̂ †

Ck |ψk⟩
)
, (2-83)

ik is defined as positive for a current coming from the contacts to the device.

Electrical Current

Now we can calculate the total current passing through the central region, for that we need

to take into account all the contributions of the wave function of the device and the contacts

(L and R) given by the equations 2-59, 2-61 and 2-62. Taking the relationship 2-83, we can

calculate the current from the contact L to R, as follows:

iL→R = −ie
ℏ

(
⟨ψR| V̂CR |ψC⟩ − ⟨ψC | V̂ †

CR |ψR⟩
)
,

iL→R = −ie
ℏ

(
⟨ψR| V̂CRĜC V̂

†
LC |ψL,n⟩ − ⟨ψL,n| V̂LCĜ†

C V̂
†
CR |ψR⟩

)
,

iL→R = −ie
ℏ

(
⟨ψL,n| V̂LCĜ†

C V̂
†
CRĜ

†
RV̂CRĜC V̂

†
LC |ψL,n⟩ − ⟨ψL,n| V̂LCĜ†

C V̂
†
CRĜRV̂RCĜC V̂

†
LC |ψL,n⟩

)
,

iL→R = −ie
ℏ

(
⟨ψL,n| V̂LCĜ†

C V̂
†
CR

[
Ĝ†

R − ĜR

]
V̂RCĜC V̂

†
LC |ψL,n⟩

)
, (2-84)

from the equation 2-71 we can define V̂ †
CR

[
Ĝ†

R − ĜR

]
V̂RC :

Γ̂R = i
[
Σ+

R − Σ−
R

]
Γ̂R = i

[
V̂ †
CRĜ

†
RV̂CR − V̂ †

CRĜ
−
RV̂CR

]
,

23



2.1 Quantum transport through a single molecule

−iΓ̂R = V̂ †
CR

[
Ĝ†

R − Ĝ−
R

]
V̂CR,

−iΓ̂R = V̂ †
CR

[
Ĝ†

R −
[
Ĝ†

R

]†]
V̂CR,

−iΓ̂R = V̂ †
CR

[
ĜR −

[
ĜR

]†]
V̂CR,

iΓ̂R = V̂ †
CR

[
Ĝ†

R − ĜR

]
V̂CR, (2-85)

replacing 2-85 in 2-84, we have:

iL→R = −ie
ℏ

(
⟨ψL,n| V̂LCĜ†

C

[
iΓ̂R

]
ĜC V̂

†
LC |ψL,n⟩

)
,

iL→R =
e

ℏ

(
⟨ψL,n| V̂LCĜ†

CΓ̂RĜC V̂
†
LC |ψL,n⟩

)
, (2-86)

the above equation represents the electron current entering the device at an energy (E) and

a mode n at the contact L through the coupling V̂CR.

Now all the modes n are added and considering that the levels are filled with electrons

entering through the reservoir connected to the contact L (2 for spin),

IL→R =
2e

ℏ

∫ ∞

−∞
f(E, µL)

∑
n

δ(E − En) ⟨ψL,n| V̂LCĜ†
CΓ̂RĜC V̂

†
LC |ψL,n⟩ dE,

IL→R =
2e

ℏ

∫ ∞

−∞
f(E, µL)

∑
n

δ(E − En) ⟨ψL,n| V̂LC
(∑

m

|m⟩ ⟨m|
)
Ĝ†

CΓ̂RĜC V̂
†
LC |ψL,n⟩ dE,

IL→R =
2e

ℏ

∫ ∞

−∞
f(E, µL)

∑
n,m

δ(E − En) ⟨ψL,n| V̂LC |m⟩ ⟨m| Ĝ†
CΓ̂RĜC V̂

†
LC |ψL,n⟩ dE,

IL→R =
2e

ℏ

∫ ∞

−∞
f(E, µL)

∑
n,m

⟨m| Ĝ†
CΓ̂RĜC V̂

†
LCδ(E − En) |ψL,n⟩ ⟨ψL,n| V̂LC |m⟩ dE,

IL→R =
2e

ℏ

∫ ∞

−∞
f(E, µL)

∑
n,m

⟨m| Ĝ†
CΓ̂RĜC V̂

†
LC [δ(E − En) |ψL,n⟩ ⟨ψL,n|] V̂LC |m⟩ dE,

IL→R =
2e

ℏ

∫ ∞

−∞
f(E, µL)

∑
m

⟨m| Ĝ†
CΓ̂RĜC V̂

†
LC

[∑
n

δ(E − En) |ψL,n⟩ ⟨ψL,n|
]
V̂LC |m⟩ dE, (2-87)

taking into account the equations 2-68 and 2-71, the previous equation can be rewritten:

IL→R =
2e

ℏ

∫ ∞

−∞
f(E, µL)

∑
m

⟨m| Ĝ†
CΓ̂RĜC

[
1

2π
Γ̂L

]
|m⟩ dE,

IL→R =
e

πℏ

∫ ∞

−∞
f(E, µL)

∑
m

⟨m| Ĝ†
CΓ̂RĜCΓ̂L |m⟩ dE,
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IL→R =
e

πℏ

∫ ∞

−∞
f(E, µL)Tr

(
Ĝ†

CΓ̂RĜCΓ̂L

)
dE, (2-88)

to know the total current that passes through the device, you must subtracted the currents

when it is from the L→ R contacts, and from the R → L:

I = IL→R − IR→L, (2-89)

I =
2e

πℏ

∫ ∞

−∞
{f(E, µL)− f(E, µR)}Tr

(
Ĝ†

CΓ̂RĜCΓ̂L

)
dE, (2-90)

the trace of what is in parentheses is the transmission probability of the system, which is

known as the Fischer-Lee relationship.

T (E) = Tr
(
Ĝ†

CΓ̂RĜCΓ̂L

)
, (2-91)

with the above we can rewrite the equation 2-90 as:

I =
2e

πℏ

∫ ∞

−∞
{f(E, µL)− f(E, µR)}T (E)dE, (2-92)

this equation is known as the Landauer formula for tunnel current, which describes electronic

current in terms of the difference in the population of contacts connected to the device and

the probability of transmission through the system [5–8].

Landauer relation

To find this relationship, the expression 2-92 is taken into account, where the net current is

presented as a function of the transmission probability, but it also shows the dependence of

the difference between the carrier distribution functions of charge of the electrodes fL and fR,

since, if the electrochemical potentials are equal, there will be no current flow because both

contacts are at an equilibrium level µ̄. In the low-temperature limit (kBT → 0) µ̄→ EF , with

EF being the Fermi equilibrium energy. When applying a small potential difference V (when

considering small potential differences, reference is made to the limit when eV → 0 and

therefore µL − µR → 0 of the form µL − µR = e∆V , remembering that µR(L) = EF ± eV/2),

changes are introduced in the transmission function and in the electrochemical potentials

of the electrodes, thus the expression 2-92, can be written for small deviations from this

equilibrium state, the current is proportional ti the applied bias [9]:

δI ≈ 2e

h

∫ ∞

−∞
{f(E, µL)− f(E, µR)} δT (E)dE +

2e

h

∫ ∞

−∞
δ {f(E, µL)− f(E, µR)}T (E)dE,

(2-93)

the first term is zero and the second can be expressed by seeing the variations around the

electrochemical potentials of each electrode through a Taylor series. Thus the Fermi functions

are written in the form:
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1

1 + eβ(E−µL)
≈ fL(E)|µL

+ ∂EfL(E)|µL
(E − µL) +O(µ2

L) + · · · , (2-94)

1

1 + eβ(E−µR)
≈ fR(E)|µR

+ ∂EfR(E)|µR
(E − µR) +O(µ2

R) + · · · , (2-95)

where β = 1/kBT , with kB the Boltzmann constant. In the equation 2-110 shows how to

write ∂f/∂µ = −∂f/∂E.

By evaluating the functions fR and fL in the electrochemical potentials it can be seen that

they are equal, as are their derivatives, then the net current in the system can be written as

the derivative of the Fermi function evaluated in the electrochemical equilibrium potential

µ̄. This energy varies throughout the system, since one electrode fills the available states,

while the other empties them. By assuming that the difference between µR and µL is not

that great, we are considering that the difference between µ̄ and µR(L) is even smaller (see

Fig. 2-3), like this:

Figure 2-3: Difference between the electrochemical potentials of the electrodes, compared to

the equilibrium energy µ̄.

From Fig. 2-3 it can be deduced that:

µL = µ̄− ε′, (2-96)

µR = µ̄+ ε′, (2-97)

by adding the two previous expressions, we obtain:

µ̄ =
µR + µL

2
(2-98)

with the previous expression you can rewrite the equation 2-93 in the following way:

I ≈ 2e

h

∫ ∞

−∞

(
−∂f(E)

∂E

∣∣∣∣
µ̄

)
(µR − µL)T (E)dE,

I ≈ 2e2

h
∆V

∫ ∞

−∞

(
−∂f(E)

∂E

∣∣∣∣
µ̄

)
T (E)dE, (2-99)
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where the term in the parentheses is known as the thermal broadening function (FT ), which

when calculated around E = µ̄ has a very pronounced peak, and when calculating the

area under the curve gives approximately one, behaving as a delta function, therefore, the

result of the integral is the transmission probability evaluated around the equilibrium energy.

Taking the above into account in the equation 2-99 it is possible to determine the electrical

conductance (G) as a function of the transmission probability of the system (T (E)), thus:

I

∆V
≡ G =

2e2

h
T (E)|µ̄. (2-100)

The conductance is proportional to the transmission probability evaluated around the equi-

librium energy, this is valid for the low-temperature limit (kBT → 0), in this expression the

equilibrium energy µ̄ is the equilibrium energy at the Fermi level EF . For the general case,

for any temperature, the expression for G is of the following form:

G =
2e2

h

∫ ∞

−∞

(
−∂f(E)

∂E

)
T (E)dE, (2-101)

the previous expression is the well-known Landauer formula for the quantification of the

conductance [5, 9, 10].

2.1.5 Transport at different temperatures

So far, we have studied the behavior of the electric current that passes through the system

of the central region, which is connected to metallic contacts, but due to differences in

the temperatures of the contacts, this electric current is always accompanied by a thermal

current that constitutes the flow of energy through the system. The only case where thermal

effects are not considered is when transport takes place in thermal equilibrium, the value of

the thermal current is ignored. The thermal current arises from the temperature gradient

induced by the electric current in the system, as described by the following relation, where

the resulting voltage is given by:

∆V =
I

G + S∆T, (2-102)

the previous expression is the most general way of writing Ohm’s law, the first term is due

to the electrical part, and the second term is due to the thermal part, where S is the Seebeck

coefficient. On the other hand, the heat current IQ is found from the heat conduction law

as:

IQ = k∆T, (2-103)

where k is the heat conductance or thermal conductance. Similar to Ohm’s law, it is possible

to write a general form for the law of heat conduction:
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IQ = k∆T +ΠI, (2-104)

where Π is the Peltier coefficient.

From the expressions 2-102, and 2-104 the following things can be inferred: i. a temperature

difference can induce currents or voltages, for the special case where the electric current is

zero, the Seebeck coefficient induces a potential difference (∆V = −S∆T ). ii. If there is no

temperature difference, there can still be a heat flow (IQ = ΠI)

Seebeck Effect or Thermopower

Figure 2-4: (a) Seebeck effect in a closed circuit where metal A and metal B are different, and

T1 and T2 are the junctions temperatures, with (T1 > T2). When current (I)

flows clockwise through metal A, the differential Seebeck coefficient is positive.

(b) Seebeck effect in an open circuit, where voltage (∆V ) is obtained between

the two open ends of the circuit.

When there is a union between two materials, generally metals, and both are at different

temperatures, the temperature gradient induces a potential difference, this is known as the

Seebeck effect, it was first reported by Tomas Seebeck in 1821, when he saw that a compass

needle reacted when approaching a closed circuit constructed of two different metals with

a temperature difference between the junctions. In the closed circuit of figure 2-4 (a), the

charge carriers, whether electrons or holes, diffuse from the hot side to the cold side due to

a temperature difference, leaving behind their immobile nuclei with an opposite charge on

the hot side, giving rise to a thermoelectric voltage.

There are two different methods of causing charge transport by the Seebeck effect, one is

by the temperature gradient between the junction of the two metals, and the second is by

the potential gradient induced by that same temperature gradient. To understand how the

mechanism of the Seebeck effect works, we will study how the transport induced by a short-

circuit temperature gradient works: the chemical potential is constant throughout the entire

material, or a zero potential difference.
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Short circuit condition

Under short circuit conditions (see Fig. 2-4), having a temperature gradient at a junction of

two materials induces a gradient in the charge carrier occupancy statistics; As the difference

in temperatures increases, the carrier distribution function broadens around the chemical po-

tential. The material with the highest temperature weighs more electrons occupying states

with higher energies, and few in lower states. This causes a force that moves the electrons

from the hot end of the material (high energy states) to the cold end (low energy states).

This image is confirmed by the expressions derived from Landauer’s theory.

In the last section to know the electrical conductance, the difference of the Fermi-Dirac

functions was evaluated in the electric current (equation 2-92), around the equilibrium energy

(µ̄ ≈ EF ), but now an equilibrium temperature (T0) is also considered, knowing that the

contact temperatures are TL and TR:

∂µ,T (fL(E, µL, TL)− fR(E, µR, TR)) ≈
(
∂f(E)

∂µ

)
µ̄,T0

(∆µ) +

(
∂f(E)

∂T

)
µ̄,T0

(∆T ), (2-105)

however, in this case, it is much more convenient to express the derivative of the function

f concerning the energy, E, instead of the temperature, T and µ̄, for that rewriting the

Fermi-Dirac function as:

f(x) =
1

1 + ex
; x =

E − µ

kBT
, (2-106)

now we perform the derivatives with respect to E, µ, and T :

∂f

∂µ
=
∂f

∂x

∂x

∂µ
=
∂f

∂x

[
− 1

kBT

]
, (2-107)

∂f

∂E
=
∂f

∂x

∂x

∂E
=
∂f

∂x

[
1

kBT

]
, (2-108)

∂f

∂T
=
∂f

∂x

∂x

∂T
=
∂f

∂x

[
−(E − µ)

T

1

kBT

]
, (2-109)

from the previous expressions the following conclusions can be reached:

∂f

∂µ
= − ∂f

∂E
, (2-110)

∂f

∂T
=

(
− ∂f

∂E

)
(E − µ)

T
. (2-111)

Substituting into the equation 2-105, we have:
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2.1 Quantum transport through a single molecule

∂µ,T (fL(E, µL, TL)− fR(E, µR, TR)) ≈
(
−∂f(E)

∂E

)
µ̄,T0

(∆µ) +

(
−∂f(E)

∂E

)
µ̄,T0

E − µ̄

T0
(∆T ),

∂µ,T (fL(E, µL, TL)− fR(E, µR, TR)) ≈
(
−∂f(E)

∂E

)
µ̄,T0

[
(∆µ) +

E − µ̄

T0
(∆T )

]
. (2-112)

Replacing the current, we have the following expression:

I ≈ 2e

h

∫ ∞

−∞

(
−∂f(E)

∂E

∣∣∣∣
µ̄,T0

)[
(∆µ) +

E − µ̄

T0
(∆T )

]
T (E)dE. (2-113)

For low voltages, the current can be written depending on a potential difference and a

temperature difference:

I = G∆V + ν∆T, (2-114)

Comparing both expressions for the current, the first term is the electrical conductance, and

the second term is related to when there is a temperature gradient, and there is an expression

analogous to Ohm’s Law, but which relates the current to the temperature gradient, and

has the following form:

I∆T = ν∆T, (2-115)

we have that ν is equal to:

ν =
2e

h

∫ ∞

−∞
T (E)

(
E − µ̄

T0

)(
−∂f(E)

∂E

)
dE, (2-116)

the parameter ν is an intensive property that determines the response of the current in a

temperature gradient.

Open circuit condition

In the case of an open circuit, as represented in Fig. 2-4 (b), the effects suffered by the

current caused by a temperature gradient and a potential difference are taken into account

(see equation 2-114). These induced current are additive, which are called diffusion and drag

currents, respectively. An experimental measure of the Seebeck coefficient is made under

open circuit conditions, which means that the net current is zero (I = 0), as mentioned

earlier, therefore, it is given by the quotient of the voltage difference and the difference of

temperature:

∆VOC = −I∆T

G = − ν

G∆T = −S∆T, (2-117)
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2.1 Quantum transport through a single molecule

when TL > TR, it says that the VOC is negative, this means that the contact with the highest

temperature has a negative electron voltage. By convention, this is defined as a negative

Seebeck coefficient.

From the equation 2-117 the Seebeck coefficient can be defined as:

S = − ν

G = −
(

1

eT0

) ∫∞
−∞ T (E) (E − µ̄)

(
−∂f(E)

∂E

)
dE∫∞

−∞

(
−∂f(E)

∂E

)
T (E)dE

, (2-118)

Heat Current

Now we will study the currents due to temperature in the system studied. Consider a

small energy range located above or below the electrochemical potentials µL and µR. These

two channels will make contributions with opposite signs to the Seebeck effect. Figure 2-5

shows the heat absorbed from the environment for the following conditions. 1 By the time

the power is above, the heat absorbed is negative at the source and positive at the drain,

indicating that the drain cools and the source heats up. 2 When it is below, the opposite

happens. The above is what is known as the Peltier effect, which is the practical principle of

thermoelectric refrigerators. Note that the signs of both the Peltier and Seebeck coefficients

depend on the sign of (E − µ) and not to the sign of the charge q.

Figure 2-5: Heat absorbed in each contact.

To write the heat current carried by the electrons in the system shown in Fig. 2-5, we can

extend what was done previously for the current in equation 2-92. Given that an electron

with energy E with a charge −e extracts an energy E − µL from the source and pours

an energy E − µR into the drain, with this in mind, one can write the heat currents IQL

(extracted from the source) and IQR
(extracted from the drain) respectively:

IQL
=

2e

πℏ

∫ ∞

−∞
{f(E, µL)− f(E, µR)}

(
E − µL

e

)
T (E)dE, (2-119)
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2.1 Quantum transport through a single molecule

IQR
=

2e

πℏ

∫ ∞

−∞
{f(E, µL)− f(E, µR)}

(
µR − E

e

)
T (E)dE. (2-120)

The heat current for the source and drain has already been written, but an expression can

also be written for the external source (battery) per unit of time, which is given by:

IE = ∆V I =
2e

πℏ

∫ ∞

−∞
{f(E, µL)− f(E, µR)}

(
µL − µL

e

)
T (E)dE. (2-121)

By general conservation of energy, the sum of the currents found must be equal to zero,

therefore:

IQL
+ IQR

+ IE = 0. (2-122)

When small voltage conditions are taken into account, that is, µL ≈ µR, and equilibrium

temperature T0, this causes the electrons flowing from the contact L to the contact R, to

take an amount of heat from the source that is (E − µ̄)/e and pour it into the drain. The

above assumes that the heat current (IQ) that flows from the source to the drain is:

IQ ≈ 2e

h

∫ ∞

−∞

(
E − µ̄

e

)(
−∂f(E)

∂E

∣∣∣∣
µ̄,T0

)[
(∆µ) +

E − µ̄

T0
(∆T )

]
T (E)dE. (2-123)

The heat current (IQ) can also be written in terms of a potential difference and a temperature

difference:

IQ = GP∆V +GQ∆T, (2-124)

comparing both expressions, we have:

GP =
2e

h

∫ ∞

−∞
(E − µ̄)

(
−∂f(E)

∂E

)
T (E)dE, (2-125)

GQ =
2

T0h

∫ ∞

−∞
(E − µ̄)2

(
−∂f(E)

∂E

)
T (E)dE. (2-126)

These two expressions, along with G and ν, are standard for thermoelectric coefficients due to

electrons. We have that GQ is the heat conductance under electrical short circuit conditions

(V = 0), and κ is thermal conductance under open electrical circuit conditions (I = 0):

GQ =

(
∂IQ
∂∆T

)
VL=VR

, κ =

(
∂IQ
∂∆T

)
I=0

,

to find an expression for κ, we solve for the voltage difference from the equation 2-114, and

substitute it into the equation 2-124:

∆V =
I

G +

(
− ν

G

)
∆T,
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2.1 Quantum transport through a single molecule

IQ = GP

(
I

G − ν

G∆T

)
+GQ∆T,

IQ =
GP

G I +

(
GQ − GPν

G

)
∆T, (2-127)

the term that multiplies I is the Peltier coefficient, Π, and the term that multiplies ∆T is

the thermal conductance, κ:

κ = GQ − GPν

G (2-128)

κ =
2

T0h

∫ ∞

−∞
(E − µ̄)2

(
−∂f(E)

∂E

)
T (E)dE −

(∫∞
−∞ (E − µ̄)

(
−∂f(E)

∂E

)
T (E)dE

)2
∫∞
−∞

(
−∂f(E)

∂E

)
T (E)dE

 . (2-129)

At this point we can define the following quantity:

Ln = −
∫ ∞

−∞

(
−∂f(E)

∂E

)
(E − EF )

nT (E)dE, (2-130)

The above expression is known as the Landauer integral, for when µ̄ = EF . With that in

mind, we can rewrite the electrical conductance, the Seebeck coefficient, and the thermal

conductance:

G =
2e2

h
L0, (2-131)

S = − 1

eT0

L1

L0

, (2-132)

κ =
2

hT0

(
L2 −

L2
1

L0

)
. (2-133)

Figures of Merit or ZT

Thermoelectric effects are significant due to their ability to convert waste heat into electricity.

From this perspective, what matters is the amount of electrical energy that can be generated

from a temperature difference ∆T . This temperature difference is critical in determining the

efficiency and performance of thermoelectric devices in converting heat into useful electrical

energy. The electrical power is maximized when the internal resistance (Rint) of the device

is equal to the external resistance RL, therefore we can write the maximum power in the

following way:

PMax =
V 2
OC

4RL

= S2G∆T 2

4
. (2-134)

For the systems studied, in addition to having a potential difference, there is also a temper-

ature difference in the contacts, when the contacts are at different temperatures, we expect
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2.1 Quantum transport through a single molecule

a constant flow of heat through the conductor due to its thermal conductance which has

to be supplied by the source that maintains the temperature difference (Gκ∆T ). Then the

maximum power generated can be related to the power supplied by the external source:

PMax

Gκ∆T
=
S2GT
Gκ

∆T

4T
. (2-135)

where T is the average temperature (TL+TR)/2. The figure of merit or ZT for thermoelectric

materials is proportional to the relationship between S2G to Gκ.

ZT =
S2GT
Gκ

, (2-136)

whereGκ is the total thermal conductivity, which includes the contributions of charge carriers

(electrons or holes) (κ), electron-hole pairs (bipolar) (κbp) and phonons (κph) and is defined

as Gκ = κ + κbp + κph. In this study only the electronic contribution κ will be taken into

account, therefore:

ZT =
S2GT
κ

=
L2

1

L0L2 − L2
1

, (2-137)

from the previous expression, the higher the figure of merit, the better the efficiency of the

device in converting thermal energy to electrical energy. Therefore, there is great interest in

improving the ZT in thermoelectric materials [3, 11–16].

The formulation for thermoelectric properties was presented from equations 2-116 and 2-125.

The first represents how a temperature gradient generates an electric current; the second

represents the thermoelectric coefficient, which relates heat flow to an applied electric poten-

tial difference. These two thermoelectric coefficients have a fundamental connection between

the irreversible processes of physical phenomena.

It is worth emphasizing that the expressions obtained for the electric current I and the

heat current IQ, given by Eqs. 2-114 and 2-124, are consistent with the linear irreversible

thermodynamics framework formulated by Lars Onsager in 1931 [29,30]. In this formalism,

thermodynamic fluxes (e.g., electric or heat currents) are linearly related to their conjugate

driving forces (such as gradients of electrochemical potential and temperature) via a matrix

of transport coefficients: (
I

IQ

)
=

(
G ν

GP GQ

)(
∆V

∆T

)
(2-138)

This corresponds to Onsager’s general form:(
J1
J2

)
=

(
L11 L12

L21 L22

)(
X1

X2

)
(2-139)
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2.1 Quantum transport through a single molecule

where J1 and J2 are generalized fluxes and X1, X2 their conjugate thermodynamic forces.

The Onsager reciprocity relation, L12 = L21, follows from the microscopic reversibility of

near-equilibrium processes. In the context of thermoelectric transport, this reciprocity leads

to the well-known Kelvin relation [31]:

Π = TS (2-140)

This confirms that the Seebeck and Peltier coefficients are not independent but are ther-

modynamically linked. Therefore, the coefficients ν and GP derived in this work can be

interpreted as Onsager cross-coefficients L12 and L21, validating the consistency of the ther-

moelectric model used.

35



2.2 Optical properties in semiconductor heterostructures

2.2 Optical properties in semiconductor heterostructures

2.2.1 Effective mass theory

The theory of effective mass is fundamental for studying semiconductor heterostructures,

which describes how charge carriers (electrons and holes) interact in a crystalline solid. This

technique adequately models the behavior of charge carriers in a crystalline lattice, that is,

the electron or hole behaves as if it had a different mass than the one it presents in the free

state, and this mass implicitly contains the effects that the system has on the charge car-

rier. By taking this into account, theoretical calculations to study the electronic and optical

properties, among others, of semiconductor heterostructures are simplified. A fundamental

method to calculate the effective mass is through the dispersion relationship E− k⃗ (energy vs

wavenumber), and this relationship is constructed, in many cases, through approximations

of the dynamics of electrons (or holes) in a crystalline lattice. This theory’s strength lies in

comparing the theoretical values of the effective mass with values obtained with experimen-

tal techniques, where they have been reported for different materials [17–20].

To represent the effective mass, we can describe the electrons as wave packets using Wannier

functions:

ϕ(r⃗) =
∑
k

ake
ik⃗·r⃗uk(r⃗), (2-141)

In the above expression, ak are coefficients, k⃗ is the wave vector, r⃗ is the position and uk(r⃗)

is a periodic Bloch function with the same periodicity as the crystal lattice.

If an external force F⃗ is applied, which does the following work on the wave packet:

dE = v⃗g · F⃗ dt, (2-142)

where v⃗g is the velocity of the group and E is the energy of a particle in the system. Deriving

the above equation using the chain rule, it is possible to rewrite it as:

∇E · dk⃗
dt

= v⃗g · F⃗ , (2-143)

∇E · dk⃗
dt

= v⃗g ·
(
ℏ
dk⃗

dt

)
, (2-144)

in the above expression we use the quantum mechanical relationship between momentum

and wave vector F⃗ = dp⃗/dt = ℏdk⃗/dt. Solving for v⃗g, we have:

v⃗g =
1

ℏ
∇kE, (2-145)
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where the energy gradient is calculated with respect to the vector space of the wave vector.

Now let’s consider the general definition of the acceleration a⃗ = dv⃗g/dt, it can be written:

a⃗ =
1

ℏ
∂

∂ki

(
F⃗∇kE

) 1

ℏ
∂

∂ki

∑
j

Fj
∂E

∂kj
=

1

ℏ2
∑
j

Fj
∂2E

∂ki∂kj
, (2-146)

with the previous expression it is possible to write the effective mass in a matrix and can be

introduced by the tensor relationship:a1a2
a3

 =

m∗−1
11 m∗−1

12 m∗−1
13

m∗−1
21 m∗−1

22 m∗−1
23

m∗−1
31 m∗−1

32 m∗−1
33

F1

F2

F3

 , (2-147)

we can also represent the equation (2-147) by its component form:

ai =
∑
j

m∗−1
ij Fj, (2-148)

now we can compare equations (2-148) and (2-146) therefore, we obtain::

m∗−1
ij =

1

ℏ2
∂2E

∂ki∂kj
. (2-149)

The objective of this work is to study isotropic systems, which implies that the scalar part

can define the effective mass:

m∗ = ℏ2
(
∂2Ek

∂k2

)−1

. (2-150)

Considering the conduction band, the Kane model gives us the parabolic dispersion relation

of the form:

E ≈ Eg +
ℏ2k2

2m0

+
ℏ2k2|P |2
Eg

, (2-151)

where Eg is the energy gap between the valence and conduction band, m0 is the mass of the

free electron, and |P | is the matrix element of the momentum operator in absolute value.

With the equations 2-150 and 2-151 it is possible to find the relationship between the masses

of free electrons and the effective mass, which is given by:

m∗

m0

=
1

1 + 2|P |2m0

Eg

, (2-152)

in the previous expression, 2|P |2m0 takes a value of approximately 20meV for many semi-

conductors. However, for a specific semiconductor, it is possible to calculate it using the

nearly free electron model [21, 22].
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2.2.2 Electromagnetic field in the effective mass theory

When considering the effect of an external magnetic and electric field on a semiconduc-

tor heterostructure under the effective mass approximation, it is necessary to rewrite the

Schrödinger equation. For the magnetic field, it is adding the vector potential to the mo-

ment operator term, which the Coulomb Gauge gives [23,24]. The application of an electric

field generates changes in the structural potential in which charge carriers are confined in the

structure, resulting in the generation of new allowed energy levels due to the Stark effect.

For this work, the structure to be studied is formed by a spherical quantum dot, so the

electric (Fz) and magnetic field will be applied perpendicular to the xy plane, that is, in

the −z direction, so for B⃗ = Bk̂, which implies that the vector potential can be defined as

A⃗m = B
2

(
−yî+ xĵ

)
, where B is the magnitude of the applied magnetic field. In this case,

the Schrödinger equation in Cartesian coordinates for an electron confined in a quantum dot

can be written as:[
1

2m∗

(
p̂+ qÂm

)2
+ V (x, y.z) + qFzz

]
ψn(x, y, z) = Enψn(x, y, z), (2-153)

where m∗ is the effective mass, q is the absolute value of the electron charge, V (x, y, z) the

confining potential, and Fz the magnitude of the external electric field. Solving first the

square term, then we have:

(
p̂+ qA⃗m

)2
=
(
p̂+ qA⃗m

)
·
(
p̂+ qA⃗m

)
=
(
p̂2 + qp̂ · A⃗m + qA⃗m · p̂+ q2A2

m

)
, (2-154)

replacing p̂ = −iℏ∇⃗:

(
p̂+ qA⃗m

)2
=
(
(−iℏ∇)2 + q

(
−iℏ∇⃗

)
· A⃗m + qA⃗m ·

(
−iℏ∇⃗

)
+ q2A2

m

)
=
(
−ℏ2∇2 − iqℏ∇⃗ · A⃗m − iqA⃗m · ∇⃗+ q2A2

m

)
,

(2-155)

To prove that ∇⃗ · A⃗m = A⃗m · ∇⃗, we have:
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∇⃗ ·
(
A⃗m

)
ψ(x, y, z) =

(
∂

∂x
î+

∂

∂y
ĵ

)
·
[
B

2

(
−yî+ xĵ

)]
ψ(x, y, z)

= −B
2
y
∂ψ(x, y, z)

∂x
+
B

2
x
∂ψ(x, y, z)

∂y

=
B

2

(
−y ∂ψ(x, y, z)

∂x
+ x

∂ψ(x, y, z)

∂y

)
=
B

2

(
−y î+ x ĵ

)
·
(
∂ψ(x, y, z)

∂x
î+

∂ψ(x, y, z)

∂y

)
=
B

2

(
−yî+ xĵ

)
·
(
∂

∂x
î+

∂

∂y
ĵ

)
ψ(x, y, z)

= A⃗m · ∇⃗ψ(x, y, z),

(2-156)

substituting into the previous expression, we have:(
p̂+ qA⃗m

)2
=
(
−ℏ2∇2 − 2iqℏ∇⃗ · A⃗m + q2A2

m

)
, (2-157)

replacing the expression 2-157 into the equation 2-155

[
1

2m∗

(
−ℏ2∇2 − 2iqℏ∇⃗ · A⃗m + q2A2

m

)
+ V (x, y, z) + qFzz

]
ψn(x, y, z) = Enψn(x, y, z), (2-158)

if we preserve the azimuthal symmetry of the system, it is possible to propose in cylindrical

coordinates a solution of the type ψ(x, y, z) = ψ(r, φ, z) = R(r, z) eimφ, where m is the prin-

cipal quantum number. Consequently, the function R(r, z) satisfies the differential equation,

and substituting A⃗m = B
2

(
−yî+ xĵ

)
= Brφ̂/2 into (2-158), we find that:

[
1

2m∗

(
−ℏ2

(
1

r

∂

∂r

(
r
∂

∂r

)
+

1

r2
∂2

∂φ2
+

∂2

∂z2

)
− 2iqℏ

(
∂

∂r
r̂ +

1

r

∂

∂φ
φ̂+

∂

∂z
ẑ

)
·
(
B

2
rφ̂

)
+q2

(
B2r2

4

))
+ V (r, z) + qFzz

]
Rn(r, z)e

imφ = EnRn(r, z)e
imφ,

[
1

2m∗

(
−ℏ2

(
1

r

∂

∂r

(
r
∂

∂r

)
+

∂2

∂z2

)
eimφ − ℏ2

r2
∂2

∂φ2
eimφ − 2iqℏB

2

∂

∂φ
eimφ

+
q2B2r2

4
eimφ

)
+ V (r, z)eimφ + qFzze

imφ

]
Rn(r, z) = EnRn(r, z)e

imφ,

[
1

2m∗

(
−ℏ2

(
1

r

∂

∂r

(
r
∂

∂r

)
+

∂2

∂z2

)
+
m2ℏ2

r2
− 2qℏmB

2

+
q2B2r2

4

)
+ V (r, z) + qFzz

]
Rn(r, z)e

imφ = EnRn(r, z)e
imφ,
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Finally, the expression to the Schrödinger equation looks like this:

[
− ℏ2

2m∗∇
2
r,z +

m2ℏ2

2m∗r2
− qℏmB

2m∗ +
q2B2r2

8m∗ + V (r, z)− qFzz

]
Rn(r, z) = EnRn(r, z), (2-159)

2.2.3 Optical absorption theory

To study the optical response (linear and nonlinear) of low-dimensional systems with discrete

energy spectrum, and continuous states that are associated with subbands corresponding to

free motions with effective mass along one or two dimensions. An example of these systems

is quantum heterostructures, where there is a completely discrete energy spectrum. The

first to develop this theory were Rosencher and Bois [25] and Ahn and Chuang [26] in the

1960s. In the following section, the development to obtain the absorption coefficients and

the change in the refractive index coefficient will be presented in the first and third order for

a quantum well. However, the scheme extends directly to wires, rings, and quantum dots.

Density Matrix Equations

To begin studying the optical response, we will first consider the system in the presence

of optical radiation with a frequency ω with polarization along the z-axis. The system is

characterized by an unperturbed Hamiltonian, Ĥ0, the density matrix, ρ̂, and the electric

dipole operator and the electric field intensity of the optical radiation, M̂ and E(t) [22,25,26].

Considering the above quantities, the density matrix equation for an electron with intraband

relaxation can be written as:

∂ρ̂

∂t
=

1

iℏ

[
Ĥ0 − M̂ E(t), ρ

]
− 1

2

[
γ̂(ρ̂− ρ̂(0)) + (ρ̂− ρ̂(0))γ̂

]
, (2-160)

where ρ̂(0) is the unperturbed density matrix and γ̂ is a phenomenological damping operator

due to electron-phonon, electron-electron, and other interactions. To simplify the analysis,

only two-level systems (|1⟩, |2⟩) will be analyzed. The incident monochromatic field is defined

as:

E(t) = R(E0 e
−iωt) =

1

2
E0 e

−iωt +
1

2
E0 e

iωt = Ẽ e−iωt + Ẽ eiωt, (2-161)

We assume that γ̂ is a diagonal matrix and its element γ̂mm is the inverse of the relaxation

time for the state |m⟩, and the element of the diagonal are given by:

⟨1|γ̂|1⟩ = γ11 =
1

τ1
, ⟨2|γ̂|2⟩ = γ22 =

1

τ2
. (2-162)

The equation 2-160 can be solved by a perturbative series of ρ̂ as:

ρ̂(t) =
∑
n

ρ̂(n)(t), (2-163)
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Under conditions of thermal equilibrium, ρ̂(0) is a diagonal matrix, and its diagonal elements

are the surface thermal population given by: ρ̂
(n)
11 = ⟨1|ρ̂|1⟩, ρ̂(n)12 = ⟨1|ρ̂|2⟩, ρ̂(n)21 = ⟨2|ρ̂|1⟩,

and ρ̂
(n)
22 = ⟨2|ρ̂|2⟩. ρ̂ has the property of hermiticity, which implies ρ12(t) = ρ∗12(t).

Now replace equation (2-163) into equation (2-160):

∑
n

∂ρ̂

∂t
=

1

iℏ
∑
n

[
(Ĥ0 − M̂ E(t))ρ̂(n) − ρ̂(n)(Ĥ0 − M̂ E(t))

]
− 1

2

∑
n

[
γ̂(ρ̂(n) − ρ̂(n)) + (ρ̂(n) − ρ̂(n))γ̂

]
,

(2-164)

From the previous equation of the second term, the sum is distributed, and the expression∑
n(ρ̂

(n) − ρ̂(0)) can be rewritten like
∑

n ρ̂
(n+1). Substituting into the equation 2-164, we

have:

∑
n

∂ρ̂

∂t
=

1

iℏ
∑
n

[
(Ĥ0 − M̂ E(t))ρ̂(n) − ρ̂(n)(Ĥ0 − M̂ E(t))

]
− 1

2

[
γ̂

(∑
n

ρ̂(n+1)

)
+

(∑
n

ρ̂(n+1)

)
γ̂

]
,

(2-165)

Now ⟨1|∂ρ̂
∂t
|2⟩ = ∂ρ

(n)
21

∂t
is calculated

∑
n

∂ρ
(n)
21

∂t
=

1

iℏ
∑
n

[
⟨2| (Ĥ0 − M̂ E(t))ρ̂(n) |1⟩ − ⟨2| ρ̂(n)(Ĥ0 − M̂ E(t)) |1⟩

]
− 1

2

[
⟨2| γ̂

(∑
n

ρ̂(n+1)

)
|1⟩+ ⟨2|

(∑
n

ρ̂(n+1)

)
γ̂ |1⟩

]
,

(2-166)

∑
n

∂ρ
(n)
21

∂t
=

1

iℏ
∑
n

[
⟨2| Ĥ0ρ̂

(n) |1⟩ − ⟨2| M̂ρ̂(n) |1⟩ E(t)− ⟨2| ρ̂(n)Ĥ0 |1⟩ − ⟨2| ρ̂(n)M̂ |1⟩ E(t))
]

− 1

2

[
⟨2| γ̂

∑
n

ρ̂(n+1) |1⟩+ ⟨2|
∑
n

ρ̂(n+1)γ̂ |1⟩
]
,

(2-167)

we have that Ĥ0 |m⟩ = Em |m⟩, substituting we have:
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∑
n

∂ρ
(n)
21

∂t
=

1

iℏ
∑
n

[
E2 ⟨2| ρ̂(n) |1⟩ − ⟨2| M̂ρ̂(n) |1⟩ E(t)− E1 ⟨2| ρ̂(n) |1⟩ − ⟨2| ρ̂(n)M̂ |1⟩ E(t))

]
− 1

2

∑
n

[
⟨2| γ̂ρ̂(n+1) |1⟩+ ⟨2| ρ̂(n+1)γ̂ |1⟩

]
,

(2-168)

using the completex relation (|1⟩ ⟨1|+ |2⟩ ⟨2| = 1), we have:

∑
n

∂ρ
(n)
21

∂t
=

1

iℏ
∑
n

[
(E2 − E1)ρ

(n)
21 − ⟨2| M̂(|1⟩ ⟨1|+ |2⟩ ⟨2|)ρ̂(n) |1⟩ E(t)

−⟨2| ρ̂(n)(|1⟩ ⟨1|+ |2⟩ ⟨2|)M̂ |1⟩ E(t))
]
− 1

2

∑
n

[
⟨2| γ̂(|1⟩ ⟨1|+ |2⟩ ⟨2|)ρ̂(n+1) |1⟩

+ ⟨2| ρ̂(n+1)(|1⟩ ⟨1|+ |2⟩ ⟨2|)γ̂ |1⟩
]
,

(2-169)

∑
n

∂ρ
(n)
21

∂t
=

1

iℏ
∑
n

[
(E2 − E1)ρ

(n)
21 − (⟨2| M̂ |1⟩ ⟨1| ρ̂(n) |1⟩+ ⟨2| M̂ |2⟩ ⟨2| ρ̂(n) |1⟩)E(t)

−(⟨2| ρ̂(n) |1⟩ ⟨1| M̂ |1⟩+ ⟨2| ρ̂(n) |2⟩ ⟨2| M̂ |1⟩)E(t))
]

− 1

2

∑
n

[
⟨2| γ̂ |1⟩ ⟨1| ρ̂(n+1) |1⟩+ ⟨2| γ̂ |2⟩ ⟨2| ρ̂(n+1) |1⟩

+ ⟨2| ρ̂(n+1) |1⟩ ⟨1| γ̂ |1⟩+ ⟨2| ρ̂(n+1) |2⟩ ⟨2| γ̂ |1⟩
]
,

(2-170)

defining the elements of the matrix M̂ asMnm ≡ ⟨n|M |m⟩, and E21 = E2−E1. Furthermore,

only the diagonal elements of the γ̂ matrix will be taken into account:

∑
n

∂ρ
(n)
21

∂t
=

1

iℏ
∑
n

[
(E21ρ

(n)
21 − (M21ρ

(n)
11 +M22ρ

(n)
21 )E(t)

−(ρ
(n)
21 M11 + ρ

(n)
22 M21)E(t))

]
− 1

2

∑
n

[
γ22ρ

(n+1)
21 + ρ

(n+1)
21 γ11

]
,

(2-171)

∑
n

∂ρ
(n)
21

∂t
=

1

iℏ
∑
n

[
E21ρ

(n)
21 − (ρ

(n)
11 − ρ

(n)
22 )M21E(t)− (M22 −M11)ρ

(n)
21 E(t)

]
− 1

2

∑
n

[
1

τ2
+

1

τ1

]
ρ
(n+1)
21 ,

(2-172)
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defining the following expression:

γ12 = γ21 =
1

2

[
1

τ1
+

1

τ2

]
, (2-173)

and using the fact that ρ
(0)
21 = ρ

(0)
12 = 0, then:∑

n

ρ
(n)
21 =

∑
n

ρ
(n+1)
21 , (2-174)

taking into account the equations 2-173 and 2-174 we can rewrite the equation 2-172:

∑
n

∂ρ
(n+1)
21

∂t
=

1

iℏ
∑
n

[
E21ρ

(n+1)
21 − (ρ

(n)
11 − ρ

(n)
22 )M21E(t)− (M22 −M11)ρ

(n)
21 E(t)

]
−
∑
n

γ12ρ
(n+1)
21 ,

(2-175)

∑
n

∂ρ
(n+1)
21

∂t
=
∑
n

[
1

iℏ
E21 − γ12

]
ρ
(n+1)
21 +

1

iℏ
∑
n

[
−(ρ

(n)
11 − ρ

(n)
22 )M21E(t)− (M22 −M11)ρ

(n)
21 E(t)

]
,

(2-176)

the above expression can be written as a recurrence relation for ρn+1
21 .

∂ρ
(n+1)
21

∂t
=

[
1

iℏ
E21 − γ12

]
ρ
(n+1)
21 − 1

iℏ

[
ρ
(n)
11 − ρ

(n)
22

]
M21E(t)−

1

iℏ
[M22 −M11] ρ

(n)
21 E(t).

(2-177)

Following the same process above for ∂ρ
(n+1)
21 /∂t, the terms for ∂ρ

(n+1)
12 /∂t, ∂ρ

(n+1)
22 /∂t, and

∂ρ
(n+1)
11 /∂t can be found

∂ρ
(n+1)
12

∂t
=

[
1

iℏ
E12 − γ21

]
ρ
(n+1)
12 − 1

iℏ

[
ρ
(n)
22 − ρ

(n)
11

]
M12E(t)−

1

iℏ
[M11 −M22] ρ

(n)
12 E(t),

(2-178)

∂ρ
(n+1)
22

∂t
= −γ22ρ(n+1)

22 − 1

iℏ

[
M21ρ

(n)
12 −M12ρ

(n)
21

]
E(t), (2-179)

∂ρ
(n+1)
11

∂t
= −γ11ρ(n+1)

11 − 1

iℏ

[
M12ρ

(n)
21 −M21ρ

(n)
12

]
E(t). (2-180)

The previous equations (2-177−2-180) can be solved by expressing the elements of the den-

sity matrix in terms of sums proportional to exp(±iωt) and equating the terms on both sides

of the equations with the same time dependence.
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In these calculations, we ignore the terms corresponding to higher harmonics that represent

successive absorptions and emissions of photons. We focus only on the steady state, therefore,

the perturbative term of order, ρ(n), can be written as:

ρ(n)(t) = ρ̃(n)(ω)e−iωt + ρ̃(n)(−ω)eiωt, (2-181)

the above is valid for when n is odd. When n is even, only the DC terms are dominant.

If we take n = 1 in equation (2-181), and n = 0 in equation (2-177), we have:

ρ(1)(t) = ρ̃(1)(ω)e−iωt + ρ̃(1)(−ω)eiωt, (2-182)

∂ρ
(1)
21

∂t
=

[
1

iℏ
E21 − γ12

]
ρ
(1)
21 − 1

iℏ

[
ρ
(0)
11 − ρ

(0)
22

]
M21E(t)−

1

iℏ
[M22 −M11] ρ

(0)
21 E(t), (2-183)

replacing 2-182 and 2-161 into 2-183, and remembering that ρ
(0)
12 = 0, we have:

∂

∂t

(
ρ̃
(1)
21 (ω)e

−iωt + ρ̃
(1)
21 (−ω)eiωt

)
=

[
1

iℏ
E21 − γ12

](
ρ̃
(1)
21 (ω)e

−iωt + ρ̃
(1)
21 (−ω)eiωt

)
− 1

iℏ

[
ρ
(0)
11 − ρ

(0)
22

]
M21

(
Ẽe−iωt + Ẽeiωt

)
,

(2-184)

now, the derivatives are evaluated and we group the terms with negative and positive power

of ±iωt. It turns out that

− iωtρ̃
(1)
21 (ω)e

−iωt + iωtρ̃
(1)
21 (−ω)eiωt =[(

1

iℏ
E21 − γ12

)
ρ̃
(1)
21 (ω)−

1

iℏ

(
ρ
(0)
11 − ρ

(0)
22

)
M21Ẽ

]
e−iωt

+

[(
1

iℏ
E21 − γ12

)
ρ̃
(1)
21 (−ω)−

1

iℏ

(
ρ
(0)
11 − ρ

(0)
22

)
M21Ẽ

]
eiωt,

(2-185)

equating the terms with the same negative power and solving for ρ
(1)
21 (ω), we have:

ρ̃
(1)
21 (ω) =

(
ρ
(0)
11 − ρ

(0)
22

)
M21Ẽ

E21 − ℏω − iℏγ12
. (2-186)

Now we calculate the term ρ̃
(3)
21 (ω). For this n = 2 in equation (2-177), and n = 3 in equation

(2-181), we have:

∂ρ
(3)
21

∂t
=

[
1

iℏ
E21 − γ12

]
ρ
(3)
21 − 1

iℏ

[
ρ
(2)
11 − ρ

(2)
22

]
M21E(t)−

1

iℏ
[M22 −M11] ρ

(2)
21 E(t). (2-187)

44



2.2 Optical properties in semiconductor heterostructures

ρ(3)(t) = ρ̃(3)(ω)e−iωt + ρ̃(3)(−ω)eiωt, (2-188)

substituting equations (2-188) and (2-161) into (2-187) and equating the terms of exp(−iωt),
as done previously for ρ̃

(1)
21 . It must be taken into account that the terms ρ

(2)
11 (t), ρ

(2)
22 (t), and

ρ
(2)
21 (t), do not change over time, because they are rectification terms, and can be replaced

directly by ρ̃
(2)
11 (0), ρ̃

(2)
22 (0) and ρ̃

(2)
21 (0) respectively, therefore

−iωρ̃(3)21 (ω) =

[
1

iℏ
E21 − γ12

]
ρ
(3)
21 (ω)−

1

iℏ

[(
ρ̃
(2)
11 (0)− ρ̃

(2)
22 (0)

)
M21 Ẽ

+(M22 −M11) Ẽρ̃
(2)
21 (0)

]
,

(2-189)

from the previous equation, an expression for ρ̃
(3)
21 (ω) can be found:

ρ̃
(3)
21 (ω) =

Ẽ

E21 − ℏω − iℏγ12

[(
ρ̃
(2)
11 (0)− ρ̃

(2)
22 (0)

)
M21 + (M22 −M11) ρ̃

(2)
21 (0)

]
. (2-190)

The goal now is to find the difference between (ρ̃
(2)
11 (0)− ρ̃(2)11 (0) ). For this purpose, equations

(2-179) and (2-180) must be used. So,

∂ρ
(2)
22

∂t
= −γ22ρ(2)22 − 1

iℏ

[
M21ρ

(1)
12 −M12ρ

(1)
21

]
E(t), (2-191)

∂ρ
(2)
11

∂t
= −γ11ρ(2)11 − 1

iℏ

[
M12ρ

(1)
21 −M21ρ

(1)
12

]
E(t). (2-192)

We will first focus on equation (2-192), knowing that ρ
(2)
11 is a rectification term, therefore,

we have that ∂ρ
(2)
11 /∂t = 0. We also have to replace ρ

(1)
21 and ρ

(1)
12 by their stable components,

that is, taking t = 0 in the equation (2-182). Furthermore, we take the DC component of

E(t), Ẽ, so

0 = −γ11ρ(2)11 (0)−
Ẽ

iℏ

[
M12{ρ̃(1)21 (ω) + ρ̃

(1)
21 (−ω)} −M21{ρ̃(1)12 (−ω) + ρ̃

(1)
12 (ω)}

]
, (2-193)

the terms ρ̃
(1)
21 (ω) and ρ̃

(1)
21 (−ω) are known as non-resonant and it is possible to calculate

them in the same way as equation (2-186), which are given by

ρ̃
(3)
21 (−ω) =

(
ρ
(0)
11 − ρ

(0)
22

)
M21Ẽ

ℏE21 + ℏω − iℏγ12
, (2-194)

ρ̃
(3)
21 (ω) =

(
ρ
(0)
11 − ρ

(0)
22

)
M21Ẽ

ℏE21 + ℏω + iℏγ12
, (2-195)
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these last two terms present in their denominators the expression ℏE21 + ℏω, which implies

that they cannot have the possibility of entering into resonance at any time. Therefore, we

ignore them, so:

0 = −γ11ρ(2)11 (0)−
Ẽ

iℏ

[
M12ρ̃

(1)
21 (ω)−M21ρ̃

(1)
12 (−ω)

]
, (2-196)

solving for ρ̃
(1)
11 (0), then:

ρ̃
(1)
11 (0) =

iẼ

γ11ℏ

[
M12ρ̃

(1)
21 (ω)−M21ρ̃

(1)
12 (−ω)

]
, (2-197)

we need to replace ρ̃
(1)
21 (ω) (Equation 2-186) and ρ̃

(1)
12 (−ω) which can be obtained in the

same way as (2-186) or by substituting ω → −ω into equation (2-195). After replacing the

mentioned expressions you can obtain the expression for ρ̃
(2)
11 (0)

ρ̃
(1)
11 (0) = − 2Ẽ2|M21|2(ρ(0)11 − ρ

(0)
22 )γ12

γ12 [(E21 − ℏω)2 + (ℏγ12)2]
, (2-198)

To find the expression of ρ̃
(2)
22 (0) a procedure similar to the previous one must be followed,

and knowing that |M21|2 = |M12|2 =M21M12 and γ12 = γ21:

ρ̃
(1)
22 (0) =

2Ẽ2|M12|2(ρ(0)11 − ρ
(0)
22 )γ12

γ22 [(E21 − ℏω)2 + (ℏγ12)2]
, (2-199)

now, using the expressions (2-199) and 2-198, we have:

ρ̃
(0)
11 (0)− ρ̃

(0)
22 (0) = −2Ẽ2

(
1

γ11
+

1

γ22

) |M12|2(ρ(0)11 − ρ
(0)
22 )γ12

[(E21 − ℏω)2 + (ℏγ12)2]
, (2-200)

with what was done above it is possible to calculate ρ̃
(2)
21 , for this we use the equation (2-177)

with n = 1 and remembering that we are only interested in the terms stationary. So:

∂ρ
(2)
21 (0)

∂t
=

[
1

iℏ
E21 − γ12

]
ρ
(2)
21 (0)−

1

iℏ

(
ρ
(1)
11 (0)− ρ

(1)
22 (0)

)
M21Ẽ

− 1

iℏ
(M22 −M11) Ẽρ̃

(1)
21 .

(2-201)

Now using equation (2-182), and using the fact that ∂ρ
(2)
21 (0)/∂t = 0 with t = 0 , we obtain:

0 =

[
1

iℏ
E21 − γ12

]
ρ
(2)
21 (0)−

1

iℏ

(
ρ
(1)
11 (ω) + ρ

(1)
11 (−ω)− ρ

(1)
22 (ω)− ρ

(1)
22 (−ω)

)
M21Ẽ

− 1

iℏ
(M22 −M11) Ẽ

(
ρ
(1)
21 (ω) + ρ

(1)
21 (−ω)

)
.

(2-202)
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Returning to the term ρ̃
(1)
11 (ω), using (2-198) with n = 0:

∂ρ
(1)
11

∂t
= −γ11ρ(1)11 − 1

iℏ

(
M12ρ

(0)
21 −M21ρ

(0)
12

)
E(t), (2-203)

using the fact that ρ
(0)
21 = ρ

(0)
12 = 0, then:

∂ρ
(1)
11

∂t
= −γ11ρ(1)11 . (2-204)

Using once again the equation (2-182) and equating the terms of exp(iωt), it is possible to

obtain

ρ̃
(1)
11 (ω) (γ11 − iω) = 0, (2-205)

The above implies that ρ̃
(1)
11 (ω) = 0. The same can be said of the terms ρ̃

(1)
11 (−ω) = ρ̃

(1)
22 (ω) =

ρ̃
(1)
22 (−ω) = 0, and neglecting the non-resonant term ρ̃

(1)
21 (−ω) we have:

0 =

[
1

iℏ
E21 − γ12

]
ρ̃
(2)
21 (0)−

Ẽ

iℏ
(M22 −M11) ρ̃

(1)
21 (ω), (2-206)

solving for ρ̃
(2)
21 (0), and substituting into equation (2-186)

ρ̃
(2)
21 =

Ẽ2M21 (M22 −M11)
(
ρ
(0)
11 − ρ

(0)
22

)
(E21 − iℏγ12) (E21 − ℏω − iℏγ12)

. (2-207)

Now, let’s replace equations (2-200) and (2-207) into equation (2-190), and solve for ρ̃
(3)
21 (ω)

we have:

ρ̃
(3)
21 (ω) =−

ẼẼ2M21

(
ρ
(0)
11 − ρ

(0)
22

)
(E21 − ℏω − iℏγ12)

[
2 (1/γ11 + 1/γ22) |M12|2γ12
(E21 − ℏω)2 + (ℏγ12)2

− (M22 −M11)
2

(E21 − iℏγ12) (E21 − ℏω − iℏγ12)

]
.

(2-208)

The terms ρ̃
(3)
22 (ω) and ρ̃

(3)
11 (ω) can be obtained also following the previous procedure car-

ried out for ρ̃
(3)
21 (ω). However, such terms are insignificant when calculating the third-order

absorption coefficient, as mentioned by Ahn and Chuang [2]. These terms are.

ρ̃
(3)
22 (ω) =

2iẼẼ2|M21|2
ℏω + iℏγ22

ℑ

 (M22 −M11)
(
ρ
(0)
11 − ρ

(0)
22

)
(E21 − iℏγ22) (E21 − ℏω − iℏγ12)

 , (2-209)

and
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ρ̃
(3)
22 (ω) = −2iẼẼ2|M21|2

ℏω + iℏγ22
ℑ

 (M22 −M11)
(
ρ
(0)
11 − ρ

(0)
22

)
(E21 − iℏγ22) (E21 − ℏω − iℏγ12)

 . (2-210)

Where, ℑ is the imaginary part.

Linear and non-linear absorption coefficients

Now we will calculate the Linear and Nonlinear Absorption Coefficients in quantum systems

with the results from the last section. When applying an electric field in these systems, we

have the electronic polarization P (t) and the optical susceptibility χ(t). These terms can be

expressed by the dipole operator M̂ and the density matrix as:

P (t) = ε0χ(ω)Ẽe
−iωt + ε0χ(−ω)Ẽeiωt =

1

V
Tr(ρ̃M̃), (2-211)

in the previous expression, V is the volume of the system to be studied, ε0 is the permittivity

of the vacuum, and Tr denotes the trace of the diagonal elements of the matrix ρ̃M̃ . On the

other hand, the susceptibility χ is related to the absorption coefficient α(ω) as:

α(ω) = ω

√
µ

εR
ℑ(ε0χ(ω)), (2-212)

where µ is the permeability of the system, εR is the real part of the permittivity and χ(ω)

is the Fourier component of χ(t) with dependence exp(−iωt). With the above, it is possible

to write the polarization as:

P (t) =
1

V

[
⟨1| ρ̃M̃ |1⟩+ ⟨2| ρ̃M̃ |2⟩

]
, (2-213)

introducing the complex relation

P (t) =
1

V

[
⟨1| ρ̃ (|1⟩ ⟨1|+ |2⟩ ⟨2|) M̃ |1⟩+ ⟨2| ρ̃ (|1⟩ ⟨1|+ |2⟩ ⟨2|) M̃ |2⟩

]
, (2-214)

P (t) =
1

V

[
⟨1| ρ̃ |1⟩ ⟨1| M̃ |1⟩+ ⟨1| ρ̃ |2⟩ ⟨2| M̃ |1⟩+ ⟨2| ρ̃ |1⟩ ⟨1| M̃ |2⟩+ ⟨2| ρ̃ |2⟩ ⟨2| M̃ |2⟩

]
,

(2-215)

replacing the density by its expansion defined in (2-163), and rewriting ρij andMij, we have:

P (t) =
1

V

[
ρ
(n)
11 M11 + ρ

(n)
12 M21 + ρ

(n)
21 M12 + ρ

(n)
22 M22

]
, (2-216)

using the relationship (2-181) in the previous expression:

P (t) =
1

V

[(
ρ̃
(n)
11 (ω)M11 + ρ̃

(n)
12 (ω)M21 + ρ̃

(n)
21 (ω)M12 + ρ̃

(n)
22 (ω)M22

)
e−iωt(

ρ̃
(n)
11 (−ω)M11 + ρ̃

(n)
12 (−ω)M21 + ρ̃

(n)
21 (−ω)M12 + ρ̃

(n)
22 (−ω)M22

)
eiωt
] (2-217)
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now we equate the equations (2-211) and (2-217) for n = 1, we have:

ε0χ
(1)(ω)Ẽe−iωt+ε0χ

(1)(−ω)Ẽeiωt = 1

V

[(
ρ̃
(1)
11 (ω)M11 + ρ̃

(1)
12 (ω)M21 + ρ̃

(1)
21 (ω)M12 + ρ̃

(1)
22 (ω)M22

)
e−iωt(

ρ̃
(1)
11 (−ω)M11 + ρ̃

(1)
12 (−ω)M21 + ρ̃

(1)
21 (−ω)M12 + ρ̃

(1)
22 (−ω)M22

)
eiωt
]
,

(2-218)

we can neglect the terms outside the resonance and remember that ρ̃
(1)
11 (ω) = ρ̃

(1)
22 (ω) = 0.

Then, we equate the negative exponential terms:

ε0χ
(1)(ω) =

1

V Ẽ

(
ρ̃
(1)
21 (ω)M12

)
, (2-219)

replacing equation (2-186) into (2-219):

ε0χ
(1)(ω) =

1

V Ẽ


(
ρ
(0)
11 − ρ

(0)
22

)
M21Ẽ

E21 − ℏω − iℏγ12
M12

 , (2-220)

ε0χ
(1)(ω) =

|M12|2
(
ρ
(0)
11 − ρ

(0)
22

)
V

[
E21 − ℏω + iℏγ12

(E21 − ℏω)2 + (ℏγ12)2

]
, (2-221)

ε0χ
(1)(ω) =

|M12|2
(
ρ
(0)
11 − ρ

(0)
22

)
V

[
E21 − ℏω

(E21 − ℏω)2 + (ℏγ12)2
+ i

ℏγ12
(E21 − ℏω)2 + (ℏγ12)2

]
, (2-222)

Taking only the imaginary part:

ℑ(ε0χ(1)(ω)) =
|M12|2

(
ρ
(0)
11 − ρ

(0)
22

)
ℏγ12

V ((E21 − ℏω)2 + (ℏγ12)2)
, (2-223)

replacing equation (2-223) into equation (2-212), then:

α(1)(ω) = ω

√
µ

εR

|M12|2
(
ρ
(0)
11 − ρ

(0)
22

)
ℏγ12

V ((E21 − ℏω)2 + (ℏγ12)2)
, (2-224)

defining that σv = (ρ
(0)
11 − ρ

(0)
22 )/V as the three-dimensional concentration of electrons in the

system, therefore, we have:

α(1)(ω) = ω

√
µ

εR

|M12|2σvℏγ12
((E21 − ℏω)2 + (ℏγ12)2)

, (2-225)

this expression is to calculate the first-order absorption coefficient.

Following a procedure similar to the previous one, finding an expression for the third-order

absorption coefficient is possible. To achieve this, we take n = 3 in equation (2-218), we
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neglect the term that is outside the resonance ρ̃
(3)
12 (ω), and remembering that the terms

ρ̃
(3)
11 (ω) and ρ̃

(3)
22 (ω) induce a small contribution to the absorption, therefore, we can neglect

them in this calculation. Equating the terms with negative exponentials, we have:

ε0χ
(3)(ω)Ẽ =

1

V

(
ρ̃
(3)
11 (ω)M11 + ρ̃

(3)
12 (ω)M21 + ρ̃

(3)
21 (ω)M12 + ρ̃

(3)
22 (ω)M22

)
, (2-226)

ε0χ
(3)(ω) =

1

V Ẽ

(
ρ̃
(3)
21 (ω)M12

)
, (2-227)

replacing equation 2-208 into equation 2-227

ε0χ
(3)(ω) =− 1

V Ẽ

ẼẼ2M21

(
ρ
(0)
11 − ρ

(0)
22

)
(E21 − ℏω − iℏγ12)

[
2 (1/γ11 + 1/γ22) |M12|2γ12
(E21 − ℏω)2 + (ℏγ12)2

− (M22 −M11)
2

(E21 − iℏγ12) (E21 − ℏω − iℏγ12)

]
M12,

(2-228)

ε0χ
(3)(ω) =− 1

V
Ẽ2|M21|2

(
ρ
(0)
11 − ρ

(0)
22

){ 1

E21 − ℏω − iℏγ12

[
2 (1/γ11 + 1/γ22) |M12|2γ12
(E21 − ℏω)2 + (ℏγ12)2

− (M22 −M11)
2

(E21 − iℏγ12) (E21 − ℏω − iℏγ12)

]}
,

(2-229)

taking the imaginary part of the equation (2-229) and substituting into the equation (2-212)

α(3)(ω, I) =− ω

√
µ

εR

Ẽ2|M21|2
(
ρ
(0)
11 − ρ

(0)
22

)
V

ℑ
{

1

E21 − ℏω − iℏγ12

[
2 (1/γ11 + 1/γ22) |M12|2γ12
(E21 − ℏω)2 + (ℏγ12)2

− (M22 −M11)
2

(E21 − iℏγ12) (E21 − ℏω − iℏγ12)

]}
.

(2-230)

The following change of expression will be made for simplicity, let’s choose γ11 = γ22, which

implies that γ12 = γ11 = γ22, then:

γ12(γ11 + γ22)

γ11γ22
= 2 (2-231)

Defining the intensity of the external electromagnetic field as:

Ẽ2 =
I

2ε0nrc
, (2-232)

where c is the speed of light in a vacuum and nr is the refractive index of the medium. Now,

we replace the definition of σv, shown above, and equation (2-232) into equation (2-230), we

have:
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α(3)(ω, I) =− ω

√
µ

εR

I

2ε0nrc
|M21|2σvℑ

{
1

E21 − ℏω − iℏγ12

[
4|M12|2

(E21 − ℏω)2 + (ℏγ12)2

− (M22 −M11)
2

(E21 − iℏγ12) (E21 − ℏω − iℏγ12)

]}
,

(2-233)

solving the imaginary part of the previous equation, we have:

α(3)(ω, I) =− ω

√
µ

εR

I

2ε0nrc

|M21|2σvℏγ12[
(E21 − ℏω)2 + (ℏγ12)2

]2
×
[
4|M12|2 −

(M22 −M11)
2 (3E2

21 − 4ℏωE21 + ℏ2(ω2 − γ212))

E2
21 + (ℏγ12)2

]
.

(2-234)

Finally we can write the total optical absorption coefficient in terms of the linear and non-

linear part as:

α(ω, I) = α(1)(ω) + α(3)(ω, I). (2-235)

Linear and non-linear changes in the refractive index

This section will show a procedure analogous to the previous one, to calculate changes in

the refractive index. First, it is assumed that the change in the refractive index is related to

the optical susceptibility through the following equation:

∆n(ω)

nr

= ℜ
(
χ(ω)

2n2
r

)
, (2-236)

To find the first-order term, we use the equation (2-219), replace the previous definitions of

each term, and taking the real part, the above allows us to find the following expression:

∆n(1)(ω)

nr

=
σv|M12|2
2n2

rε0

E21 − ℏω
(E21 − ℏω)2 + (ℏγ12)2

. (2-237)

Now we are going to calculate the third order correction to the change in the refractive index

from equation (2-229), where we will take the real part of the expression, therefore, we have:

∆n(3)(ω, I)

nr

=− I|M12|2σv
4n3

rε0c
ℜ
{

E21 − ℏω − iℏγ12
[(E21 − ℏω)2 + (ℏγ12)2]2

×[
4|M12|2 −

(M22 −M11)
2 (E2

21 + iℏγ12) (E21 − ℏω + iℏγ12)
E2

21 + (ℏγ12)2

]}
,

(2-238)

we use the relationship c2 = 1/ε0µ and solve the real part, we can arrive at:
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∆n(3)(ω, I)

nr

=− |M12|2σv
4n3

rε0c

µcI

[(E21 − ℏω)2 + (ℏγ12)2]2

{
4(E21 − ℏω)|M12|2 −

(M22 −M11)
2

E2
21 + (ℏγ12)2

×[
(E21 − ℏω)

(
E21(E21 − ℏω)− (ℏγ12)2

)
− (ℏγ12)2[2E21 − ℏω]

]}
,

(2-239)

the total change in refractive index is given by the sum of the first and third order terms,

therefore:

∆n(ω, I)

nr

=
∆n(1)(ω)

nr

+
∆n(3)(ω, I)

nr

. (2-240)

With what was done above we have that to the first order no variations in the absorption

or the change in the refractive index with the intensity of the field are observed due to the

independence of these with the Ẽ. In order not to ignore this dependence on the intensity

of the external field, it is necessary to consider in the calculations at least the third-order

term that has an explicit dependence on both the frequency of the external field and its

intensity [25–27].

2.2.4 The Finite Element Method

The finite element method (FEM) is a numerical technique for finding approximate solutions

to boundary value problems for partial differential equations (PDE). A weak formulation is

used together with the discretization of the PDE. The method consists of transforming the

PDE from its differential operational form to an integral form, and in terms of discretiza-

tion, the integrals are replaced by sums. Discretization involves a finite number of points

and subdomains in the mesh problem domain, as shown in 2-6. In this section, we will show

the steps to transform the Schrödinger equation to its weak formulation. In systems com-

prising two or more materials, the effective mass is not constant throughout the structure.

Considering the above, a more general form of the Schrödinger equation for a potential V is:

∇⃗ ·
[(−ℏ2

2m∗

)
∇⃗
]
ψ + V ψ = Eψ (2-241)

where ℏ is the reduced Planck constant, m∗ is the effective mass, ψ the wave function, and E

the energy. Multiplying this equation by some test function ϕ, integrating into the volume

Ω: ∫
Ω

∇ ·
[(

− ℏ2

2m∗∇ψ
)]

ϕ dΩ +

∫
Ω

(V − E)ψϕdΩ = 0, (2-242)

using the divergence property

∇⃗ ·
(
F⃗ v
)
= F⃗ · ∇⃗v +

(
∇⃗ · F⃗

)
v, (2-243)
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Figure 2-6: Illustration of FEM discretization. The Un are linear base functions and ψn are

the coefficients that adjust the numerical solution to the exact solution.

where F⃗ = −ℏ2
2m∗ ∇⃗ψ, taking into account the property shown in equation 2-243 in equation

2-242, we have:

∫
Ω

ℏ2

2m∗ ∇⃗ψ · ∇⃗ϕdΩ +

∫
Ω

∇⃗ ·
[(−ℏ2

2m∗ ∇⃗ψ
)
ϕ

]
dΩ +

∫
Ω

(V − E)ψϕdΩ = 0, (2-244)

Using Green’s first identity theorem:∫
Ω

∇ · (u∇v)dΩ =

∮
∂Ω

u∇v · n̂d(∂Ω), (2-245)

where ∂Ω is the boundary of the system and n̂ is the unit vector pointing outward and

perpendicular to the surface. Applying the identity of the equation 2-245 to the equation

2-244, we can obtain the following expression:∫
Ω

ℏ2

2m∗ ∇⃗ψ · ∇⃗ϕdΩ−
∮
Ω

ℏ2

2m∗ ∇⃗ψ · n̂ϕd(∂Ω) +
∫
Ω

(V − E)ψ ϕdΩ = 0, (2-246)

when stationary problems are considered, the zero-flow condition of the system is considered

at the boundaries, therefore, the second term is zero [14]. The final simplified version of the

weak formulation is of the form:∫
Ω

(
ℏ2

2m∗ ∇⃗ψ · ∇⃗ϕdΩ
)
+

∫
Ω

(V − E)ψϕdΩ. (2-247)
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Equation (2-247) includes the superposition of the functions or their gradient, which sim-

plifies the calculations for small regions where the superposition is not zero. The great

advantage of the weak form is that no second-order derivative is involved and the functions

ψ and ϕ have to be continuous and differentiable only in the subdomains.

To understand how the method operates, Figure 2-6 illustrates how a domain is discretized

with the FEM. First, the function ψ is divided into n− 1 elements, or subdomains, with the

same length le, corresponding to the n nodes. In the figure, the black solid line is the exact

values, and the red dotted line is the FEM approximation. Something to remember is that

within a subdomain (contained between xi and xi+1) only two base functions contribute, the

others being zero. Vertical black dotted lines delimit the subdomain.

The example illustrated in Figure 2-6 uses linear functions based on ui with i = 1, 2, 3 · · · , n.
With the above, it is possible to write the real solution to the problem by making an approx-

imation through the linear combination of the functions ψ =
∑

i uiψi, where the coefficients

ψi are exact solutions of the problem in each node xi since the function is 1 there. The

coefficients ψi can be obtained from the equation that governs the problem under study,

which are simplified as a set of algebraic equations due to discretization.

In Figure 2-6, the shaded part represents the basis function and the periodic behavior that

it presents in a regular partition. Considering that the weak form of PDE contains the mul-

tiplication of the solution and the basic functions or their gradients, integral overlap only

occurs between two neighboring functions, which facilitates the calculations. So, to solve a

given problem, the first step is to take the initial differential equation to its weak form, then

the integrals are solved in each of the subdomains and the sum of all these contributions

corresponds to the complete solution. What finally sums up in a system of n algebraic equa-

tions that correspond to the n nodes in the discretization.

There are two common ways of choosing functions to do the discretization, the Rayleigh-Ritz

and Galerkin methods. The main difference between the two methods is that Galerkin uses

the same set of basis and test functions, while Rayleigh-Ritz does not. The Galerkin method

is very precise for solving differential equations in systems with complex geometries since

it allows the generation of adaptive meshes as well as a refinement or increase of nodes at

points that are difficult to solve [7, 22,28].
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[23] Planelles, J.; Climente, J.; Rajadell, F. Quantum rings in tilted magnetic fields. Physica

E 2006, 33, 370-375.

[24] Pourmand, S.; Rezaei, G.; Vaseghi, B. Impacts of external fields and Rashba and Dres-

selhaus spin-orbit interactions on the optical rectification, second and third harmonic

generations of a quantum ring. The European Physical Journal B 2019, 92:96, 2-7.

[25] Rosencher, E.; Bois, P.; Model system for optical nonlinearities: Asymmetric quantum

wells. Phys. Rev. B 1991, 14, 11315.

[26] Ahn, D.; Chuang, S.-L. Calculation of linear and nonlinear intersubband optical absorp-

tions in a quantum well model with an applied electric field. IEEE J. Quantum Elect

1987. 23, 2196.

56



References

[27] Akimov, V.; Tiutiunnyk, A.; Demediuk, R.; Tulupenko, V.; Soto. E.; Peñaranda, J.;
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3.1 Abstract

3.1 Abstract

A theoretical analysis of optical properties in a ZnS/CdS/ZnS core/shell/shell spherical

quantum dot was carried out within the effective mass approximation. The corresponding

Schrödinger equation was solved using the finite element method via the 2D axis-symmetric

module of COMSOL-Multiphysics software. Calculations included variations of internal dot

radius, the application of electric and magnetic fields (both oriented along z-direction), as

well as the presence of on-center donor impurity. Reported optical properties are the ab-

sorption and relative refractive index change coefficients. These quantities are related to

transitions between the ground and first excited states, with linearly polarized incident ra-

diation along the z-axis. It is found that transition energy decreases with the growth of

internal radius, thus causing the red-shift of resonant peaks. The same happens when the

external magnetic field increases. When the strength of applied electric field is increased,

the opposite effect is observed, since there is a blue-shift of resonances. However, dipole

matrix moments decrease drastically with the increase of the electric field, leading to a re-

duction in amplitude of optical responses. At the moment impurity effects are activated, a

decrease in the value of the energies is noted, significantly affecting the ground state, which

is more evident for small internal radius. This is reflected in an increase in transition energies.

Keywords: core/shell/shell quantum dot; donor impurity; external electric and magnetic

field; absorption coefficients.

3.2 Introduction

The study of low-dimensional semiconductor heterostructures (LDSH) has gained relevance

due to their high-efficient optoelectronic properties. In accordance, numerous theoretical

and experimental studies have been performed [1–5]. Among these structures it is possi-

ble to mention the quantum wells (with charge carrier confinement along one dimension),

quantum wires (confinement in two dimensions), and quantum dots (QDs). In the latter,

electrons (holes) are confined in all spatial directions, allowing for electronic properties of

great scientific and technological interest. Such features can be controlled by modifying the

size and/or the geometry of the system through the application of external electromagnetic

probes, hydrostatic pressure, and temperature; and also by suitable doping with impurity

atoms [6–15]. These LDSH have found practical realization in nanophotonics and nanoelec-

tronics thanks to controlled fabrication using techniques such as molecular beam epitaxy

(MBE), ultrasonic sol-gel, and hydrothermal method, among others; with nanostructure

sizes below 10 nm [16–21].

Among the most studied QDs, different geometrical shapes are present: cylindrical, pyrami-

dal, conical, and spherical [22–25]. In this work, we focus on studying a kind of core/shell/shell
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spherical QD, which consists of a semiconductor material surrounded by another one which

exhibits a different value of the energy band gap. In a QD, discrete energies depend on size,

external fields, band gaps, etc., with which physical and optical properties can be controlled

and used for applications in fields such as electronics, medicine, chemistry, and biology [26].

The most used semiconductor compounds to fabricate QDs are those formed by atoms of

II–VI, III–V, and IV–VI groups of the periodic table. Lately, researchers have become of

significant interest in studying core-shell QDs based on ZnS/CdS semiconductors, which find

a number of applications in photovoltaics, optoelectronics, medicine, and so on [27–30]. For

example, Linkov et al. demonstrated that multicomponent core/shell CdSe/ZnS/CdS/ZnS

QDs can be used as optimal fluorescent probes for the development of systems for cancer

diagnosis and treatment using anticancer compounds based on acridine derivatives [31]. In

2019, Zeiri et al. conducted a study on the third-order nonlinear optical susceptibility for

CdS/ZnS/CdS/ZnS core/shell/well/shell spherical QDs, reporting that both the position

and the intensity of the peaks can be controlled by varying the thickness of the shell. Fur-

thermore, as the width of the inner or outer layer increases, the susceptibility peaks are

shifted towards the red with increasing intensities [32]. In 2022, Kuzyk et al. studied the

possible applications in nanomedicine of deformation effects in CdSe-core/ZnS/CdS/ZnS-

shell QDs, and how they interact with human serum albumin, finding that QDs with three

layers are more sensitive to deformation and, at the same time, the strain is almost inde-

pendent of the radius of the core. In the proposed system, significant strains arise in the

CdSe/ZnS/CdS/ZnS/Qd-human serum albumin bionanocomplexes, which can lead to an

energy shift of the conduction band edge by 40meV. Lastly, they state that their results can

be used to develop bionanosensors for the determination of albumin concentration [33].

Here, we shall use the effective mass approximation to conduct a theoretical analysis of

ZnS/CdS/ZnS core-shell-shell QD optical properties. The electronic states in the system are

numerically determined using finite element method (FEM) as implemented in COMSOL-

Multiphysics package in the axis-symmetric module. The calculations include the variation

of the internal radius (R1), as well as changes in the intensities of the external magnetic

and electric fields, both with and without the presence of an on-center donor impurity. The

analysis of optical response goes through the evaluation of linear and nonlinear coefficients of

both light absorption and relative refractive index change from the corresponding expressions

derived within the density matrix formalism. The article’s organization is as follows: Section

3.3 presents the theoretical framework, in Section 3.4, we discuss the results, and Section

3.5 is devoted to the main conclusions of the work.

3.3 Theoretical Model

Figure 3-1 shows the investigated system, a ZnS/CdS/ZnS spherical QD of the core/

shell/shell type (a). The dimensions of the core, inner shell, and outer shell are R1, R2,
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and R3, respectively (b). In (b), the lowest part of the figure shows a schematic view of the

radial-dependent confinement potential. This function is set as zero within the CdS material,

V0 in the ZnS material, and infinite in the vacuum-external region. Effects of an on-center

donor impurity, an axially applied magnetic (B⃗), and an electric (F⃗z) field, have been taken

into account. In Figure 3-1c, the projection on the plane φ = 0 of the structure is presented.

The rotation of the region shown around the z-axis gives rise to the structure shown in Figure

3-1a. In addition, the particular mesh used in FEM calculations is schematically presented.

It is readily apparent that in the region of the first shell layer, much greater refinement of

the mesh has been considered compared to that chosen for the other two regions. Dirichlet

boundary conditions are assumed on the semicircle of radius r = R3 (the outer one).

(a)

(b)

z

r

(c)

Figure 3-1: (a) ZnS/CdS/ZnS spherical quantum dot heterostructure considered in this

work. In (b), the dimensions of the quantum dot and the applied axial electric

and magnetic field are indicated together with the radial dependent confinement

potential. In (c) is depicted the φ = 0-projection of the heterostructure (where

cylindrical coordinates are considered) together with the refined mesh used in

the finite element method calculations.
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In Cartesian coordinates, the parabolic band effective-mass Schrödinger equation for a con-

duction electron confined in the structure, with all the contributions mentioned above, is

written in the form:

[
1

2m∗c

(
p⃗+ e A⃗

)2
+ e Fz z + V (x, y, z)− κ e2

4π ε0 εcr R

]
ψ(x, y, z) = E ψ(x, y, z) , (3-1)

where m∗c is the electron effective mass, εcr is the static dielectric constant (the index c

indicates the core or shell materials), R =
√
x2 + y2 + z2 is the electron-impurity distance

(with the shallow-donor impurity placed at the center of the structure), p⃗ = −i ℏ ∇⃗, e is

the absolute value of the electron charge, and V (x, y, z) = V (r) (with V (r) expressed in

cylindrical coordinates) is the radially symmetric confinement potential. Here, κ is a pa-

rameter that controls the presence or absence of the shallow donor impurity (κ = 0 removes

the impurity effects whereas κ = 1 turns them on). Besides, A⃗ = −B
2
(y î − x ĵ) represents

the potential vector associated to the applied magnetic field, where B⃗ = ∇⃗ × A⃗ comes from

the symmetric gauge. As mentioned, we impose Dirichlet boundary conditions at the outer

edges of the barrier matrix. The process also assumes BenDaniel-Duke conditions at the

inner QD interfaces (see Figure 3-1b,c).

The m∗c and V (r) terms in Equation (3-1) depend on the radial position in the heterostruc-

ture and they are expressed as:

m∗c =


m∗ZnS , if 0 ≤ r ≤ R1 ,

m∗CdS , if R1 < r ≤ R2 ,

m∗ZnS , if R2 < r ≤ R3 ,

(3-2)

and

V (r) =


V0 , if 0 < r ≤ R1 ,

0 , if R1 < r ≤ R2 ,

V0 , if R2 < r ≤ R3 ,

∞ , if r > R3 .

(3-3)

Expanding Equation (3-1), and using the azimuthal symmetry condition of the system, it is

possible to propose in cylindrical coordinates a solution of the type ψ(x, y, z) = ψ(r, φ, z) =

R(r, z) eimφ, where the m is the principal quantum number. Consequently, the R(r, z)

function satisfies the differential equation

[
− ℏ2

2m∗c∇
2
r,z +

m2 ℏ2

2m∗c r2
+

ℏ eBm

2m∗c +
e2B2 r2

8m∗c + e Fz z

− k e2

4 π ε0 εcr R
+ V (r)

]
R(r, z) = EmR(r, z),

(3-4)
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where ∇2
r,z is the r- and z-dependent two-dimensional Laplacian operator and ρ =

√
r2 + z2

is the electron-impurity distance.

The study is focused on electron confinement effects related to QD dimensions and on the

influence of externally applied electric and magnetic fields, with and without on-center donor

impurity effects. The Equation (3-4), is solved via the FEM [34–36], using the COMSOL-

Multiphysics licensed software [37–39], with which it is possible to obtain the wave functions

and the energies of the different states. The settings used to build an extra fine, user-

controlled mesh are: 6185 mesh vertices, 12,104 triangles, 460 edge elements, 10 vertex

elements, 0.6179 minimum element quality, 0.8964 medium element quality, 0.2051 element

area ratio, and 226.2 nm2 mesh area. Employed hardware contains a single 11th-generation

i7 processor. Obtained electron states are then used to evaluate the optical properties

(absorption and the relative refractive index change coefficients) associated with transitions

between the lowest two energy levels (the ground state and the first excited state). Keeping

in mind the characteristic spherical symmetry of the system, the expression to evaluate the

first-order absorption coefficients is:

α(1)(ω) =

√
µ0

εr ε0

ω e2 σ ℏΓ12 |M12|2
(E12 − ℏω)2 + (ℏΓ12)2

. (3-5)

The expression to evaluate the third-order absorption coefficients is given by

α(3)(ω, I)=−
√

µ0

εr ε0

2 I

n ε0 c

ω e4 σ ℏΓ12 |M12|4
[(E12 − ℏω)2 + (ℏΓ12)2]2

. (3-6)

The total absorption coefficient is the sum of the linear and the third order:

α(ω, I) = α(1)(ω) + α(3)(ω, I) . (3-7)

The corresponding expressions to evaluate the relative refractive index change are, respec-

tively:
∆n(1)(ω)

n
=
σ e2 |M12|2
2 ε0 εr

E12 − ℏω
(E12 − ℏω)2 + (ℏΓ12)2

, (3-8)

∆n(3)(ω)

n
=

−σ µ0 c I

n3 ε0

e4 |M12|4 (E12 − ℏω)
[(E12 − ℏω)2 + (ℏΓ12)2]2

, (3-9)

and
∆n(ω, I)

n
=

∆n(1)(ω)

n
+

∆n(3)(ω, I)

n
. (3-10)

The above expressions arise from the density matrix formalism as developed in Ref. [40],

where E12 = E2 −E1 is the transition energy between the initial (“1”) and final (“2”) state.

In addition, M12 represents the reduced off-diagonal dipole matrix element between the two

electronic states (divided by the charge of the electron). For z-polarized incident radiation,
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this quantity can be written as M12 = ⟨ψ1(r, φ, z)|z|ψ2(r, φ, z)⟩. Additionally, ℏΓ12 is a

damping term associated with the electron lifetime due to the dispersion between subbands

(which, here, has a value of 0.7meV). Besides, n =
√
εr is the relative refractive index, µ0 is

the vacuum magnetic permeability (4 π × 10−7TmA−1), σ is the charge carrier density, set

at 3.0× 1022 m−3. Finally, I represents the intensity of the optical radiation in the system,

whose value has been chosen equal to 30MW/m2.

The interaction energy between the electron and the impurity is known as the binding energy.

It is calculated from the following expression:

Eb = Eκ=0 − Eκ=1, (3-11)

where Eκ=0 and Eκ=1 are the ground state energies without (κ = 0) and with impurity

(κ = 1), respectively.

3.4 Results and Discussion

Besides values above commented for some input parameters, the remaining ones used in this

work are: m∗CdS = 0.19m0, m
∗ZnS = 0.25m0, ε

CdS = 8.3, εZnS = 8.9, and V0 = 0.8 eV. Here,

m0 is the free electron mass [41]. In Equations (3-5)–(3-10), the parameters n and εr are

those corresponding to CdS.

In Figure 3-2, the lowest electronic states of a ZnS/CdS/ZnS spherical core/shell/shell QD,

for Fz = 0 and B = 0, are depicted as functions of the R1 radius, with and without shallow-

donor impurity effects. Figure 3-2a,b show that the energy of the three lowest levels increases

as R1 augments. This effect is associated with the Heisenberg uncertainty principle since

as the inner radius becomes larger, the thickness of the CdS shell, where the electron is

confined, decreases. Greater confinement produces an increase in energy. Figure 3-2b shows

the effect of a shallow donor impurity placed at the QD center. In this case, the energy levels

shift toward lower energies, below the conduction band, due to attractive electron-impurity

interaction. The minimum value of the electron-impurity distance is for the ground state

(m = 0). This explains why this state is the one that undergoes a greater displacement

towards lower energies. The inset in Figure 3-2a shows the electron-impurity binding energy

as a function of the internal radius. One may notice a decrease in the binding energy as the

internal radius grows. For example, for R1 = 1nm, it has a value of 39.195meV, while for

R1 = 4 nm is 24.392 meV. In fact, as the radius R1 increases, the electron moves further away

from the impurity, and this causes the impurity-electron Coulomb interaction to decrease.

Due to the spherical symmetry of the QD, in the absence and presence of impurities at

the center of the quantum dot, the energies shown in Figure 3-2a,b must have the same

degeneracies of a bulk hydrogen atom. For example, the first excited state must be triply
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degenerate, with the three solutionsm = 0,±1. Then, the second excited state has a five-fold

degeneracy: m = 0,±1,±2.
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Figure 3-2: The first three lowest electronic states of a ZnS/CdS/ZnS spherical

core/shell/shell quantum dot as functions of the R1 radius. Figure (a) presents

the results without, and (b) those with effects of an on-center donor impurity,

with R2 = 11nm and R3 = 12nm, for different values of the m-quantum num-

ber and without effects of external electric and magnetic fields. Labels near

the curves indicate the values of the m-quantum number. The inset in Figure

(a) corresponds to the ground state (lowest state with m = 0) binding energy

between the impurity and the electron as a function of the internal dot radius.

In both panels, solid symbols correspond to the energies obtained by solving the

three-dimensional problem using Equation (3-1).

With the aim of confirming the results obtained, we have proceeded to derive the solution

directly from Equation (3-1), which corresponds to a three-dimensional problem. The cor-

responding outcome appears plotted in Figure 3-2 using solid symbols. As can be seen,

65
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the results exactly coincide for both the 3D solution, Equation (3-1), and the 2D solution,

Equation (3-6), which uses the axial symmetry of the problem. Likewise, in the case of the

configuration without impurity, in the absence of applied fields, the problem of an electron

confined in a multilayer QD with spherical symmetry has a quasi-exact solution. Accordingly,

the wave function in the different regions of the QD can be written as a linear combination

of radial Bessel functions. Applying the Ben Daniel-Duke boundary conditions, we arrive

at a transcendental equation whose numerical solution leads to obtaining the energies of

the confined particle. The full symbols have also been obtained by solving this quasi-exact

problem, again showing an excellent agreement for the three calculation procedures used.

One of the differences between obtaining the solution of Equations (3-1) and (3-6) lies in the

computation time. Using a 2.8 GHz Intel i7-processor, obtaining the ground state energy

[using Equation (3-6)], for a single value of R1 in Figure 3-2a, takes 3 s of computing time, a

situation that increases by a factor of 4 when calculating the same energy in the 3D-module

that corresponds to the solution of Equation (3-1).

Figure 3-3 contains plots of the lowest three electronic states in a ZnS/CdS/ZnS spherical

core/shell/shell QD as functions of the applied magnetic field with and without on-center

shallow donor impurity effects for several values of the m-quantum number. From Fig-

ure 3-3a, it is possible to observe that the magnetic field breaks the first excited state triple

degeneracy and the second excited state degeneracy. States with a positive value of m al-

ways increase in energy with the strengthening of the applied magnetic field. For states with

a negative m-value, energies initially show a decreasing character with the magnetic field.

They evolve to reach a minimum value, becoming the actual ground state of the system and,

then, start to augment. Consequently, as a result of the modification of the energy spectrum

due to the increment in magnetic field intensity, the ground state does not preserve the s-like

symmetry. From this figure, it is also noticed that, with a zero magnetic field, the first and

second excited states have degeneracies of order three and five, respectively, as indicated

in the discussions of Figure 3-2a,b. On the other hand, Figure 3-3b shows the energies as

functions of the external magnetic field, taking into account the effects of the donor impu-

rity at the center of the QD. As commented, energy levels shift towards lower values due to

the attractive nature of the Coulombic coupling with the ionized impurity. It is seen that

in Figure 3-3a,b, the energy behavior shows the same trend. Actually, the impurity effect

under the magnetic field is not very noticeable compared to the system without the impurity

since it changes from about 3.723meV to 3.874meV. This is reflected in the binding energy

(see inset in Figure 3-3b), where it increases as the magnetic field increases.
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Figure 3-3: The lowest three electronic states in a ZnS/CdS/ZnS spherical core/shell/shell

quantum dot as functions of the applied magnetic field. Plot (a) contains results

without, and (b) includes on-center donor impurity effect, for R1 = 4nm, R2 =

11nm, and R3 = 12nm. Different values of the m-quantum number and without

external electric field effects have been considered. Labels close to the curves

give the values of the m-quantum number. The inset in (b) corresponds to the

ground state (lowest state with m = 0) binding energy as a function of the

applied magnetic field.

Results for allowed electron energies as functions of an externally applied static electric field

appear plotted in Figure 3-4, without and with on-center donor impurity effects for B = 0.

Figure 3-4a shows that energy drops as the intensity of the applied electric field increases.

Due to the spherical symmetry of the system, the same behavior for negative values of the

electric field occurs, so the plot only shows positive values of field intensity. In the high

electric field regime, the wave function is compressed towards the regions with z = −R2,

the region at which the confining potential becomes deeper due to the negative potential

contribution. As observed, the electric field breaks the triple degeneracy of the first excited

67



3.4 Results and Discussion

state, giving rise to a doubly degenerate energy state that comes from the solutions with

m = ±1 and to a non-degenerate state for m = 0; for which the two antinodes are located

along the z-axis. This state responds differently to the electric field than the states with

m = ±1, since it initially shows a growing behavior, after which there begins a descent when

the field becomes strong enough.
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Figure 3-4: The lowest electronic states in a ZnS/CdS/ZnS spherical core/shell/shell quan-

tum dot as functions of the applied electric field. In (a), results are presented

without, and in (b) with on-center donor impurity effects, with R1 = 4 nm,

R2 = 11 nm, and R3 = 12 nm. Different values of the m-quantum number

and without external magnetic field effects have been considered. Labels above

each of the curves give the values of the m-quantum number. The inset in (b)

corresponds to the ground state (the lowest state with m = 0) binding energy

as a function of the applied electric field.

Figure 3-4b presents the effects of the donor impurity combined with the electric field. The

first thing to highlight is that there is a drop in the energy values compared to the situation
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depicted in Figure 3-4a. The second aspect to note is the systematic decrease of the ener-

gies as the electric field increases—opposite to the trend reported in Figure 3-3b—and the

presence of the same kind of degeneracies discussed above. This has to do with the impurity

position at the center in the QD, which preserves the spherical symmetry. When analyzing

the behavior of binding energy as the electric field increases (see inset in Figure 3-4b), it

is noticed a reduction in its value; for example, for a zero electric field, we have a binding

energy of 24.392meV, and for an electric field of 50 kV/cm is 23.443 meV. The electric

field confines the electron to the inner edge of the region z = −R2, which implies a drop in

the Coulomb interaction between the impurity and the electron since the effective electron-

impurity distance augments.

Now, we report on the behavior of squared reduced dipole moment matrix element (|M12|2)
for electron transitions from the ground state (|1⟩) to the first excited state (|2⟩) in a

ZnS/CdS/ZnS spherical core/shell/shell QD, with m = 0. Results will be presented tak-

ing into account the influence of external fields—electric and magnetic—oriented along the

z-direction, as well as the changes in the QD dimensions, controlled through R1. Analysis

of Figures 3-5–3-7 requires an understanding of wave functions symmetries. Transitions

studied are those involving states with m = 0 since the used incident radiation is linearly

polarized in the z-direction, thus making the transitions to states withm ̸= 0 to be forbidden.

Variation of |M12|2 and transition energy, E12, as functions of the internal radius for a

confined electron in a ZnS/CdS/ZnS spherical QD with and without the effects of on-center

donor impurity is shown in Figure 3-5. According to Figure 3-5a, by increasing the QD

internal radius, the size of the shell -where the electron is confined- decreases, causing a

linear increase of |M12|2. This behavior is shown in the inset, from which one may conclude

that the spatial overlap between wave functions increases when moving from 1nm to 8 nm in

the internal radius. In Figure 3-5b, with the inclusion of donor impurity influence, a similar

behavior is observed for |M12|2. From the inset in Figure 3-5b, it is seen that the ground

state wave function is attracted to the impurity while the first excited wave function remains

almost unchanged. Hence, the overlap between both states decreases concerning the case

without impurity. For example, |M12|2 has a value of 13.330 nm2 for R1 = 1 nm without

impurity. With impurity effects, the value falls to 8.380 nm2, with a difference of 4.950 nm2,

which becomes smaller as the radius increases, weakening the Coulombic interaction. Figure

3-5c,d show the corresponding variation of the transition energy from the ground state to the

first excited state, with and without impurity, from which it is seen that as the R1 increases,

this energy decreases. As the internal radius increases, the shell decreases, causing the

energies of the ground state and the first excited state to increase, becoming closer to each

other for large radii (see Figure 3-2). From these two plots, Figure 3-5c,d, one may conclude

that the transition energy is higher for small internal radii with donor impurity effects. This

happens because, at a small internal radius, the interaction between the impurity and the
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electron is greater, causing the electron energies to fall below the conduction band (see

Figure 3-2b). But, when the inner radius gets larger, the impurity-electron interaction

becomes weaker, making the transition energy similar to the case without impurity. For

example, when R1 = 6 nm, without impurity, the transition energy is 5.820 meV, and with

impurity, it is 5.876 meV, having a difference of 0.056 meV.
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Figure 3-5: The variation of the |M12|2 (a,b), and the transition energy (c,d), as functions

of the internal radius R1, for transitions from the ground state (|1⟩) to the first

excited state (|2⟩) with m = 0, for an electron confined in a ZnS/CdS/ZnS

spherical QD. (a,c), present the results without, and (b,d) with the effects of a

donor impurity located at the center of the dot system. Calculations are with

R2 = 11nm and R3 = 12nm, without effects of external electric and magnetic

fields.
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Figure 3-6: The variation of |M12|2 (a,b), and the transition energy (c,d), as a function of

the magnetic field, for transitions from the ground state (|1⟩) to the first excited

state (|2⟩) with m = 0, for an electron confined in a ZnS/CdS/ZnS spherical

QD. (a,c) are without, and (b,d) are with the effects of a donor impurity located

at the QD center. Calculations are with R1 = 4 nm, R2 = 11 nm, and R3 = 12

nm, without electric field effects.

Plots in Figure 3-6, represent results for the same quantities as in Figure 3-5 but considering

the variation of the intensity of the applied static magnetic field. From Figure 3-6a, it is

noticed an increase in |M12|2 as the strength of the applied magnetic field increases. This

happens because the ground state gradually changes from a uniformly distributed probabil-

ity density at B = 0 to a concentrated probability density at the upper and lower regions

of the QD for B = 30T. At these regions, the first excited state presents its maximum

probability density, so the overlap between wavefunctions becomes larger. Effects associated

with an on-center donor impurity appear in Figure 3-6b, showing the same behavior as in
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Figure 3-6a. That is, when comparing the values of |M12|2 for the system with and without

impurity, a lower value is seen when there are impurity effects. For example, when B = 0,

in the absence of any impurity, |M12|2 has a value of 19.024 nm2. In the case that considers

the presence of an ionized impurity, it has a value of 18.208 nm2. Switching on the magnetic

field to B = 30T leads to a similar behavior. In the case without impurities, it has a value

of 21.760 nm2, and for the case with an on-center donor, it has a value of 20.581 nm2. This

is because, at zero applied magnetic field, the ground state wave function has its probability

density concentrated around the impurity. The first excited state presents a more significant

probability density localization at the upper and lower QD regions, thus producing a smaller

overlap between the involved states. In the 30 T case, the ground state wave function prob-

ability density is concentrated at the upper and lower areas of the QD. Consequently, the

overlap with the first excited state wave function grows since its probability density largely

locates within the same regions. At the same time, Figure 3-6c,d show the transition energy

from the ground state to the first excited state, with and without a donor impurity. It can

be observed that as the magnetic field increases, this quantity diminishes. This happens

because the action of the magnetic field is to bring together the energies of the ground state

and the first excited state for m = 0 (see Figure 3-3). So, the higher the magnetic field,

the smaller the difference between these energies. From both plots, it can be seen that the

transition energy is higher for small magnetic fields with donor impurity effects than when

the impurity is not considered. This is due to the impurity-induced energy shift towards

lower values, making the difference in Eb greater. This shift has an average magnitude of

0.412meV.

Figure 3-7 concerns to the same kind of study reported in previous Figures 3-5 and 3-

6, considering the applied electric field as the external probe. Results plotted in Figure

3-7a show that as the applied electric field strengthens, there is a magnitude decay of

|M12|2. Initially. it reaches a maximum value for Fz = 0, and then, it decreases. This

maximum appears because the ground state wave function is uniformly distributed over

the QD confinement region. In contrast, the first excited state has its lobes concentrated

at z = ±R2, thus producing the largest wave function overlap. The decreasing nature of

|M12|2 is because the electric field pushes |1⟩ and |2⟩ toward z = −R2; for example, at

Fz = 50 kV/cm the state |1⟩ is concentrated at z = −R2, and the lower lobes of state |2⟩ are
also concentrated there, giving the lowest overlap (see inset in Figure 3-7). In Figure 3-7b,

the results presented include the effects of the donor impurity. A behavior very similar to

the system without impurity is noted, with the difference that, for small values of the electric

field, |M12|2 has a smaller magnitude. For example, for Fz = 0, without impurities, |M12|2
has a value of 19.024 nm2, and 18.208 nm2 with impurity, although this difference begins to

disappear as the electric field increases. This situation has to do with the electron-impurity

interaction. For low electric fields, it is the dominant one -since the electron is closer to the

impurity-. In contrast, it loses strength in large fields due to the more significant electron-
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impurity separation. In this case, the ground state wave function gets closer to the impurity,

so the overlap is smaller than in Figure 3-7a.
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Figure 3-7: The variation of the |M12|2 (a,b), and the transition energy (c,d), as a function of

the electric field Fz, for transitions from the ground state (|1⟩) to the first excited
state (|2⟩) withm = 0, for an electron confined in a ZnS/CdS/ZnS spherical QD.

(a,c) results without, and (b,d) with the effects of a donor impurity, located at

the QD center, with R1 = 4 nm, R2 = 11 nm and R3 = 12 nm, without external

magnetic field effect.

Finally, Figure 3-7c,d show the transition energy from the ground state to the first excited

state, with and without impurity in the structure. In this plot, E12 increases as the electric

field strengthens. The reason for this variation is that an increase in the electric field im-

plies greater electron confinement. As plotted in Figure 3-4, all energies exhibit a decreasing
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trend, but the ground level decreases at a faster rate compared to the first excited one. When

evaluating E12, a more significant difference is obtained. On the other hand, by comparing

Figure 3-7c,d, it is observed that for zero electric fields, the transition energy is greater for

the case with impurity, but as the electric field increases, this difference disappears, which

indicates that the action of electric field predominates in the system.

The results reported in Figures 3-5–3-7 for the transition energies and |M12|2 factor are the
key elements to analyze the features of the optical responses of interest in this work. That

is, total optical absorption coefficient (α) and relative changes in the total refractive index

coefficient (∆n), both as functions of the incident photon energy through Equations (3-7)

and (3-10). Accordingly, the incoming electromagnetic wave is assumed to be polarized

along the z-direction. Results will be presented considering both the absence and presence

of the donor impurity at the center of the QD. In Figure 3-8, three values of the internal

radius (R1) are considered, taking into account the results of Figure 3-5. In Figure 3-9,

three values of the applied magnetic field will be shown, taking into account the results of

Figure 3-6. In Figure 3-10, three values of the applied electric field will be shown, taking

into account the results of Figure 3-7. The light intensity value used for the calculations

shown below is 30MW/cm2.

In Figure 3-8 the reported results correspond to the optical absorption coefficient and the

relative refractive index change coefficient, both as functions of the incident photon energy in

a ZnS/CdS/ZnS spherical core/shell/shell QD for several values of the internal dot radius.

Figure 3-8a,b show that there is a drop in the resonant peak magnitude for the linear

absorption coefficient (α(1)) as the inner radius increases. From Equation (3-5) it is seen

that the α(1) maximum amplitude is related to the quantity E12|M12|2. According to our

results, |M12|2 increases (see Figure 3-5a,b) and (E12) decreases (see Figure 3-5c,d) due to

the greater degree of confinement. In both cases, as a result, the α(1) amplitude decreases

as the radius increases. This occurs because the E12 value decays in greater proportion

than the increase of |M12|2. Accordingly, the decrease in amplitude, and the peak shift

of α(1) to the red, are directly related to the E12 behavior. The opposite effect occurs for

the third-order absorption coefficient (α(3)) since it shows an increase in amplitude as the

radius increases. This behavior is explained by Equation (3-6), in which it is observed that

the α(3) maximum amplitude is related to E12|M12|4. So, the fourth power dominates the

increase in the product. With Equation (3-7) and the above in mind, the behavior of the

total absorption coefficient (α) is explained. This quantity decreases both in its amplitude

and in the position of the peaks (redshift) due to the increase of the inner radius. The fall

in the amplitude of the total absorption coefficient is further enhanced by the increase in

the magnitude of α(3). Analyzing α in the presence of the on-center donor impurity allows

observing that, for a small radius, α exhibits a greater amplitude and a shift to higher energy

as compared to the no-impurity case; this is because E12 has a higher value for this case (see
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Figure 3-5c,d).
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Figure 3-8: The total (solid line), linear (dashed line), and nonlinear (dotted line) opti-

cal absorption coefficient (a,b), and the total (solid line), linear (dashed line),

and nonlinear (dotted line) relative changes in the refractive index coefficient

(c,d) as functions of the incident photon energy in a ZnS/CdS/ZnS spherical

core/shell/shell quantum dot, for three values of the internal radius: 1 nm (red

line), 4 nm (blue line), and 6 nm (black line). Results are without (a,c) and with

(b,d) donor impurity at the center of the dot. Calculations are with R2 = 11nm

and R3 = 12nm. The optical transition is between the states |1⟩ → |2⟩, with
m = 0 and without external electric and magnetic field effects.

Besides, Figure 3-8c,d show the linear and third-order contributions to the relative change

in the total refractive index coefficient. It is observed that both ∆n(1) and ∆n(3) increase
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in amplitude and shift to the red part of the spectrum as the internal radius increases, with

or without impurities. This behavior is driven by the increase of |M12|2 and the decrease

of (E12), Equations (3-8) and (3-9), producing very similar results in both cases with and

without impurity.
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Figure 3-9: The total (solid line), linear (dashed line), and nonlinear (dotted line) opti-

cal absorption coefficient (a,b), and the total (solid line), linear (dashed line),

and nonlinear (dotted line) relative changes in the refractive index coefficient

(c,d) as functions of the incident photon energy in a ZnS/CdS/ZnS spherical

core/shell/shell quantum dot, for three values of the magnetic field: zero (red

line), 20 T (blue line), and 30 T (black line). The results are without (a,c)

and with (b,d) donor impurity at the center in the QD. Calculations are with

R1 = 4nm, R2 = 11nm, and R3 = 12nm. The optical transition is between the

states |1⟩ → |2⟩, with m = 0 and without external electric field effects.
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The results depicted in Figure 3-9 are as those appearing in Figure 3-8, but with the consid-

eration of the influence of an applied magnetic field with increasing strength.

Figure 3-9a,b present the peak magnitude and energy of the total, linear, and non-linear

optical absorption coefficients. It is possible to notice that these coefficients decrease in mag-

nitude and energy position as long as the magnetic field increases. This diminishing trend

relates to the reduction in the value of the E12|M12|2 term as the magnetic field increases

(see Figure 3-6a,b). The energy shift towards the red results from the decreasing behavior

of E12 as the magnetic field intensity augments. A reflection of the rise in |M12|2 (see Figure
3-9c,d) are the changes suffered by ∆n, ∆n(1), and ∆n(3) with the increase of the magnetic

field. Their peaks increase in amplitude, in all cases, with and without the effect of impurity.

Again, the energy shift to lower energies is due to the decreasing character of E12. When

comparing the results with and without impurity, there are no very appreciable changes in

the magnitude and position on the energy scale, which reaffirms what is shown in Figure

3-6, that the impurity effect on the electron is small.

The calculated optical coefficients shown in Figure 3-10 follow the same structure as in

Figures 3-8 and 3-9 but were evaluated for several values of an applied electric field. Fig-

ure 3-10a,b show a clear decrease in the magnitude of both the absorption coefficient peak

and the relative refraction index change coefficient as the intensity of the applied electric field

increases. This occurs because, unlike the previous results in Figures 3-8 and 3-9, |M12|2
strongly decreases whilst E12 strongly increases with the field [see Figure 3-7]. The product

E12|M12|2 decreases as the electric field intensifies. A shift in the energy values towards the

blue appears because E12 increases as the electric field increases [see Figure 3-7c,d]. Finally,

in Figure 3-10c,d, it is shown that ∆n decreases as the electric field increases and shifts to

higher values of the incident photon energy due to the same reasons discussed above. An im-

portant result to keep in mind is that the impurity interacts more with the electron for zero

electric fields, but as the field increases, the influence of the impurity becomes almost null.

It is worth mentioning that α(3), and ∆n(3) are not shown in the graphs because depending

on |M12|4, their amplitudes are very small, and their contribution to the total values of α,

and ∆n, is unimportant.
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Figure 3-10: The total optical absorption coefficient (a,b) and relative changes in the total

refractive index coefficient (c,d) as a function of the energy of the incident

photon in a ZnS/CdS/ZnS spherical QD, for three values of the electric field:

zero, 30 kV/cm, and 50 kV/cm. The results are without (a,c) and with (b,d)

donor impurity at the QD center. Calculations are for R1 = 4nm, R2 = 11nm,

and R3 = 12nm. The optical transition is between the states |1⟩ → |2⟩, with
m = 0 and without external magnetic field effects.

Finally, it is worth commenting that the so-called colloidal quantum dots correspond to the

type of multilayer structures reported in this study. In general, their sizes are in the range of

4 nm and 10 nm in diameter, and their optical properties for technological uses are modifiable

with electric fields in the range of several tens of kV/cm and magnetic fields in the range

from 0–50 T [42–44]. We hope that this study will serve as motivation for researchers in the

experimental field to undertake the task of synthesizing the type of multilayer structures such

as the one reported in this article and to consider the possibility of technological applications.
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3.5 Conclusions

We have investigated the nonlinear optical response of ZnS/CdS/ZnS core/shell/shell spher-

ical quantum dots related to energy transitions between the ground state (|1⟩) and the first

excited state (|2⟩) in the system. For that purpose, the electronic states were determined

from the solution of the effective mass equation -with and without the presence of a donor

impurity (which was assumed to be placed at the center of the spherical complex)- using

the finite element method as implemented in COMSOL-Multiphysics software. The study

considers the influence of changes in dot size and the presence of static electric and magnetic

fields externally applied to the system. It is determined that geometrical modifications, as

well as the increment in applied field intensities, have a noticeable impact on the amplitude

and the position of total -linear plus third-order nonlinear- light absorption and relative

refractive index change coefficients. Besides, the inclusion of impurity effects reveals signifi-

cant modifications in the electronic spectrum, which also reflect on the investigated optical

properties.

Results obtained for peak energies and amplitudes in the optical coefficients could be used

in the designing of optoelectronic devices, which would be tuned to different energies and

amplitudes by changing the external probes and electric and magnetic fields. For instance,

in this case, transition energies fall within the range 1.5–20meV, which corresponds to the

terahertz region.
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4.1 Abstract

4.1 Abstract

A theoretical analysis was carried out to investigate the electronic and optical properties of a

confined electron–hole pair in type-II core–shell spherical quantum dots based on CdSe/ZnTe

and ZnTe/CdSe heterostructures. The Schrödinger equations for the electron and the hole

were numerically solved using the 2D axisymmetric module of COMSOL Multiphysics, which

employs the finite element method under the effective mass approximation. Additionally, a

custom Fortran code was used to compute the excitonic energy by solving the Coulomb inte-

gral. The calculations encompassed variations in the inner radius (R1), as well as variations

in the electric (Fz) and magnetic (B) fields along the z-axis. The absorption coefficients

were determined for transitions between the hole and electron ground states, considering

z-polarized incident radiation. Including a magnetic field increases the transition energy,

consequently causing the absorption peaks to shift toward the blue region of the spectrum.

On the other hand, the electric field decreased the overlap of the electron and hole wave-

functions. As a result, the amplitude of the absorption peaks decreased with an increase in

the electric field.

Keywords: type-II quantum dot; absorption coefficient; ZnTe/CdSe; CdSe/ZnTe; mag-

netic field; electric field.

4.2 Introduction

There is an increasing demand for electronic devices based on semiconductor heterostruc-

tures at the nanometer scale. This demand has led to a rise in theoretical and experimental

studies to discover new properties (such as electronic, optical, and optoelectronic) or improve

existing ones in these devices.

When two semiconductor materials with different forbidden energy gaps are brought to-

gether, one acts as the potential well region while the other acts as the barrier region for

electrons and holes. A quantum well is formed when the motion of electrons and holes is

confined in one dimension. Similarly, confinement in two spatial dimensions results in a

quantum wire, and confinement in all three dimensions leads to quantum dots (QDs), where

the whole energy spectrum of particles becomes discrete. These systems are highly sensi-

tive to geometry, size, and external probes, such as magnetic and electric fields [1–4]. They

are also influenced by the shallow-donor and -acceptor impurities [5–7], neutral and charged

excitons [8–10], intense resonant and non-resonant lasers [11], hydrostatic pressure, tempera-

ture [12], and the inclusion of spin–orbit and Zeeman effects, represented by the Rashba and

Dresselhaus terms [13,14]. All these effects significantly modify the electronic, optical, ther-

mal, and mechanical properties of semiconductor nanostructures. It is worth recalling that

when considering most of the external effects mentioned earlier, analytical solutions for the
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problem of finding energy eigenstates are not available. Therefore, various numerical meth-

ods are employed, such as the finite element method (FEM) and the finite difference method.

Moreover, QDs can be fabricated in the experimental domain using molecular beam epitaxy

(MBE), hydrothermal method, and ultrasonic sol-gel. These techniques allow for precise con-

trol over the dimensions and composition of the QDs [15–20]. The semiconductor properties

of QDs are highly influenced by their shapes and sizes compared to the constituent mate-

rials [21]. Among the various 2D geometries studied, we have disks and rings, while in the

3D realm, there are structures like cylinders, cones, pyramids, and spherical shapes [22–26].

The primary focus of this work is to investigate type-II core-shell QDs with a spherical shape.

These QDs are characterized by having the conduction band minimum (electron confine-

ment) spatially separated from the valence band maximum (hole confinement). This implies

that when electrons are confined in the core, the holes are confined in the shell, or vice versa.

An example of a type-II QD is formed by combining two semiconductor materials, CdSe

and ZnTe. In this case, CdSe acts as the hole barrier and electron well, while ZnTe is the

hole well and electron barrier. The literature contains numerous reports emphasizing the

excellent electronic and optical properties of type-II QDs based on ZnTe and CdSe [27–29].

One notable study was conducted by Chen et al. where they synthesized and characterized

CdSe/CdTe/ZnTe type-II core-shell-shell QDs. They discovered an extraordinarily long ra-

diative lifetime of 10ms for interband emission due to the spatial separation of electrons

and holes between CdSe and ZnTe facilitated by the CdTe intermediate layer [30]. In 2023,

Jaouane et al. performed a theoretical analysis of the optical properties of spherical core-shell

QDs with a modified Kratzer potential. Their investigation focused on transitions between

the ground and the first excited states. They observed that the absorption coefficients were

redshifted by varying the parameter re, representing the potential bond length. Additionally,

they found that these quantities were blue-shifted when shielding and control parameters of

the Kratzer potential were varied [31]. Another study in 2023 by Koç et al. explored the elec-

tronic and optical properties of excitons and biexcitons in multi-shell CdS/ZnSe/ZnTe/CdSe

QDs as a function of the core size. The researchers reported that the size of the ZnSe shell

could be manipulated to control the overlap between electron and hole wavefunctions while

keeping the exciton and biexciton transition energy nearly unchanged. This ability to engi-

neer the wavefunctions in type-II multilayers allowed for a wide range of tunability in radia-

tion lifetime without significant changes in transition energies [?]. Restrepo and co-authors

developed a theoretical model to describe excitonic states in colloidal spherical QDs with

quasi-infinite confinement potential [33]. Using a two-band model, they found an excellent

match between their theoretical findings and the experimentally reported photoluminescence

energy, obviously, with minor differences.

Type II quantum dots (QDs) undergo significant changes in their electronic and optical
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properties when exposed to external fields. In a study conducted by Holovatsky et al. in

2023 [34], they theoretically explored the effects of a magnetic field on the electronic proper-

ties and optical quantum interband transitions in type II ZnTe/CdSe and CdSe/ZnTe QDs.

Their findings revealed that the magnetic field breaks the spherical symmetry of the system,

resulting in energy spectrum degeneracy concerning the magnetic quantum number. More-

over, they observed a dependence of the oscillator strength on the magnetic field, as the

field affects the overlap of electron and hole wavefunctions. In 2007, Kuskovsky et al. [35]

presented experimental and theoretical studies on magnetoexcitons in type II QDs formed

in Zn-Se-Te multilayers. Their primary objective was to investigate the impact of an in-

tense magnetic field (31T) on the optical properties. The results demonstrated that the

magneto-photoluminescence exhibited a non-monotonic behavior of the exciton emission in-

tensity concerning the magnetic field, indicating the manifestation of the Aharonov–Bohm

effect. These findings were further supported by the performed numerical calculations. Ad-

ditionally, Roy et al. in 2012 [36] conducted an experimental study on the influence of

magnetic and electric fields on type II ZnTe/ZnSe QDs. The authors reported observing

robust and narrow Aharonov–Bohm oscillations in the magneto photoluminescence intensity

of the stacked QDs due to an embedded electric field. Furthermore, they noticed a decrease

in Aharonov–Bohm oscillations, which they attributed to the electric field’s presence.

Building upon the previously reported works mentioned above, this study aims to investigate

the effects induced by changes in the core size and the inclusion of external electric and mag-

netic fields on the electronic and optical properties of type-II quantum dots (QDs) made of

ZnTe/CdSe and CdSe/ZnTe. To achieve this, we will conduct numerical calculations using

the Finite Element Method (FEM) within COMSOL-Multiphysics software, employing the

2D axis-symmetric module while considering the effective mass approximation. The the-

oretical calculations will focus on determining the energies and wavefunctions of spherical

core-shell type-II QDs composed of ZnTe/CdSe and CdSe/ZnTe. These calculations will

take into account variations in the internal radius (R1) as well as changes in the external

electric (Fz) and magnetic (B) field strengths, both aligned along the z-axis. To account for

the Coulomb interaction between the electron and the hole, a Fortran code will be utilized.

Subsequently, using the energies and wavefunctions obtained for the electron-hole system,

we will examine the optical response of the QDs to light absorption by analyzing the absorp-

tion coefficient at the quantum interband transitions between the hole’s ground state and

the electron’s ground state. The structure of the article is organized as follows: Section 4.3

presents the theoretical framework used in the calculations, Section 4.4 discusses the results

obtained from the simulations, and Section 4.5 provides a summary of the main conclusions

drawn from this study.
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4.3 Theoretical Model

Figure 4-1 shows the pictorial views of the two investigated systems, which are type-II

spherical ZnTe/CdSe and CdSe/ZnTe core/shell QDs. The inner and outer radius dimen-

sions are R1 and R2, respectively. In the lowest part of the figure, we have represented a

schematic view of the r-dependent confinement potential for valence and conduction bands.

This function is set for electrons as zero within the CdSe material, Ve in the ZnTe material,

and infinite in the vacuum external region. This function is set for holes as zero within the

ZnTe material, Vh in the CdSe material, and infinite in the vacuum external region. An ax-

ially applied magnetic (B k̂) and electric (Fz k̂) field have been taken into account.

In Cartesian coordinates, the effective mass Schrödinger equation for an electron (hole)

confined in the structure, with all the above-mentioned contributions, is written in the form:

{(
p⃗i − qi A⃗i

)
·
[

1

2m∗
i (r⃗i)

(
p⃗i − qi A⃗i

)]
− qi F⃗ · r⃗i + Vi(r⃗i)

}
ψi(r⃗i) = Ei ψi(r⃗i) , (4-1)

where i = e, h corresponds to electron (hole), m∗
i (r⃗i) is the position-dependent electron

(hole) effective mass, p⃗i = −i ℏ ∇⃗i, r⃗i = xi î + yi ĵ + zi k̂, qe = −e is the electron charge,

qh = +e is the hole charge, and e is the absolute value of the elementary charge. Addition-

ally, A⃗i = −B
2
(yi î− xi ĵ) is the vector potential associated with the applied magnetic field,

where B⃗ = ∇⃗i × A⃗i and ∇⃗i · A⃗i = 0.

Expanding Equation (1), and considering that the electric field is applied along the z-

direction, we obtain:

{
− ℏ2

2
∇⃗i ·

(
1

m∗
i (r⃗i)

∇⃗i

)
− i ℏ qiB

2m∗
i (r⃗i)

(
y
∂

∂x
− x

∂

∂y

)
− i ℏ qiB

4
∇⃗
(

1

m∗
i (r⃗i)

)
· (yi î− xi ĵ)

+
q2i B

2(x2i + y2i )

8m∗
i (r⃗i)

− qiFzzi + Vi(r⃗i)

}
ψi(r⃗i) = Ei ψi(r⃗i) .

(4-2)

In the absence of electric and magnetic fields, our problem has spherical symmetry, and the

3D wavefunction can be written as the product of a one-dimensional function for the co-

ordinate r and a two-dimensional function depending on the angular coordinates, θ and

φ, known as spherical harmonics. By turning on either or both electric or magnetic fields

applied along the z-direction, the system loses spherical symmetry but preserves cylindrical

symmetry about the z-axis. This situation is also valid when both fields are zero. In that

sense, it is useful to work in cylindrical coordinates to use such symmetry. Using the az-

imuthal symmetry condition, it is possible to propose, in cylindrical coordinates, a solution

of the type
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ψi(r⃗i) = ψi(ρi, φi, zi) = Ri(ρi, zi) e
imi φi , (4-3)

where the mi-integer is the magnetic quantum number (mi = 0,±1,±2, . . . ). Consequently,

the Ri(ρi, zi) function satisfies the differential equation

[
−∇⃗2D,i ·

(
ℏ2

2m∗
i (ρi, zi)

∇⃗2D,i

)
+

m2
i ℏ2

2m∗
i (ρi, zi) ρ

2
i

− ℏ qiBmi

2m∗
i (ρi, zi)

+
q2i B

2 ρ2i
8m∗

i (ρi, zi)
− qi Fz zi + Vi(ρi, zi)

]
Ri(ρi, zi) = EiRi(ρi, zi),

(4-4)

where ∇⃗2D,i is the ρi- and zi-dependent two-dimensional gradient operator.

Figure 4-1: ZnTe/CdSe (a) and CdSe/ZnTe (b) spherical quantum dot cross-section. The di-

mensions of the QD and the axially applied electric and magnetic field are indi-

cated together with the r-dependent confinement potentials.

We consider the parabolic band approximation, together with Dirichlet boundary conditions

at the outer edges of the barrier matrix and the BenDaniel–Duke conditions at the inner

QD interfaces (see Figure 4-1). Accordingly, m∗
i and Vi(ρi, zi) both depend on the position

in the heterostructure, and they are expressed for ZnTe/CdSe as
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m∗c
i (ρi, zi) =

{
m∗ZnTe

h if 0 ≤ ri ≤ R1

m∗CdSe
e if R1 < ri ≤ R2

(4-5)

and

Ve(ρe, ze) =


Ve if 0 < re ≤ R1

0 if R1 < re ≤ R2

∞ if re > R2

Vh(ρh, zh) =


0 if 0 < rh ≤ R1

Vh if R1 < rh ≤ R2

∞ if rh > R2 .

(4-6)

In the case of CdSe/ZnTe, the expressions are:

m∗c
i (ρi, zi) =

{
m∗CdSe

e if 0 ≤ ri ≤ R1

m∗ZnTe
h if R1 < ri ≤ R2

(4-7)

and

Ve(ρe, ze) =


0 if 0 < re ≤ R1

Ve if R1 < re ≤ R2

∞ if re > R2

Vh(ρh, zh) =


Vh if 0 < rh ≤ R1

0 if R1 < rh ≤ R2

∞ if rh > R2 .

(4-8)

In Equations (4-5)–(4-8), ri =
√
ρ2i + z2i .

By solving Equation (4-4), the ground state wavefunctions of the electron (ψ1
e(r⃗e)) and

the hole (ψ1
h(r⃗h)) are obtained. With them, it is possible to use a first-order perturbative

approximation to evaluate the excitonic interaction by means of the following Coulomb

integral [37,38]

Eexc =
e2

4 π ϵ0 ϵr

∫
Ωh

∫
Ωe

|ψ1
e(r⃗e)|2|ψ1

h(r⃗h)|2
|r⃗e − r⃗h|

dVe dVh , (4-9)

where ϵ0 and ϵr are the vacuum permittivity and dielectric constant, respectively, and

|r⃗e − r⃗h| is the e − h distance. Moreover, dVe and dVh represent the differential volume

for electron and hole. Since the interest is focused on the magnitude of the Coulomb inter-

action, the negative sign of the electrostatic energy has been omitted. We want to highlight

that Heyn and co-workers have used this perturbative approach in multiple studies where

excitonic states in heterostructures with axial symmetry have been described and found

very good agreement with experimental results for the photoluminescence peak energy tran-

sition [37,38].
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Taking advantage of the azimuthal symmetry of the problem, it is possible to calculate the

angular integration of Equation (4-9) analytically with a first-order elliptic integral (K(x)).

This will reduce the dimensions of the integral, going from six variables, three for the electron

and three for the hole (ρe(h), φe(h), ze(h)), to four variables (ρe(h), ze(h)):

Eexc =
q2

4πϵ0ϵr

∫
Ω′

h

∫
Ω′

e

|R1
e(ρe, ze)|2|R1

h(ρh, zh)|2
8 πK

(
rp

1+rp

)
r
√
1 + rp

 dV ′
ed V

′
h , (4-10)

where dV ′
e(h) = 2π ρe(h) dρeh dze(h), rp = 4 ρe ρh/r, and r =

√
(ρe − ρh)2 + (ze − zh)2. In the

above expression, the terms inside the square brackets come from the double angular integral

of the inverse electron-hole distance, and Ω′
h and Ω′

e correspond to the area. Note that due

to the system azimuthal symmetry in Fig. 4-1, the electron and the heavy hole ground state

wavefunctions do not depend on angular coordinates (φe(h)) [42].

This study focuses on investigating the effects of external magnetic and electric fields as well

as variations in the core size (represented by the parameter R1), on type-II spherical QDs

composed of ZnTe/CdSe and CdSe/ZnTe. The study specifically examines the confinement

of holes, electrons, and excitons within these QDs. Notably, despite utilizing an external

magnetic field, the Zeeman effect has been disregarded to facilitate a more detailed analysis

of the energy levels of the particles under investigation because for 30T the Zeeman effect is

of the order of 0.5meV (not shown here); this is very small compared to the orbital splitting

in our results.

Equation (4-4) is solved using the FEM within the axis-symmetric module of the COMSOL-

Multiphysics licensed software [39–41]. This solution provides the electron and hole wave-

functions and their corresponding energies. The computational settings employed in this

work include a user-controlled extra fine mesh with 15,520 vertices, 30,586 triangles, 664

edge elements, and seven vertex elements. The minimum element quality is set at 0.4766,

while the mean element quality is 0.9235. The area ratio element size is 0.0442, with a

total mesh area of 353.4 nm2. The hardware utilized consists of a single 11th-generation

i7 processor with 16 GB of RAM. To numerically calculate Equation (4-10), a Fortran 77

code is employed. The ground state wavefunctions (R1
e and R1

h), obtained from COMSOL-

Multiphysics regarding the coordinates (ρ, z), are exported and used as input. By discretizing

the electron and hole coordinates over the same set of mesh points, the wavefunctions are

represented at these specific locations. Consequently, the integral in Equation (4-10) can be

approximated using a Riemann sum [42].

The obtained electronic states for the electron and the hole are then utilized to evaluate the

absorption coefficient, which is dependent on the transitions occurring between the ground
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state of the electron and the hole. The following relationship provides the expression for

evaluating the absorption coefficients:

α(ℏω) =
e2 ω π

nr ϵ0 c L

∑
k

fk δk(Ee−h − ℏω), (4-11)

where Ee−h is the transition energy of the exciton, ℏω is the energy of the incident pho-

ton, δk is the line shape function, fk is the oscillator strength, and L is the diameter of

QD [11,26,43]. The sum is performed over all possible transitions in the system. Only the

transition 1s−1s of the electron and hole is considered for the absorption edge. The following

relationship calculates the oscillator strength for these optical transitions:

f1−1 =
2 π2Ep

Ee−h

∣∣∣∣∫ +R2

−R2

∫ +R2

0

R1
e(ρ, z)R

1
h(ρ, z) ρ dρ dz

∣∣∣∣2 , (4-12)

where the squared term, within the absolute value, is the overlap between the electron and

hole wavefunctions [44], and Ep is the Kane energy (19.1 eV for ZnTe [45] and 21 eV for

CdSe [44]). A homogeneous line broadening was considered; for that purpose, a hyperbolic

secant type function is selected to represent the δ-function in Equation (4-11), i.e.,

δ1−1(Ee−h − ℏω) ∼= 1

π ℏΓ
sech

(
ℏω − Ee−h

ℏΓ

)
. (4-13)

Here, ℏΓ is the linear factor of the broadening, which is related to the lifetime, and is taken

to be 30meV [26, 44]. Note that Equation (4-13) represents a δ-function shifted so that its

maximum position coincides with the e− h energy transition. Finally, the transition energy

is given by

Ee−h = Eg + E1
e + E1

h − E1
exc . (4-14)

Additionally, Eg is the effective energy gap between the lower part of the CdSe conducting

band and the upper part of the ZnTe valence band. For ZnTe/CdSe, Eg = EZnTe
g − Ve,

whereas for CdSe/ZnTe, Eg = ECdSe
g − Vh [29].

4.4 Results and Discussion

The parameters used in this work are: m∗CdSe
e = 0.13m0, m

∗CdSe
h = 0.45m0, ε

CdSe = 10.6,

ECdSe
g = 1.75 eV, m∗ZnTe

e = 0.15m0, m
∗ZnTe
h = 0.2m0, ε

ZnTe = 9.7, EZnTe
g = 2.2 eV,

Ve = 1.27 eV, and Vh = 0.84 eV [35]. Here, m0 is the free electron mass.

Figure 4-2 illustrates the energy variation concerning the inner radius for the ZnTe/CdSe

(Figure 4-2a,c) and CdSe/ZnTe (Figure 4-2b,d) QDs. In Figure 4-2a–d, the electron/hole

energies are depicted. Figure 4-2a,d demonstrate the confinement of both electrons and
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holes within the shell, where an increment in the inner radius leads to a reduction in the

size of the shell, with the subsequent increase in energies. Conversely, Figure 4-2b,c display

the case of confinement within the core, with energy levels decreasing as R1 becomes larger.

The observed behavior can be explained by considering the Heisenberg uncertainty principle.

As the shell size decreases, the confinement volume for the particles diminishes, leading to

an increase in energy. On the other hand, when the particle localizes within the core,

the confinement volume increases with the growth of R1, resulting in a decrease in energy.
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Figure 4-2: Electronic states of a spherical core/shell quantum dot of ZnTe/CdSe (a,c) and

CdSe/ZnTe (b,d) as functions of the inner radius, R1. Panels (a–d) present

the results for electrons/holes, with R2 = 15nm, for different values of the m-

quantum number, and without external electric and magnetic field effects.

The results presented in Figure 4-2 correspond to different values of them-quantum number.

The first state, with m = 0, exhibits no degeneracy. The first excited state is triply degen-
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erate, characterized by m = 0,±1, while the second excited state is five-fold degenerate,

represented by m = 0,±1,±2. These trends align with the well-known behavior observed in

a bulk hydrogen atom.
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Figure 4-3: Electronic states of a spherical core/shell quantum dot of ZnTe/CdSe (a,c) and

CdSe/ZnTe (b,d) as functions of the applied magnetic field, B. Panels (a–

d) present the results for electrons/holes with R1 = 10nm and R2 = 15nm,

for different values of the m-quantum number, and without electric field effects.

Figure 4-3 demonstrates the impact of introducing a magnetic field, which leads to the

breaking of degeneracy among the excited states. For instance, in the absence of a magnetic

field, the initially triply degenerate first excited state now splits into three distinct states with

m = 0,±1 as the magnetic field strength (B) increases. A similar behavior is observed for the

second excited state, where introducing a magnetic field gives rise to five states. associated

with m = 0,±1,±2. It is important to note that, for electrons, the energies corresponding
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to positive values of m consistently increase with the magnetic field, while the energies for

negative values of m initially exhibit a decreasing trend until reaching a minimum value,

after which they begin to rise. Conversely, for holes, the energies display an increasing trend

for negative values of m, whereas they demonstrate a decreasing and subsequently increasing

pattern for positive values of m. This behavior arises from the interplay between the linear

and quadratic terms associated with the applied magnetic field in Equation (4-4). Specif-

ically in Figure 4-3a,d, when the magnetic field is below 10T, the linear term dominates,

while for fields exceeding 10T, the quadratic term becomes predominant. This behavior

gives rise to oscillations in the ground state. For B ≤ 10T the ground state corresponds to

m = 0 (s-like symmetry). Within the magnetic field range of 10T to 20T, the ground state

corresponds to m = −1. Subsequently, the ground state transitions to that with m = −2,

within the range of 20T to 30T. This behavior holds for electrons, Figure 4-3a. A similar

behavior is observed for holes but for positive values of m within roughly the same magnetic

field range, Figure 4-3d. These effects are more pronounced when the electron or hole is

confined to the shell region, Figure 4-3a,d. Notably, when the electron or hole is confined

to the core, the ground state with m = 0 retains the symmetry of an s-type state within the

reported range of magnetic fields.

Figure 4-4 illustrates the energy dependence on the electric field without considering the

effects of an external magnetic field. The plots reveal that the electric field also disrupts

the degeneracy of the excited states, resulting in two energy levels for the first excited state:

one for m = 0 and another doubly degenerate for m = ±1. Additionally, the energy values

decrease as the electric field intensity increases. This behavior is particularly pronounced

when the electron or hole is confined within the shell (Figure 4-4a,d). Conversely, when

confinement occurs in the core (Figure 4-4b,c), the energies do not exhibit such a significant

variation in the presence of the electric field. This observation can be attributed to the fact

that, with a greater spatial localization of electron and hole wavefunctions inside the core,

there will be a higher resistance to the electric field effect. In contrast, when the particles

are confined to the shell, they exhibit less localization, reducing resistance to wavefunction

polarization. The decrease in energies with increasing electric field can be attributed to

the strong localization of the wavefunctions of the studied particles associated with the

newly added z-dependent linear term in the potential energy. For instance, in the case of

an electron confined in the ZnTe/CdSe QD, the wavefunction predominantly resides in the

lower region of the quantum dot (z = −R2), while the hole wavefunction is localized at

z = R1. Similarly, for the CdSe/ZnTe QD, the electron wavefunction is located at z = −R1,

while the hole wavefunction is situated in the upper portion of the quantum dot at z = R2.
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Figure 4-4: Electronic states of a spherical core/shell quantum dot of ZnTe/CdSe (a,c) and

CdSe/ZnTe (b,d) as functions of the applied electric field, Fz. Panels (a–d)

present the results for electrons/holes with R1 = 10nm and R2 = 15nm, for dif-

ferent values of the m-quantum number, and without magnetic field effects. The

inset in panel (c) corresponds to the comparison made with the theoretical work

of Holovastky et al. [29].

In the inset of Figure 4-4c, a comparison is shown between the method here used and the

theoretical results obtained in 2022 by Holovatsky et al. Their study uses the diagonalization

method to solve for a spherical type II core-shell QD of ZnTe/CdSe and CdSe/ZnTe under

the influence of an electric field. The same internal radius (3 nm) and external radius (5 nm)

parameters used by the authors were employed, and the electric field was varied from 0 to

800 kV/cm. In the inset, the states 1s, 1p, 1d, 2s, 2p, and 2d correspond to the results

reported by Holovatsky et al., while the green dots on the 1s, 1p, and 1d curves represent
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4.4 Results and Discussion

our results. Based on this comparison, it can be stated that an excellent agreement was

achieved between both data sets.
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Figure 4-5: Exciton energy as a function of the applied magnetic field (a), applied elec-

tric field (b), (c) applied magnetic field with Fz = 5kV/cm (with R1 = 10nm,

and R2 = 15nm), and (d) internal radius size (with R2 = 15nm). Results

are for m = 0. The solid-blue (dashed-red) line corresponds to CdSe/ZnTe

(ZnTe/CdSe) QD. The inset in each panel shows the corresponding dependence

of the expectation value of the electron-hole separation (reh). Panel (a) is with-

out an external electric field, panel (b) is without an external magnetic field,

and panel (d) does not present any external field.

Figure 4-5 presents the results for exciton energy, calculated using the Coulomb integral

described by Equation (4-10), for the ground state (m = 0) of an electron–hole pair in
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CdSe/ZnTe and ZnTe/CdSe spherical core/shell QDs. In Figure 6-5a, the exciton energy is

plotted as a function of the magnetic field, B, while in Figure 4-5b, it is shown as a function

of the electric field, Fz. Moreover, Figure 4-5c displays the exciton energy as a function of

the inner radius, R1. In Figure 4-5a, a slight decrease in exciton energies can be observed

as the magnetic field increases. For instance, at zero field, the exciton energy is 7.87meV,

while at 30T, it is 7.02meV for the CdSe/ZnTe system and 7.00meV for the ZnTe/CdSe

system. So, there is a variation of approximately 0.87meV. The decrease in energy values is

attributed to the influence of the magnetic field, causing an increase in the expectation value

of the electron-hole separation distance, which goes from 9.60 nm at B = 0 to 10.84 nm at

B = 30T (see inset in Figure 4-5a). This reflects in a weakening of electron-hole Coulomb

interaction. On the other hand, Figure 4-5b illustrates the exciton energy as a function of

the external electric field, applied along the z-direction (Fz). The figure shows a decrease in

exciton energies with the presence of the electric field, ranging from 7.87meV (at Fz = 0) to

6.67meV (CdSe/ZnTe) and 6.56meV (ZnTe/CdSe) for an electric field of 10 kV/cm. This

decrease in exciton energy arises because the electric field confines the electron and hole

wavefunctions to opposite regions, while the electron wavefunction is redistributed in the

lower region of the QD, the hole wavefunction occupies the upper region. This separation

of the probability densities leads to an increase in the expectation value of the electron-

hole distance, from 9.65 nm (Fz = 0) to 11.32 nm (CdSe/ZnTe) and 11.51 nm (ZnTe/CdSe)

at Fz = 10 kV/cm (see inset in Figure 4-5b), resulting in a reduction in exciton energy.

Figure 4-5b also indicates that the ZnTe/CdSe system is more affected by the electric field

compared to the CdSe/ZnTe system. This behavior is expected since, in the ZnTe/CdSe

system, the electron is confined to the shell, where it has a lower effective mass than the

hole. Consequently, the electron experiences stronger effects from the electric field than the

hole confined in the shell (CdSe/ZnTe system). Figure 4-5c illustrates the energy of the

exciton as a function of the magnetic field with an applied electric field of 5 kV/cm to the

system. As expected, the presence of the electric field affects the exciton energy compared to

results that solely considers the magnetic field (Figure 4-5a). Specifically, the exciton energy

is reduced by approximately 0.71 meV, as also evident in the graph showing exciton energies

as a function of the electric field (Figure 4-5b). Apart from this difference, the behavior

of the exciton energy with respect to the magnetic field remains the same, displaying a

decreasing trend as the magnetic field increases. This energy decay is attributed to the

increase in the electron-hole distance, which corresponds to the elevated magnetic field (see

inset in Figure 4-5c). In Figure 4-5d, a decrease in exciton energy can be observed as the

inner radius, R1, increases. This reduction is attributed to the increase in the core size

with the expansion of R1, leading to a larger distance between the electron and the hole

(see inset in Figure 4-5d). Consequently, the strength of the Coulombic interaction between

the electron and hole diminishes. It is worth noting that this phenomenon is similar for

both systems, regardless of whether the electron is confined in the core and the hole in the

shell (CdSe/ZnTe, represented by the blue curve), or when the electron is confined in the
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shell and the hole in the core (ZnTe/CdSe, represented by the red curve). This similarity

indicates that the decrease in exciton energy, resulting from changes in the internal radius,

is not dependent on the type of confining material but rather on the geometry of the system.
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Figure 4-6: Electronic states of a spherical core/shell quantum dot of ZnTe/CdSe (a,c) and

CdSe/ZnTe (b,d) as functions of the applied magnetic field, B, with Fz =

5kV/cm. Panels (a–d) present the results for electrons/holes with R1 = 10nm

and R2 = 15nm, for different values of the m-quantum number.

Figure 4-6 shows the energy levels as functions of the magnetic field in the presence of an

electric field of 5 kV/cm. The energy curves exhibit similar behavior when only the mag-

netic field is active, as shown in Figure 4-3. However, when the magnetic field is set to zero,

the excited states display a splitting phenomenon induced by the electric field. For instance,

at B = 0, the first excited state manifests two distinct energy levels, while the second ex-
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cited state exhibits three of them, as depicted in the figures with an electric field only (see

Figure 4-4). Notably, these effects are more pronounced when the electron and hole are

confined in the shell region (Figure 4-6a,d), but they are also present when the particle is

confined in the core (Figure 4-6b,c). This distinction is particularly evident for the first

excited state, as shown in the inset of Figure 4-6b, where the energy difference at B = 0 is

approximately 0.1 meV, compared to around 2 meV in Figure 4-6a,d.

We present in Figure 4-7a the intensity of oscillator strength related to interband tran-

sitions as a function of the applied magnetic field for CdSe/ZnTe QDs (solid blue curve)

and ZnTe/CdSe QDs (red dashed curve). It is observed from the figure that, for both sys-

tems, the magnitude of this quantity decreases as the magnetic field strengthens. This is

expected since band transitions’ oscillator strength is directly proportional to the superposi-

tion of electron and hole wavefunctions, which diminishes with the increasing magnetic field.

Specifically, when the electron or hole is confined to the shell, their distribution shifts to-

wards the upper and lower regions of the quantum dot as long as the magnetic field intensity

augments (compare the first and second column in panel (d) and in the inset in panel (a)),

thus resulting in a reduced overlap. In Figure 4-7b, it is observed that the amplitude of the

oscillator strength for interband transitions diminishes as the electric field intensifies. This

decrease is evident for CdSe/ZnTe and ZnTe/CdSe systems. The diminishing amplitude of

the oscillator strength is attributed to the decreased overlap between the wavefunctions of

particles confined to the shell and core. At zero electric field, the wavefunctions of the shell

and core particles are confined throughout the spherical region. However, with a non-zero

electric field, the hole wavefunction shifts towards the upper region of the quantum dot,

while the electron wavefunction shifts towards the lower region (compare the first and third

column in panel (d) and in the inset in panel (a)), leading to a reduction in the overlap. Fur-

thermore, in Figure 4-7c, a decrease in the magnitude of the oscillator strength is observed

in the range from 4.0 nm to 7.6 nm, where its value goes down from 4.69 (at R1 = 4nm) to

2.64 for the CdSe/ZnTe system and 2.93 for ZnTe/CdSe at R1 = 7.6 nm. However, the op-

posite trend is observed in the range from 7.6 nm to 12 nm, as the magnitude value of the

oscillator strength increases, reaching a maximum value of 5.97 for CdSe/ZnTe and 8.35 for

ZnTe/CdSe at R1 = 12 nm. The behavior of the oscillator strength described above can be

attributed to the superposition of the electron and hole wavefunctions. The inset of Figure 4-

7c provides insight into this phenomenon by showing the overlap volume of the revolution

solid formed by the two wavefunctions at different radii (4 nm, 7.6 nm, and 12 nm). It is

clear that, for an internal radius of 4 nm, the revolution solid representing the superposition

of the two wavefunctions has a larger volume compared to the case of 7.6 nm. Conversely,

the overlap volume is more significant for a radius of 12 nm than in the previous two cases.
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Figure 4-7: Oscillator strength for interband transitions as a function of the applied mag-

netic field (a), applied electric field (b) (with R1 = 10nm, and R2 = 15nm),

and (c) the internal radius (with R2 = 15nm). The solid-blue (dashed-red)

curve represents the CdSe/ZnTe (ZnTe/CdSe) QD results. In panel (d) are

shown the distributions of the ground state wavefunctions for the CdSe/ZnTe

QD considering several setups of the applied magnetic and electric field: zero

fields (first column), B = 30T with Fz = 0 (second column), and B = 0 with

Fz = 10 kV/cm (third column). The identical wavefunction distributions but for

ZnTe/CdSe QDS are shown in the inset of panel (a). The inset in (c) is the value

of the volume overlap of the wavefunctions for different R1-radius: 4 nm, 7.6 nm,

and 12 nm. Panel (a) is without an external electric field, panel (b) is without

an external magnetic field, and panel (c) does not present any external field.
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Figure 4-8: Light absorption coefficient as a function of the energy of the incident photon for

three different magnetic fields and zero electric fields: B = 0 (blue), 15T (red),

and 30T (black). In (a), the results are for ZnTe/CdSe QDs, whereas in (b)

are for CdSe/ZnTe QDs. The inset in panel (a) corresponds to the transition

energy as a function of B: red-dashed line for ZnTe/CdSe QDs and blue-solid

one for CdSe/ZnTe. Calculations are for R1 = 10nm, R2 = 15nm, and without

an external electric field.

Figure 4-8 contains the plots of the optical absorption coefficient as a function of the inci-

dent photon energy for three different magnetic field values. Figure 4-8a presents the results

for ZnTe/CdSe QDs, while Figure 4-8b displays the corresponding ones for CdSe/ZnTe

QDs. The figures demonstrate that the absorption peaks undergo a blueshift as the mag-

netic field increases. Additionally, a decrease in the amplitude of the resonant peak can be

observed. The displacement of the absorption peaks to higher energies can be attributed

to the increase in transition energy as the magnetic field strength rises (see the inset in

Figure 4-8a). The oscillator strength influences the amplitude of the absorption peaks (see

Figure 4-7a), which decreases with the magnetic field, thus impacting the overall magnitude

of absorption. As noticed from Equation (4-11), the magnitude of absorption response is

directly proportional to the oscillator strength. Furthermore, a distinction can be noted in

the peaks and amplitudes between the two studied systems. For instance, in the ZnTe/CdSe

system, at a magnetic field intensity of 30T, the absorption peak is observed at an energy

of 1.04 eV, whereas in the CdSe/ZnTe system, the peak appears at 0.99 eV. This difference

in energy and magnitude, with ZnTe/CdSe exhibiting a higher amplitude than CdSe/ZnTe,
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can be attributed to the difference in the dependence of transition energy and oscillator

strength between the two systems (see the inset in Figure 4-8a and the overall behavior in

Figure 4-7a).
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Figure 4-9: Light absorption coefficient as a function of the energy of the incident photon for

three different electric fields and zero magnetic fields: Fz = 0 (blue), 5 kV/cm

(red) , and 10 kV/cm (black). In (a), the results are for ZnTe/CdSe QDs,

whereas in (b) are for CdSe/ZnTe QDs. The inset in panel (a) corresponds to

the transition energy as a function of Fz: red-dashed line for ZnTe/CdSe QDs

and blue-solid one for CdSe/ZnTe. Calculations are for R1 = 10nm, R2 = 15nm,

and without external magnetic field.

Figure 4-9 depicts the absorption coefficient as a function of the incident photon energy

for three different electric field values in the absence of an external magnetic field. Fig-

ure 4-9a presents the results for ZnTe/CdSe QDs, while Figure 4-9b displays the results

for CdSe/ZnTe QDs. From both figures, a notable change observed upon introducing the

electric field is the decrease in the amplitude of the absorption coefficients. This decrease is

directly related to the oscillator strength (see Figure 4-7b), as it diminishes rapidly with an

increasing electric field. Furthermore, the figures show that the absorption peaks undergo a

slight shift towards lower energies for both systems. This shift is associated with the transi-

tion energy (see the inset in Figure 4-9a), which decreases with the electric field. However,

the decrease is approximately 6meV for both systems. It is important to mention that in

the case of the ZnTe/CdSe system, the absorption peaks are located at higher energies of
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the incident photon and exhibit a greater amplitude compared to the CdSe/ZnTe system.

This disparity arises from the fact that the ZnTe/CdSe QDs have higher transition energy

and oscillator strength amplitudes (see Figure 4-7b).
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Figure 4-10: Light absorption coefficient as a function of the energy of the incident pho-

ton for three different internal radii for zero electric and magnetic fields:

R1 = 4nm (blue), 7.6 nm (red), and 12 nm (black). In (a), the results are

for ZnTe/CdSe QDs, whereas in (b) are for CdSe/ZnTe QDs. The inset in

panel (a) corresponds to the transition energy as a function of R1: red-dashed

line for ZnTe/CdSe QDs and blue-solid one for CdSe/ZnTe. Calculations are

for R2 = 15nm, and without external field.

Figure 4-10 illustrates the absorption coefficient as a function of the incident photon energy

for three different values of the internal radius in the absence of external fields. Figure 4-

10a displays the ZnTe/CdSe QDs results. It can be observed that the peaks at 4 nm and

7.6 nm exhibit similar amplitudes but at different incident photon energies. Specifically, one

peak is located at 0.99 eV (7.6 nm), while the other is slightly shifted to the right at 1.03 eV

(4 nm). In the case of the internal radius of 12 nm, the peak displays a greater amplitude

than the previous cases, and its energy is blueshifted to 1.17 eV. The observed behavior

in the energy position of the absorption peaks is directly related to that of the transition

energies (see the inset in Figure 4-10a). The transition energies show a minimum value at

7.6 nm, an intermediate value at 4 nm, and a maximum value at 12 nm. This variation occurs

because the energy of the hole ground state (see Figure 4-2a) and the energy of the exciton
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(see Figure 4-5c) decrease more rapidly in the smaller radius values than the energy of the

electron increases. However, above 8 nm, the energy of the electron increases at a faster

rate. Regarding the difference in amplitude, it can be related to the oscillator strength (see

Figure 4-7c), which exhibits a maximum value for R1 = 12nm. In Figure 4-10b, the results

for CdSe/ZnTe QDs are presented. The absorption coefficient peaks for the 12 nm and 4 nm

values of radius occur at similar incident photon energies, specifically at 1.06 eV. However,

they differ in amplitude, with the peak at 12 nm displaying a greater amplitude. In the case

of R1 = 7.6 nm, the peak is shifted to the left (towards the red region) at 0.97 eV, and it has

a smaller amplitude compared to the previous cases. As discussed previously, the positions

of the resonant absorption peaks and their amplitudes can be attributed to the correspond-

ing values of transition energy and oscillator strength. For the 12 nm and 4 nm radii, they

possess the same transition energy (see the inset in Figure 4-10a). Regarding the amplitude,

the oscillator strength is higher for the 12 nm case, resulting in a greater amplitude for the

4 nm and 7.6 nm cases (see Figure 4-7c).

Finally, we wish to emphasize that our results represent a phenomenological study of the

electron, hole, and electron–hole interacting pair confined in type-II spherical core-shell het-

erostructures. We primarily focus on presenting the basic aspects of the problem and do not

claim to provide a direct comparison with experimental results. It is important to note that

certain additional effects have not been taken into account, such as: (i) The image charge ef-

fect, which arises from the significant differences in the dielectric constants between the core

and shell regions. (ii) The influence of radial and tangential stresses and strains associated

with the values of lattice constants of the core and shell. When approaching our results, it

must be also borne in mind that we have not considered variations in the electron and hole

effective masses as the quantum dot (QD) size changes. In a comprehensive and detailed

study of confined excitons in spherical QDs with infinite confinement, S. Pokutnyi [46, 47]

has presented a modified effective mass approximation. He demonstrated that as the size of

the QD approaches the dimensions of the effective Bohr radius, an accurate description of

the excitonic states necessitates considering the dependence of the effective mass on the QD’s

radius. These effects could be relevant in providing a more comprehensive understanding of

the system’s behavior.

To validate our findings against experimental results, we conducted a comparison with the

photoluminescence peak obtained by Jiang and Kelley for ZnTe/CdSe core/shell nanocrys-

tals, where the shell was grown using the Stranski–Krastanov technique [48]. According to

the authors’ report, the ZnTe core has a radius of 1.3 nm, and the CdSe shell has a thickness

of 0.9 nm. After an annealing time of 80 min, they achieved a stable structure with an

emission peak at 1.669 eV. Jiang and Kelley’s work involved comparing their experimental

results with a theory that combines the effective mass approximation, interdiffusion at the

core/shell interface, and radial and tangential stresses and strains.
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In our study, we considered that for ZnTe/CdSe QDs, the electron and hole are located in

the shell/core region, with effective Bohr radius and Rydberg energy values of aB = 5.57 nm

and Ry = 15.56 meV, respectively. Combining the core and shell dimensions from Jiang

and Kelley’s work, we concluded that the system’s dimensions are of the order of ∼0.39, aB,

indicating a highly confined system. So, Coulomb interaction, calculated via a perturbative

approach using Equation (4-9), proved to be a good approximation.

To account for high quantum confinement, we implemented the modified effective mass the-

ory suggested by S. Pokutnyi [46,47]. Our calculations for the system described in Ref. [48]

yielded a photoluminescence peak energy located at 1.6875 eV, with corresponding electron,

hole, and electron-hole interaction energies of 0.653 eV, 0.2023 eV, and 0.099 eV, respectively.

Based on these results, we can confidently state that our findings are in good phenomeno-

logical agreement with the experimental results, and the predictive numerical experiments

presented in this research are physically accurate.

4.5 Conclusions

In conclusion, this study investigated the optical transitions between the hole and electron

ground states in type-II spherical QDs, specifically ZnTe/CdSe and CdSe/ZnTe core/shell

ones. The effects of changes in the internal radius and the application of external electric

and magnetic fields were examined. The calculations revealed several key findings. Firstly,

the transition energy rises as the magnetic field increases, while the overlap between the

electron and hole wavefunctions decreases. Consequently, the absorption coefficient peaks

experience a blue shift, accompanied by a decrease in their amplitude. Secondly, variations

in the electric field cause a decrease in the transition energy and the overlap of the electron

and hole wavefunctions. This results in a slight red shift of the absorption coefficient peaks

and a significant reduction in their magnitude. Furthermore, the exciton energy and the os-

cillator strength decreased with increasing magnetic and electric fields. The former is linked

to the expectation value of the electron–hole distance, which increases under the influence of

magnetic and electric fields. The latter is associated with decreased electron and hole wave-

functions overlap. Moreover, changes in the internal radius affected the transition energy

and oscillator strength. In the ZnTe/CdSe QD, the transition energy and oscillator strength

exhibited a minimum value at 7.6 nm, an intermediate value at 4 nm, and a maximum value

at 12 nm. A similar trend was observed for the CdSe/ZnTe QD, where the transition energy

and oscillator strength reached a minimum at 7.6 nm. However, for the 4 nm and 12 nm

radii, they had similar values of transition energy. The behavior of the transition energy was

linked to the electron and hole energies as the internal radius changed, while the overlap of

the wavefunctions directly influenced the oscillator strength. As a result of the transition

energy and oscillator strength behavior, the absorption coefficients exhibited their highest
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amplitude and energy of incident photons at an internal radius of 12 nm for the ZnTe/CdSe

system. Conversely, at an internal radius of 7.6 nm, the absorption coefficients displayed the

lowest amplitude and energy of incident photons. In the CdSe/ZnTe system, the absorption

coefficient reached its maximum amplitude at 12 nm, shared the same energy of incident

photons with 4 nm, and had the lowest amplitude and energy of incident photons at 7.6 nm.

Our study has been validated with experimental results reported in the literature. Consid-

ering the simple model we report here, we believe that we have obtained a good agreement

between theory and experiment, which generates confidence in our predictive findings.
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[13] León-González, J.C.; Toscano-Negrette, R.G.; Morales, A.L.; Vinasco, J.A.; Yücel,
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5.1 Abstract

5.1 Abstract

Considering the extensive research on the optical and electrical properties of molecular sys-

tems—particularly their efficient thermoelectric energy conversion at the nanoscale—we pro-

pose a new alternative by employing a specific Diphenyl-ether molecule as a functional device

Such a molecular system is modeled as a planar segment coupled to two electrodes in the

first-neighbor approximation within a tight-binding Hamiltonian. We study the electrical

and thermal properties of Diphenyl-ether molecules such as the electric current, electrical

and thermal conductance, Seebeck coefficient, and figure of merit, in the strong and weak

coupling regimes, considering different structural configurations and variations with temper-

ature. Our results could be valuable for laboratory applications and/or verification, since,

in addition to characterizing in this work the Diphenyl-ether molecule as a semiconductor

device for different structural models.

Keywords: Diphenil-ether, Tight-Binding, Seebeck coefficient, Figure of merit ZT

5.2 Introduction

The foundations of molecular electronics began to be established in the 1970s when Aviram

and Ratner prepared and characterized a molecular system with a donor-acceptor species by

performing electron transfer tests, in order to find devices with rectifying properties when

the system was submitted to a potential difference [1]. In the last decades, the interest in

the study of low dimensional molecular systems has increased in search of their possible

use and application, in particular, systems such as organic molecules have been analyzed by

coupling them to electrodes, obtaining conductive, semiconducting, and/or insulating behav-

iors, making them worthy of being considered for electronic connectors, rectifiers, amplifiers,

and/or storage devices [2–5].

Molecular systems have sparked great interest in the field of optoelectronic devices due to

their unique properties when interacting with light. These systems, which can consist of in-

dividual molecules or molecular assemblies, exhibit exceptional capabilities to absorb, emit,

or scatter photons. This light-interacting characteristic of molecular systems has driven

their application in the field of renewable energy, particularly in the development of solar

cells. Solar cells based on molecular systems offer a sustainable solution to the growing

energy demand by harnessing solar light, an unlimited and environmentally friendly energy

source. The efficient conversion of sunlight and waste heat into usable electricity presents

a fundamental challenge for researchers in this field. The goal is to fully replace the use

of fossil fuels, thereby avoiding environmental pollution and promoting a cleaner and more

sustainable means of energy generation [6–9].
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Molecular systems can exhibit nonlinear optical properties, which can be utilized in appli-

cations such as optical information processing, integrated optics, and telecommunications.

Compounds with large delocalized electron systems show exceptionally large nonlinear re-

sponses and higher laser damage thresholds compared to inorganic materials. Furthermore,

these properties can be modified to optimize additional properties, such as mechanical and

thermal stability. An example of such molecular compounds with a significantly large first-

order nonlinear optical response is Diphenyl-ether [10].

According to the above, in the literature, we can find very interesting analyses of thermoelec-

tric and magnetic properties in molecular systems such as DNA chains, benzene molecules,

biphenyl molecules [11–14], and especially theoretical-experimental studies of these proper-

ties through the molecular system Diphenyl-ether. Motivated by the particular characteris-

tics of this last Diphenyl-ether molecular system, especially those reported by Tali Dadosh et

al. (2005), where they characterized it as a conducting molecular device, we analyze through

this work its thermoelectric properties taking into account different structural configurations.

To complement the above, it is important to emphasize that Tali Dadosh et al. studied

a system of three short organic molecules: 4,4-biphenyldithiol (BPD) conjugated molecule;

a bis-(4-mercaptophenyl)-ether (BPE) molecule, in which the conjugate is broken in the

center by an oxygen atom; and the 1,4-benzenedimethanethiol (BDMT) molecule, in which

the conjugate is broken near the contacts by a methylene group, concluding that the oxy-

gen in BPE and the methylene groups in BDMT suppress electrical conduction relative to

BPD [15]. Now to make our study of the Diphenyl-ether properties even more interesting,

we highlight the work done by S. K. Maiti, who performed a theoretical study of the electron

transport properties through single conjugated molecules (BPD, BPE, and BDMT) sand-

wiched between two non-superconducting electrodes, using the Green’s function technique,

within a tight-binding model, finding that the electron transport properties are significantly

influenced by the existence of localized groups in these conjugated molecules and the cou-

pling strength between the molecule and the electrode [16].

On the other hand, we know that to analyze any system of low dimensionality that leads to

characterize it through its electrical, thermal, spintronic, structural properties, among others,

there are many methods that are being used both theoretically and experimentally, for exam-

ple, at the experimental level, we find the Mechanically Controlled Breakage Joints (MCBJ),

which search to find the relationship of the electrical conductance as a function of the elec-

trode separation, the Scanning Tunneling Microscope (STM), which seeks to characterize the

tunneling current with the application of a voltage [17–25], among others, and on the side of

theoretical methods we can find among many, two important ways; one (strictly numerical)

that includes the application of the quantum correlation functional theory through effective

equations of a single particle, also known as the density functional theory (DFT), and an-
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other (numerical and/or analytical) that includes a process of renormalization of the real

space by using Green’s functions, where the degrees of freedom of the system are reduced to

obtain a one-dimensional system that contains all the structural information of the quantum

system [26–30].

It is important to remark that with the two theoretical methods mentioned above, it is

possible to determine both the electrical and thermal properties, as well as the spintronic

properties of different molecular systems, however, in this work we have used the second

one (renormalization process) due to its low computational cost compared to the first one

(DFT), facilitating even more numerical or analytical calculations [31–36].

Returning to the purpose of this work, it should be noted that we focus on determine the

thermoelectric properties of the planar Diphenyl-ether molecule taking into account different

structural forms, which can provide interesting behaviors such as obtaining a high figure of

merit (ZT ), which depends on the electrical conductance (G), the Seebeck coefficient (S),

and the thermal conductance (κ). Now, to obtain a more extensive knowledge of the ZT

behavior, these thermoelectric quantities are explored using the already known and standard

method of tight binding, calculating the transmission probability (T ) by Green’s functions

through the Fisher-Lee relation [37–39], while the thermoelectric quantities are evaluated by

Landauer’s theory [38,39].

Our paper is organized as follows. In Section 2, we present the model of the Diphenyl-ether

molecule based on a TB Hamiltonian. In Section 3, we describe the method used for the

calculations of different thermoelectric quantities. Finally, we report our essential discoveries

as conclusions in Section 5. In addition to this, an appendix is presented as a complement

to explain in detail the renormalization method or process of the system under study.

5.3 Model

To study the transport properties of the Diphenyl ether molecule (C12H10O), it is connected

between two metal electrodes (Left-L and Right-R) through the atomic sites i, resulting

different structural configurations depending on the connections between (i−L/R), as shown
in Figure 5-1. In the tight-binding approximation, the total system can be represented by

the Hamiltonian given by:

H = HM +HL +HI , (5-1)

where HM corresponds to the Hamiltonian of the molecule, which has the following form:

HM =
∑
i

ti

(
c†ic(i+1) + c†(i+1)ci

)
+
∑
i

Eic
†
ici, (5-2)
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where c†i and ci are the operators for creating and destroying an electron at the site i. Ei

is the site energy for the carbon (Ec) or oxygen (Eo) atoms, ti is the hopping between the

atoms, which can be tv for C − C coupling into the benzene molecule, and tw, when the

coupling is between the benzene molecules and the oxygen atom. The terms HL and HI

of equation 5-1 represent the Hamiltonian of the leads and the molecule-leads interaction,

respectively and are given by:

HL =
∑
kL

εkLd
†
kL
dkL +

∑
kR

εkRd
†
kR
dkR , (5-3)

HI =
∑
kL

ΓLd
†
kL
c1 +

∑
kR

ΓRd
†
kR
cN + h.c., (5-4)

here the operator d†kL(R)
is the creation operator of an electron in a state kL(R) with energy

εkL ; ΓL(R) is the coupling between each lead with the molecule, and h.c. is the complex

conjugate of the Hamiltonian.
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Figure 5-1: Diphenyl-ether molecule connected from different atomic sites to Left and Right

leads. Model (a) Connections 1− L and 11 − R, Model (b) Connections 2− L

and 11−R, Model (c) Connections 2−L and 10−R and Model (d) Connections

3− L and 9−R.
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5.4 Method

To determine the thermoelectric properties of the Diphenyl-ether molecule, we first focus on

calculating the fundamental property that we need to determine the others, which is defined

as the transmission probability T (E) as a function of the energy with which the electron

enters through the molecular system. This property is calculated using Green’s function

techniques, through the Fisher-Lee relation [37–39] and is given by:

T (E) = Tr[ΓLG
rΓRG

a], (5-5)

where Ga(r) represent the advanced(retarded) Green’s functions and ΓL(R) represent the spec-

tral density matrices of the Left(Right) electrodes respectively, which are given by ΓL(R) =

i
(
ΣL(R) − Σ†

L(R)

)
1. Now, to calculate the total Green functions given in the expression 5-5

for each model2, the Dyson equation is used taking into account thatG = G0+G0(ΣL+ΣR)G,

where G0 is the Green function of the molecular system without being coupled to the con-

tacts. It is important to note that, as soon as the decimation process is performed for all

the models, and the systems are reduced to one-dimensional models, the Fisher-Lee relation

to be taken into account for our calculations becomes:

T (E) = ΓRΓL|G1N |2, (5-6)

where N is the number of sites in the new linear system.

Then, once the transmission probability is determined by the relationship 5-6, we can analyze

the antiresonances in the T (E) profile for all models, where both the Green’s function and

transmission function are equal to zero indicating that the cofactor is also zero. However,

not all zeros of the cofactor result in an antiresonance in the transmission, therefore, we

calculate the cofactor where there is no antiresonance and be able to calculate the Green’s

function as a function of the cofactor using the expression:

Gij =
Cji(E −H)

det(E −H)
, (5-7)

where Cij is the cofactor of the hamiltonian matrix H, and is given by:

Cij(H) = (−1)j+idet(hji), (5-8)

being hji a submatrix of H obtained by removing the jth row and the ith column [40].

In particular, when there is a cyclic molecular system, such as a benzene ring, it is possible

to convert the 6−site system to two effective sites, with a 2×2 effective Hamiltonian matrix

1For our calculations we take ΣL = ΣR = −iΓ/2.
2See the appendix for details on the calculation of Green’s functions for each model using the renormalization

scheme.
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having the following form:

Heff =

(
Ẽa Vab
Vab Ẽb

)
, (5-9)

where the diagonal terms (Ea and Eb) are the effective energies of sites a and b respectively,

which result from renormalizing the n − sites with energy Ei to an effective site, and off-

diagonal terms are the effective couplings between the two effective sites mentioned, and

with this Hamiltonian we calculate the Green’s function from site a to b with the equation

5-7, given the expression:

Gab =
Vab

(E − Ẽa)(E − Ẽb)− V 2
ab

. (5-10)

From the equation 5-10, we can observe that when Vab is zero, the Green’s function is zero

and therefore the profile in the transmission probability results in an anti-resonance [41].

Likewise, having the transmission calculated, the current flowing through the molecular

system (which is considered as a process of dispersion of an electron between the contacts),

is calculated using the Landauer formalism by means of the expression:

I(V ) = I0

∫ ∞

−∞
(fL − fR)T (E)dE, (5-11)

where I0 = 2e/h, e is the electronic charge, h represents the Plank’s constant and fL(R) =

[1 + exp(β(E − µL(R)))]
−1 is the Fermi-Dirac distribution function with β = 1/kBΘ is the

Botzmann’s factor, and µL(R) = Ef ± eV/2 is the chemical potential [41].

Additionally we use the Landauer’s integrals Ln, which has the following expression:

Ln = −
∫
T (E)(E − Ef )

n

(
∂f(E)

∂E

)
dE, (5-12)

where Ef describes the equilibrium Fermi energy of the system under zero bias condition.

With this expression (equation 5-12) we calculate the thermoelectric properties (object of

this work) such as the electrical conductance G, the Seebeck coefficient S, the thermal

conductance κ and the figure of merit ZT defined as:

G =
2e2

h
L0, (5-13)

S = − 1

eΘ

L1

L0

, (5-14)

κ =
2

hΘ

(
L2 −

L2
1

L0

)
, (5-15)

ZT =
GS2Θ

κ
=

L2
1

L0L2 − L2
1

, (5-16)

here, Θ is the equilibrium temperature [25].
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5.5 Results and Discussion

In this section, we analyze the quantum transport properties (T (E), I(V ), G, S, κ and ZT )

through a single Diphenyl-ether molecule, considering 4 different structural models (see fig-

ure 5-1).

In the first instance, and in order to validate the real space renormalization method used in

this work, a comparison of the calculation of the transmission probability determined for two

molecular systems similar to that of Diphenyl-ether is performed (see Figure 5-2). The first

system taken into account is a 4,4’-Diaminodiethyl Diphenyl-ether molecule (C12H12N2O),

through which Wang Y.H et. et. al. calculated the transmission using the DFT method,

such molecule contains two benzene rings linked by an oxygen atom and two NH2 groups

that couple the molecule to the electrodes, and a second system that is also characterized

by two benzene rings, but this one contains two H atoms, which serve as a bridge to couple

the molecule to the electrodes and is called bis-(4-mercaptophenyl)-ether (C12H10S2O). For

this last molecular system, the transmission is calculated analytically with the method used

in this work, where the site energy used for the Sulfur atom Es = −0.98 eV, the site energy

of the Carbon atom Ec = 0 eV, the site energy for the Oxygen atom Eo = −2.2 eV. For the

hopping values, we have: between S−C it is ts = −0.83 eV, between C−C it is tc = −2 eV,

and between O − C it is to = −1 eV.
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Figure 5-2: Transmission probability as a function of incident electron’s energy for the molec-

ular systems: 4,4’-Diaminodiphenyl-ether (blue curve), bis-(4-mercaptophenyl)-

ether (black curve), and Dyphenyl-ether Model (a) (red curve). For the bis-(4-

mercaptophenyl)-ether molecule a Γ = 4 eV was used, and for the Dyphenyl-

ether molecule a Γ = 0.5 eV was used.

Figure 5-2 shows the probability of transmission as a function of the energy of the inci-

dent electron, for the 4,4’-diaminodiphenyl-ether systems calculated by DFT (blue cur- ve),

and the bis-(4-mercaptophenyl)-ether molecule by analytical method (black curve), which

is compared with the data obtained for the Diphenyl-ether Model (a) system (red curve).

It is observed that around the Fermi level (EF = 0) the same behavior occurs, which is

a destructive quantum interference in the transmission, caused by the Oxygen site, which

breaks the delocalization of the system, this agrees with results from previous works [15].

The other hand the figure 5-2 shows that for the three systems, the energy of the HOMO

and the LUMO are very similar, which are around -1.25 and 2.00 eV, presenting a gap of

approximately the same width. In order to find a good comparison with the system re-

ported by DFT, a Γ = 4 eV was used for the bis-(4-mercaptophenyl)-ether system, and a

Γ = 0.5 eV for the Dyphenyl-ether system, which tells us that the additional radicals cause

a stronger coupling with the electrodes, compared to the Dyphenyl-ether molecule alone.

It is important to note that the Γ-parameter for the three molecules is different, Γ = 4 eV

corresponds to a strong coupling to the electrodes where the electrode molecular orbitals

hybridize strongly with the molecule orbitals, while Γ = 0.5 eV corresponds to a weaker

hybridization. In the DFT calculation no report of Γ was expel out. Also, the magnitude

difference around the Fermi level for the three curves is irrelevant since this accounts for very
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5.5 Results and Discussion

small transmission values. In the models shown in Figure 5-1, the site energies Ec = 0 eV ,

and Eo = −2.2 eV have been taken, as the potential between the C − C sites is tv = 1 eV ,

and C −O is tw = −1 eV .

Figure 5-3 presents the transmission profile as a function of the incident electron energy, for

a value of Γ = 0.2 eV (weak coupling).
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Figure 5-3: Transmission probability for the molecule Diphenyl-ether, as a function of the

energy of the incident electron, for models (a), (b), (c) and (d), which have

different coupling sites with the electrodes. The calculations are in a weak

coupling regime (Γ = 0.2 eV ).

The resonant peaks observed in the transmission plot are associated with the eigen val-

ues of the diphenyl ether molecule, on the other hand 9 resonances are seen (degenerate

and non-degenerate) in model (a), which are related to the 13 eigenvalues of the molecule

(−3.06,−2.00,−1.78,−1.00,−0.63, 1.00, 1.19, 2.00, 2.09 eV ), eigenvalues (1.00,−1.00 eV ) are

triple degenerate. When considering weak coupling, Γ = 0.2 eV , it implies that the electronic

states of the electrodes have not mixed with those of the molecule, for this reason there are

quite defined peaks, while that for all models there are antiresonances with the some eigen-

values of the molecule, these are associated with destructive quantum interference. This fact
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5.5 Results and Discussion

can be explained by means of Feynman integrals, where the electron can traverse all possible

paths within the molecule and, depending on the paths chosen, it can arrive at the drain

electrode in phase (constructive interference) or out of phase (destructive interference). For

model (a) the antiresonance is at EF = 0 eV , for model (b) at at EF = 0, ±1 eV , for model

(c) at at EF = 0, ±1 eV , and for model (d) at EF = 0, ±1 eV , ±1.4 eV . Furthermore, if

these paths cancel in pairs, it leads to a node at the transmission probability at E = EF [42],

as in the case of model (b) and (c).
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Figure 5-4: Comparison of the cofactor, with the Green’s function of the different contact

sites, and the effective potential at two sites of the models (a), (b), (c) and (d).

In the weak coupling regime with the electrodes (Γ = 0.2) eV . Where Gi−j and

Ci−j, is the Green’s function, and the cofactor of the system coupled to site i

and site j, respectively.

Figure 5-4 shows the graphs of the cofactor comparison with the Green functions, as well

as the effective coupling to the two sites of all the models (a, b, c, and d), in the weak

coupling regime (Γ = 0.2 eV ). In the model figure (a) there are two roots for the cofactor
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(C11−1), but there are no crossings with the Green’s function (G11−1), nor with the effective

coupling (V11−1) on the cofactor zeros. This agrees with what is shown in the transmission

plot of Figure 5-3 for model (a), in which we do not have destructive quantum interference.

For models (b) and (c), there are three roots for C11−2, and there are three crossings at

these energy values, one for zero energy with G11−2 (model (b)), and G10−2 (model (c)),

and two with energy - 1 eV and 1 eV, with the V11−2 and V10−2. Comparing these results

with the graph of the transmission of Figure 5-3 for the model (b) and (c), it is expected

that it presents the 3 destructive quantum interferences at 0, 1 and -1 eV. For model (d),

we have a similar analysis, but this model presents 4 cofactor crossings, two with G9−3, at

energies of -1.4 and 1.4 eV, and two with V9−3 at -1 and 1 eV, and this agrees with what is

shown in Figure 5-3, where for the d model, there are 4 destructive quantum interferences.

This analysis allows us to verify the results obtained for the probability of transmission.

The Green’s function G11−1 and the effective coupling V11−1 represent model (a), where the

molecule is connected to sites 1 and 11. On the other hand, G11−2 and V11−2 correspond to

model (b), in which the molecule is connected to the electrodes of sites 2 and 11. Regarding

model (c), G10−2 and V10−2 are used when the molecule is connected to the electrodes of

sites 2 and 10. Finally, for the system connected through sites 9 and 3 (model (d)), G9−3

and V9−3 are employed.

Transmission by varying Γ

Figure 5-5 shows a sweep in both Γ and the energy of the incident electron for the diphenyl-

ether molecular system, for different coupling sites of the molecule and the metal electrodes.

At the bottom of the plots is a contour plot of the transmission probability logarithm, on

the vertical axis is the sweep in Γ, and on the horizontal axis is the sweep in the energy of

the incident electron. In the upper part is the probability of transmission logarithm as a

function of the incident electron energy, for two different values of Γ, one of weak coupling

(0.2 eV), and another for strong coupling (1 eV). For the strong coupling, in all the models

the loss of some peaks is observed in thetransmission probability graph (upper graph). This

is due to the peaks overlaping since the Γ parameter is related to the peak with at half

maximum. This is due to the hybridization that exists between the delocalized states of

the electrode and the localized states of the molecular system. For example, in the model

(a), for weak coupling (red graph) for energies of −2 eV we have two close peaks, something

similar happens for energies of −1, 1 and 2 eV , but when there is strong coupling, these two

peaks combine, forming one. This same analysis can be done for models (b), (c), and (d).
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Figure 5-5: Transmission probability of the Diphenyl-ether molecule, as a function of the

energy of the incident electron and the coupling potential with the lead (Γ), for

models (a), (b), (c) and (d). In the upper part, the red line corresponds to the

logarithm of the transmission for a value of Γ = 0.2 eV (weak coupling), and

the blue curve corresponds to the logarithm of the transmission for a value of

Γ = 1 eV (strong coupling).

Current-voltage characteristics

The Figure 5-5 shows the plot of current versus voltage, the Fermi equilibrium energy EF

is set at 0 eV , and for a temperature of 300K.
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Figure 5-6: Current-voltage curve, for a single Diphenyl-ether molecule connected to two

electrodes. Model (a) (red line), Model (b) (wine line), Model (c) (blue line)

and Model (d) (green line).

Figure 5-6 shows the plot of current versus voltage, the Fermi equilibrium energy EF is set

at 0 eV, and for a temperature of 300K. It is noticed regions of constant current, where the

system is far from the transmission resonances (see Figure 5-3), and steep current regions

where the transmission resonances are located. Also, the current curves are antisymmetric

with respect to zero volts. From Figure 5-6, it can be seen that as the voltage increases, the

gap between the electrodynamic potentials of the electrodes (left and right) becomes larger,

and when the value of the electrodynamic potential coincides with a value characteristic

of the molecule, there is a jump in the injection energy of the electron, until reaching a

saturation value, which is when the molecule cannot store more electrons, the injection

energy becomes constant, and there will be no more energy jumps, no matter how much

the voltage is increased. This saturation value is reached for a voltage of approximately 4

volts, at this point a maximum current amplitude is obtained. Model (a) is the one with the

greatest amplitude in the current, and it is to be expected, since it presents the greatest area

under the curve in the transmission graph, followed by model (b), model (c), and finally the

model (d). In the systems shown in the I vs. V graph, all present a value of 0 current in

the voltage range of −1 volt and 1 volt, which indicates that the systems are not conductive,

but it can be considered a semiconductor behavior, since they present this gap, which is due

to the small transmission value seen in figure 5-3. This feature can be useful for designing

an electronic switch.
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Figure 5-7: Electrical conductance in a single Diphenyl-ether molecule, as a function of the

Fermi energy, for models (a), (b), (c) and (d), which have different coupling sites

with the electrodes. The graph shows calculations for 3 different temperatures

50K (red), 100K (blue) and 300K (black). The calculations are in a weak

coupling regime (Γ = 0.2 eV). The inset in the figure corresponding to model

(a), is an enlargement of the shadow region at the upper part of the figure.The

insert in the figure corresponding to model (b) is the graph of the integral L0 as

a function of temperature.

Figure 5-7 shows the electrical conductance of a single Diphenyl ether molecule, as a func-

tion of the Fermi energy, for models (a), (b), (c) and (d), for 3 different temperatures 50K

(red), 100K (blue) and 300K (black). The calculations are in the weak coupling regime

(Γ = 0.2 eV), that is, the behavior of the molecule will be studied when the electrons pass

through it. For all the models shown in the electrical conductance graph, it can be seen that

it is proportional to the transmission probability (see Figure 5-3 and eq. 13), that is, they

share the same number of resonant peaks, and in the same energy positions. In all models,

it can be noted that a forbidden band is generated, which is between -0.63 eV and 1 eV, due

to destructive quantum interference between the localized states of the molecule and the
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delocalized states of the electrodes. At first glance, not many changes in conductance are

noticeable for the different temperatures, but in the inset image of the model (a), it can be

seen that the conductance decreases as the temperature increases. This decrease is a conse-

quence of the derivative decrease, with respect to the energy, of the Fermi-Dirac distribution

function in the integrand of the conductance eq. 13, as the temperature increases (see the

insert of Figure 5-7 corresponding to model (b).).

The decrease in conductance is also related to scattering by molecular vibrations which

mecanism is not included in the present work, this occurs due to the fact that when the

temperature increases there is an increase in the electron’s kinetic energy, since they move

faster, thus increasing the amplitude of vibration of the atoms of the molecular system, thus

behaving as a harmonic oscillator. This phenomenon causes the resistance to the passage of

free electrons to increase since it is difficult to pass from one electrode to the other, since

the interference of the atoms with the trajectories of the valence electrons throughout the

molecule increases.
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Seebeck coefficient
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Figure 5-8: Seebeck coefficient for a single Diphenyl-ether molecule as a function of Fermi

energy for models (a), (b), (c), and (d), which differ in their electrode anchoring

sites. The graph displays results for three temperatures: 50K (red), 100K

(blue), and 300K (black). Calculations were performed in the weak coupling

regime (Γ = 0.2 eV).

The thermoelectric properties are now shown, starting with the Seebeck coefficient, next

the thermal conductance, and finally, the ZT or figure of merit, taking into account the

calculations of the previous physical quantities, in order to know the efficiency of the models

to convert thermal energy into electricity.

Figure 5-8 shows the Seebeck coefficient (S) in a single molecule of Diphenyl-ether, as a

function of the Fermi energy, for models (a), (b), (c), and (d). The graph shows calculations

for 3 different temperatures 50K (red), 100K (blue), and 300K (black). The calculations

are in a weak coupling regime (Γ = 0.2 eV ). The S is extracted from the results close to

the HOMO−LUMO gap. Table 1 shows parameters taken from figures 5-3, 5-7, and 5-8,

for 300K. It is observed that the Fermi energy is closer to the HOMO level indicating a
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positive S value for all models considered. Also, it is verified that high S values are coupled

with low conductance values. The most notable result is that the S is higher for models

(b) and (c) where an antiresonance occurs at the Fermi energy which coincides with the low

HOMO conductance. It is important to note that the low temperature Seebeck coefficient

results are very small due to the L0, eq.12, increasing magnitud as the temperature decreases

(see the insert of figure 5-7 corresponding to model (b).).

Model H L ConductanceS/S0 ZT

a -0.63 1.00 h-H, h-L 0.06 1.59

b -0.63 1.00 l-H, h-L 0.09 3.85

c -0.63 1.00 l-H, h-L 0.18 25.78

d -0.63 1.00 h-H, l-L 0.06 2.09

Table 5-1: Seebeck coefficients. h = high, l = low, H = HOMO, L = LUMO

Thermal conductance

Now show the thermal conductance as a function of the Fermi energy, for a weak coupling

of 0.2 eV , for different temperatures.
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Figure 5-9: Thermal conductance in a single Diphenyl-ether molecule, as a function of Fermi

energy, for models (a), (b), (c) and (d), which have different coupling sites with

the electrodes. The graph shows calculations for 3 different temperatures 50K

(red), 100K (blue) and 300K (black). The calculations are in a weak coupling

regime (Γ = 0.2 eV). The insert in the figure corresponding to model (d) is the

graph of the integral L1, and L2 as a function of temperature.

Figure 5-9 shows that thermal conductance increases as temperature increases, unlike elec-

trical conductance. This is due to the fact that the increase in temperature, the integral of

L2 and L1, increases in value (see inset in the Figure 5-9 corresponding to the model (d)),

from the eq.15, the electrical conductance of depends on the sum of L2 and the division of

L2
1 by L0, although the latter decreases with temperature, gain L2

1. Another way of looking

at thermal conductance is directly related to the increase in vibration of the atoms in the

molecule, and these vibrations increase the average speed of the particles and therefore in-

crease heat transfer, which is related to thermal conductance of the proposed models, the one

with the greatest amplitude in thermal conductance is (a), this is related to the symmetry

that this model presents, since the electrons when leaving one electrode to another, since

when dividing in the molecule, like the molecule travels, they recombine through the same
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number of sites, arriving in phase (see Figure 5-3).

Figure of merit ZT
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Figure 5-10: ZT figure of merit in a single Diphenyl-ether molecule, as a function of the

Fermi energy, for models (a), (b), (c), and (d), which have different binding

sites. coupling with the electrodes. The graph shows calculations for 3 different

temperatures 50K (red), 100K (blue) and 300K (black). The calculations are

in a weak coupling regime Γ = 0.2 eV.

Finally we have in the Figure 5-10 the ZT , or figure of merit, is shown as a function of the

Fermi energy (EF ), to carry out the calculations of the ZT the results obtained for G, S

and κ. Of the figures for the ZT , the model that presents the highest value is (c), which is

consistent with the calculations obtained for the Seebeck Coefficient (see Table 1), since it

is the model that presents the highest S, and the higher S, the higher the value of ZT . This

is due to the fact that model (c) presents an interference in the graph of the transmission

probability around the Fermi level, and this is more pronounced than in model (b), which
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is the model with the second highest ZT .

The model with the smallest ZT is presented by (a), therefore it is with the smallest S,

which is the most symmetrical model, and does not present interference in its transmission.

For all the models shown, the ZT ≥ 1, these values indicate that the systems studied can

present a good efficiency in the conversion of thermoelectric energy, which is slightly higher

than the ZT value of the commercially available inorganic semiconductor, bismuth telluride

(Bi2Te3) that has a ZT of 1. [43] Lastly, it is important to mention that the higher the

temperature, the higher the efficiency.

5.6 Conclusion

The electrical and thermoelectric properties of a single molecule of Diphenyl ether, con-

nected to two metal electrodes, were studied for different atomic sites of the molecule with

the electrodes. Using the technique of Green’s functions out of equilibrium to renormalize

the molecule to 5 effective sites, and with the Landauer-Büttiker formalism, the electrical

and thermoelectric properties were calculated, finding very appreciable changes in the ther-

moelectric properties when taking into account different coupling sites between the molecular

system and leads. For example, that the transmission graph for Model (a) does not present

quantum antiresonances, as the other models do, this behavior makes this model present

greater amplitude in the current graph. The model that presents the best behavior in ther-

moelectric properties is (c), since it presents the highest value in the Seebeck coefficient, and

therefore presents the highest ZT , or figure of merit. Lastly, it is worth mentioning that all

the models studied would be great candidates for thermoelectric devices, since the value of

ZT is greater than or equal to 1.

5.7 Appendix

Decimation Procedure

We are going to study the quantum transport through the Diphenyl-ether molecule, changing

the coupling site of the molecule with the electrodes, in total 4 models will be studied, see

Figure 5-1, we will also show generalities of the decimation process of all the models.

Decimation Model (a)

To perform the decimation of model (a), first the renormalization for the benzene rings to

two effective sites is performed:
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a ) b )

Figure 5-11: First benzene ring of the model (a), a) isolated molecule, b) reorganization of

the molecule to carry out the renormalization.

Figure 5-11 a) shows the isolated benzene ring, and Fig. 5-11 b) shows a reorganization

of the ring in order to perform the renormalization, where the information enters the ring

through site 1a and exits through site 2a, applying the Dyson equation to first neighbors,

the following equations are obtained.

Ga
11 = gc + gctvG

b
11 + gctvG

c
11, (5-17)

Gb
11 = gctvG

a
11 + gctvG

b
12, (5-18)

Gc
11 = gctvG

a
11 + gctvG

c
12, (5-19)

Gc
12 = gctvG

c
11 + gctvG

a
12, (5-20)

Gb
12 = gctvG

b
11 + gctvG

a
12, (5-21)

Solving the system of equations gives an expression for Ga
11 in terms of Ga

12.

Ga
11 =

gc(1− g2c t
2
v)

1− 3g2c t
2
v

+
2g2c t

3
v

1− g2c t
2
v

Ga
12, (5-22)

The above expression has the form of a Dyson equation, where the first term is the effective

Green’s function of a site 1 connected to a site 2, the second term, which multiplies Ga
12, is

the effective coupling with the effective site 2.

g1 =
gc(1− g2c t

2
v)

1− 3g2c t
2
v

, (5-23)

and

v1 =
2g2c t

3
v

1− g2c t
2
v

, (5-24)

The above process works for both benzene rings, therefore, model (a) is decimated to a

system with 5 sites, of which 4 are effective (see Figure 5-14 a)).
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Decimation Model (b)

a ) b )

Figure 5-12: First benzene ring of the model (b), a) isolated molecule, b) reorganization of

the molecule to carry out the renormalization.

Figure 5-12 a) shows the isolated benzene ring, and Figure 5-12 b) shows a reorganization

of the ring in order to perform the renormalization, where the information enters the ring

through site 1a and exits through site 2b, applying the Dyson equation to first neighbors,

the following equations are obtained.

Ga
11 = gc + gctvG

b
11 + gctvG

c
11, (5-25)

Gb
11 = gctvG

a
11 + gctvG

b
12, (5-26)

Gc
11 = gctvG

a
11 + gctvG

c
12, (5-27)

Gc
12 = gctvG

c
11 + gctvG

a
12, (5-28)

Ga
12 = gctvG

c
12 + gctvG

b
12, (5-29)

Solving the system of equations gives an expression for Ga
11 in terms of Gb

12.

Ga
11 =

gc(1− 2g2c t
2
v)

1− 4g2c t
2
v + 3g4c t

4
v

+
gct

2
v(1− g2c t

2
v)

1− 2g2c t
2
v

Gb
12, (5-30)

The above expression has the form of a Dyson equation, where the first term is the effective

Green’s function of a site 1 connected to a site 2, the second term, which multiplies Gb
12, is

the effective coupling with the effective site 2.

g2 =
gc(1− 2g2c t

2
v)

1− 4g2c t
2
v + 3g4c t

4
v

, (5-31)

and

v2 =
gct

2
v(1− g2c t

2
v)

1− 2g2c t
2
v

, (5-32)
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The process carried out for the first ring of the model (a) serves for the second ring of the

model (b), therefore, the model (b) is decimated to a system with 5 sites, of which 4 are

effective, two with effective Green’s functions g1 and effective coupling v1, and two with

effective Green’s functions g2 and effective coupling v2 (see Figure 5-14 b))

Decimation Model (c)

For model (c), the two rings have the same configuration as the first ring of model (b), there-

fore, when performing the decimation process, the effective Green’s function g2 is obtained,

and the effective coupling v2, after the renormalization process, the model (c) is decimated

to a linear system of 5 sites, where 4 are effective (see Figure 5-14 a))

Decimation Model (d)

a ) b )

Figure 5-13: First benzene ring of the model (d), a) isolated molecule, b) reorganization of

the molecule to carry out the renormalization.

Figure 5-13 a) shows the isolated benzene ring, and Figure 5-13 b) shows a reorganization

of the ring in order to perform the renormalization, where the information enters the ring

through site 1b and exits through site 2b, applying the Dyson equation to first neighbors,

the following equations are obtained.

Gb
11 = gc + gctvG

a
11 + gctvG

b
12, (5-33)

Ga
11 = gctvG

b
11 + gctvG

c
11, (5-34)

Gc
11 = gctvG

a
11 + gctvG

c
12, (5-35)

Gc
12 = gctvG

c
11 + gctvG

a
12, (5-36)

Ga
12 = gctvG

c
12 + gctvG

b
12, (5-37)

Solving the system of equations gives an expression for Gb
11 in terms of Gb

12.

Gb
11 =

gc(1− 3g2c t
2
v + g4c t

4
v)

1− 4g2c t
2
v + 3g4c t

4
v

+
tv(1− 3g2c t

2
v + 2g4c t

4
v)

1− 3g2c t
2
v + g4c t

4
v

, (5-38)
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The above expression has the form of a Dyson equation, where the first term is the effective

Green’s function of a site 1 connected to a site 2, the second term, which multiplies Gb
12, is

the effective coupling with the effective site 2.

g3 =
gc(1− 3g2c t

2
v + g4c t

4
v)

1− 4g2c t
2
v + 3g4c t

4
v

, (5-39)

and

v3 =
tv(1− 3g2c t

2
v + 2g4c t

4
v)

1− 3g2c t
2
v + g4c t

4
v

. (5-40)

The above process works for both benzene rings, therefore, model (d) is decimated to a

system with 5 sites, of which 4 are effective (see Figure 5-14 a).

E 0

E 0

1 2 3 4 5

1 2 3 4 5

a )

b )

g i g i g i g i

g 2 g 2 g 1 g 1

v i t w v it w

v 2 v 1t w t w

Figure 5-14: The models in Figure 1 were decimated to 5 sites, a) models (a), (c) and (d),

b) model (b). i can take the values 1, 2 and 3, corresponding to models (a),

(c), and (d), respectively.

All the models in Figure 5-1 are decimated to 5 sites, where we have 4 effective sites and the

central oxygen site. For models (a), (c) and (d) they are symmetrical systems (see Figure

5-14 (a)), where gi is the effective local Green’s function and vi is the effective potential

between sites, where i can be 1 (model (a)), 2 (model (c)) and 3 (model (d)). For model

(b), we have an asymmetric system (see Figure 5-14 (b)), which is a combination of the

decimation made for the benzene rings of model a and the rings of model (c).

To obtain the Green’s functions of sites 1 and 5 of the linear system, shown in Figure 5-14

(a), the Dyson equation is applied to first neighbors, we have:

Ga,c,d
11 = gi + giviG

a,c,d
12 , (5-41)

Ga,c,d
12 = giviG

a,c,d
11 + gitwG

a,c,d
13 , (5-42)
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Ga,c,d
13 = gotwG

a,c,d
12 + gotwG

a,c,d
14 , (5-43)

Ga,c,d
14 = gitwG

a,c,d
13 + giviG

a,c,d
15 , (5-44)

Ga,c,d
15 = giviG

a,c,d
14 , (5-45)

Solving the system of equations gives the expression of the Green’s functions Ga,c,d
11 , and

Ga,c,d
15 . Due to the symmetry that the system in the Figure 5-14 (a) presents, it can be

affirmed that the functions of the sites Ga,c,d
11 and Ga,c,d

55 are equal and have the following

form:

Ga,c,d
11 =

gi(1− g2i v
2
i − 2gigot

2
w + g3i gov

2
i t

2
w)

(1− g2i v
2
i )(1− g2i v

2
i − 2gigot2w)

, (5-46)

we can also say the same about Green’s functions Ga,c,d
15 and Ga,c,d

51 , which are the same, which

is:

Ga,c,d
15 =

g4i gov
2
i t

2
w

(1− g2i v
2
i )(1− g2i v

2
i − 2gigot2w)

. (5-47)

To obtain the Green’s functions of the linear system shown in Figure 5-14 (b), the Dyson

equation is applied to first neighbors, this system does not have a symmetrical shape, like

the one shown in Figure 5-14 (a), for which the analysis is made in the direction 1 to 5, and

from 5 to 1. Analyzing from site 1 to 5, we have:

Gb
11 = g2 + g2v2G

b
12, (5-48)

Gb
12 = g2v2G

b
11 + g2twG

b
13, (5-49)

Gb
13 = gotwG

b
12 + gotwG

b
14, (5-50)

Gb
14 = g1twG

b
13 + g1v1G

b
15, (5-51)

Gb
15 = g1v1G

b
14. (5-52)

Analyzing from site 5 to 1, we have:

Gb
55 = g1 + g1v1G

b
54, (5-53)

Gb
54 = g1v1G

b
55 + g1twG

b
53, (5-54)

Gb
53 = gotwG

b
54 + gotwG

b
52, (5-55)

Gb
52 = g2twG

b
53 + g2v2G

b
51, (5-56)

5

Gb
51 = g2v2G

b
52, (5-57)

Solving the system of equations gives the expressions of the Green’s functions Gb
11, G

b
55, and

Gb
15, and have the following form:
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Gb
11 =

g2(1− g21v
2
1 − gog1t

2
w − gog2t

2
w(1− g21v

2
1))

(1− g21v
2
1)(1− g22v

2
2)− got2w(g2 + g1(1− g1g2v21 − g22v

2
2))

, (5-58)

Gb
55 =

g1(1− g22v
2
2 − gog2t

2
w − gog1t

2
w(1− g22v

2
2))

(1− g21v
2
1)(1− g22v

2
2)− got2w(g2 + g1(1− g1g2v21 − g22v

2
2))

, (5-59)

and

Gb
15 =

gog
2
1g

2
2v1v2t

2
w

(1− g21v
2
1)(1− g22v

2
2)− got2w(g2 + g1(1− g1g2v21 − g22v

2
2))

. (5-60)

With the effective Green’s functions calculated Ga,b,c,d
11 , Ga,b,c,d

15 , and Gb
55 , the total Green

function of the system can be represented, given by the following expression:

G15 =
Ga,b,c,d

15

(1− ΣLG
a,b,c,d
11 )(1− ΣRG

a,b,c,d
55 )− ΣLΣR(G

a,b,c,d
15 )2

. (5-61)

The new transmission probability for the effective molecular system in one dimension, as

shown in Figure 5-14, can be written as:

T (E) = ΓRΓL|G15|2. (5-62)
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6.1 Abstract

6.1 Abstract

A theoretical analysis was performed to investigate the transport properties of Zinc Porphyrin

molecule and its response to thermal fluctuations. The renormalization method was used for

this analysis, using the Green’s functions technique through the Dyson equation, focusing on

first-neighbor interactions. This study produced various results, including energy-dependent

transmission probability, voltage-current characteristic curves, electrical and thermal con-

ductance assessments, Seebeck coefficient, and figure of merit (ZT). In order to validate the

method used, both the profile results in the transmission probability and the I-V curves

were compared with theoretical (DFT) and experimental results, respectively, obtaining sig-

nificant agreements in the HOMO and LUMO of the molecule, as well as a characteristic

behavior of a rectifying device. Complementing the above by calculating the ZT through

the molecular system Zn(5,15-di(p-thiolphenyl)-10,20-di(p-tolyl)porphyrin) (ZnTPPdT), it

was demonstrated that said molecule could be used as an efficient thermoelectric device that

allows thermal energy to be converted into electrical energy.

Keywords: Zinc Porphyrin, renormalization, voltage-current characteristic curves, ZT

6.2 Introduction

In recent decades, there has been increasing interest in the study of molecular electronics,

which focuses on studying the behavior of charge carriers when they pass through systems

that are between two or more electrodes, which, depending on their structure, may have

properties of known electronic devices, such as rectifiers, transistors, diodes, among others.

Since current semiconductor-based devices are reaching a miniaturization threshold (Moore’s

law), where the density of transistors on a microchip has increased over the years [1, 2], the

idea is to be able to replace current electronic components with monomolecular devices of

a few nanometers. Nowadays, many theoretical and experimental studies can be found on

electronic devices based on a single molecule, such as wires, switches, storage, amplification,

and logic devices, to mention a few [4–7].

Within experimental studies, currently, there are many techniques to measure the response

of the passage of electrons through molecular junctions (MJs), such as Scanning Tunneling

Microscopy (STM), which uses individual molecular junctions on surfaces to manipulate and

characterize molecules at the nanometric scale; in this process, the charge carriers generated

by a potential difference feel the mechanism of the tunnel effect [8–11]. Methods for the

study of MJs, such as scanning tunneling spectroscopy (STS), are complementary to STM,

allowing the study of the electronic properties of a single MJs [12]. On the other hand, there
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are experimental techniques for manufacturing individual molecules and studying their trans-

port properties, such as scanning probe microscopy (SPM), which consists of breaking joints

of a sharp-tipped probe, facilitating the surface of a sample to be scanned and measure its

topography, conductivity, magnetic field, etc. [13].

Other important experimental techniques to mention here are electromigration breakdown

junctions (EBJ) [14] and mechanically controlled breakdown junctions (MCBJ), which are

characterized by having two metal electrodes separated by a small distance (from the order

of nanometers), which can be moved mechanically, and a molecule can be placed between

them to act as a bridge. By varying the distance between the metal tips, the conductance of

the molecule can be studied as a function of the separation of the electrodes. The difference

between the two methods is that MCBJ has high mechanical stability, and the electrode

spacing can be finely tuned [15–19].

At a theoretical level, the first to report on the rectifying properties of a molecule based on

tetrathia-fulvalene (donor) and tetracyanoquinodimethane (acceptor), linked by a saturated

methylene bridge, were Aviram and Ratner in 1974 [3].

There is also a range of theoretical methods for the study of molecular systems, such as

density functional theory (DFT), with the non-equilibrium Green’s functions (NEGF) for-

malism [20–22], Monte Carlo [23], renormalization method by Green’s functions out of equi-

librium, applying the Dyson equation to first neighbors, under the tight-binding approxima-

tion [24–29]. With the methods mentioned above (DFT and renormalization), a study can

be made on the electronic and optical properties of molecular systems, such as transmission

probability, current vs. voltage, electrical and thermal conductance, Seebeck coefficient, the

figure of merit (ZT), and absorption, among others, all the above, taking into account vari-

ations in temperatures, external fields, etc.

Many authors have studied electronic coherence in molecular systems with the Tight Bind-

ing approximation method, using the Landauer formalism due to certain interactions such

as electron-phonon, adjusting the energies of sites and couplings between sites, among oth-

ers [30–32]. Where it has been reported that the inclusion of this interaction creates new

electronic states near the Fermi level [33]. There are also many studies in the literature

that seek to improve the photothermal conversion of these thermoelectric materials, where

they seek to improve the efficiency in the absorption of solar energy in a wide range of the

energy spectrum of the incident photon [34–36], such as the control of mid-infrared thermal

emitter [37].

The method used in this work is renormalization, which consists of decimating the molecular

system using the Dyson equation and Green’s functions, which translates into going from a
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2D system with many atomic sites to a linear system with effective sites but maintaining

the information of the original system.

The molecular system to be studied is Zinc porphyrin, more specifically Zn(5,15-di(p-thiol

phenyl)-10,20-di(p-tolyl)porphyrin) (ZnTPPdT). The Zn-Porphyrin molecular system is widely

studied because of its optical properties, which are used to incorporate them into solar

cells to improve efficiency, as optical sensors for the detection of heavy metals in aqueous

media, to improve the detection of electrochemiluminescent and electrochemical sensors of

drugs [38–42].

Systems based on Zn-Porphyrin are also widely studied for their electronic properties, such

as the study reported by Perrin et al. in 2013 [43], where they studied the current curve

as a function of voltage in a ZnTPPdT molecule, for different electrode distances, using the

MCBJ method. By increasing the electrode separation, they observed a substantial increase

in the transport gap with level changes of several hundred meV for displacements of a few

angstroms [43].

In 2015, Souza et al. [44], studied the electronic properties in a single molecule of ZnTPPdT

by DFT, where they obtained the transmission probability and current-voltage characteris-

tic curve with good results when comparing the results reported by Perrin in 2013. As of

mid-2016, Galiby et al. [45] studied the thermoelectric properties in metalloporphyrins by

DFT, finding that the resulting thermopowers of a single molecule at room temperature vary

from almost zero for the Co and Cu centers, up to +80µV K−1 and +230µV K−1 for Ni

and Zn respectively.

In this work, the thermoelectric properties of a ZnTPPdT molecule will be studied by the

renormalization method, applying the Dyson equation to the first nearest neighbors and

finding the total Green function of a linear system with effective sites. The transmission

probability will be calculated by the Fisher-Lee relationship, the calculation of the current-

voltage characteristic curve will be done via the Landauer-Büttiker formalism, and finally,

the electrical and thermal conductance, Seebeck coefficient, and figure of merit, ZT, will be

calculated using Landauer integrals.

The article is organized as follows. In Section 2, the model of the ZnTPPdT molecule based

on a tight-binding Hamiltonian is presented. In Section 3, the method used for calculations

of electrical and thermal quantities is described. Section 4 is devoted to results and corre-

sponding discussions. Finally, the conclusions are summarized in Section 5. The appendix

presents, in detail, the renormalization process of the system under study.
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6.3 Model

To study the transport properties, in the tight-binding approximation, of the Zn(5,15-di(p-

thiolphenyl)-10,20-di(p-tolyl) porphyrin) (ZnTPPdT) molecule, it is connected between two

metal electrodes (Left, Right), see Fig. 6-1. The total system is represented by the Hamil-

tonian with the form:

H = HM +HL +HI , (6-1)

where HM corresponds to the Hamiltonian of the molecule of ZnTPPdT, which has the

following form:

HM =
∑
i

ti

(
c†ic(i+1) + c†(i+1)ci

)
+
∑
i

Eic
†
ici , (6-2)

here, c†i and ci are the operators for creating and destroying an electron at the site i. Ei is

the site energy for the carbon, sulfur, nitrogen, or zinc atoms, ti is the hopping between the

atoms, which can be tC for the coupling between C−C, tS for the coupling between S−C,

tN for the coupling between N−C, and tZn for the coupling between Zn−N.

Figure 6-1: Zn(5,15-di(p-thiolphenyl)-10,20-di(p-tolyl)porphyrin) (ZnTPPdT) molecule

connected to leads ΓL and ΓR (Left and Right respectively). Each color

represents a different type of atom.

The terms HL and HI of Eq. 6-1 represent the Hamiltonian of the leads and the molecule-

leads interaction, respectively, and are given by:

HL =
∑
kL

εkLd
†
kL
dkL +

∑
kR

εkRd
†
kR
dkR + h.c. , (6-3)

and
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HI =
∑
kL

ΓLd
†
kL
c1 +

∑
kR

ΓRd
†
kR
cN + h.c. . (6-4)

The operator d†kL(R)
is the creation operator of an electron in a state kL(R) with energy εkL ;

ΓL(R) is the coupling between each lead with the molecule, and h.c. is the complex conjugate

of the Hamiltonian [46,47].

6.4 Method

To calculate the thermoelectric properties in the ZnTPPdT molecular system, the renormal-

ization process is carried out, which is detailed in Appendix A, using the Dyson equation to

first neighbors given by:

G = G0 +G0(ΣL + ΣR)G , (6-5)

where ΣL and ΣR are the self-energies of the left and right leads, respectively, and G0 is the

Green function of the molecular system.

After doing the entire decimation process to a linear system with effective sites, the total

Green function is obtained, which will be in terms of the Green functions G0
11, G

0
1N , G

0
NN ,

and G0
N1, with

G1N =
G0

1N

(1−G0
11ΣL)(1−G0

NNΣR)−G0
N1G

0
1NΣLΣR

, (6-6)

where G0
11 is the Green function of site 1, G0

NN is the Green function of size N , G0
1N is the

Green function of site N seen from site 1, and G0
N1 is the Green function of site 1 seen from

site N .

The calculation of the transmission probability will be done using the Fisher-Lee relation,

which is the trace of a matrix that depends on the total delayed and advanced Green functions

calculated above and on the functions of the electrodes spectral density matrix ΓL and ΓR,

i.e.,

T (E) = Tr [ΓLG
r ΓRG

a] , (6-7)

here the spectral density matrix for the left (right) electrode is given by

ΓL(R) = i
(
ΣL(R) − Σ†

L(R)

)
, (6-8)

with ΣL = ΣR = −iΓ/2.
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The current-voltage characteristic curve is calculated to determine the quantum transport

properties, which describe the flow of charge carriers through the molecule from one electrode

to the other. The obtained expression for the transmission probability is then multiplied by

the difference of the electrode Fermi functions and integrated in terms of energy. All of

this is done under the framework of the Landauer-Büttiker formalism and is shown in the

following relationship:

I(V ) = I0

∫ ∞

−∞
[fL(E, V )− fR(E, V )] T (E)dE , (6-9)

where I0 = 2e/h, e is the electronic charge, E is the electron energy, V is the bias voltage,

and h represents the Plank constant. fL(R)(E, V ) is the Fermi-Dirac distribution function

for the left (right) electrode and has the following form:

fL(R)(E, V ) =
1

1 + exp[β(E − µL(R)(V ))]
, (6-10)

where β = 1/kBT is the Botzmann factor, µL(R)(V ) = Ef ± eV/2 is the chemical potential,

and Ef is the equilibrium Fermi energy under zero biased condition.

To calculate the thermal transport properties, the n-order Landauer integrals will be used,

Ln = −
∫
T (E)(E − Ef )

n

(
∂f(E)

∂E

)
dE , (6-11)

Using Eq. 6-11, the electrical conductance (G), the Seebeck coefficient S, the thermal con-

ductance κ, and the figure of merit ZT can be obtained via the following relationships

G =
2 e2

h
L0 , (6-12)

S = − 1

e T

L1

L0

, (6-13)

κ =
2

hT

(
L2 −

L2
1

L0

)
, (6-14)

ZT =
G S2 T

κ
=

L2
1

L0 L2 − L2
1

, (6-15)

where T is the equilibrium temperature [48,49].

It is worth mentioning that the thermal conductance is the sum of the electronic and phonon

contributions, but when comparing both contributions, the electronic is usually much higher

than the phonon thermal conductance, which is true in these molecular systems [52,53], for

that reason in this work, only the thermal conductance due to the electronic part will be

taken into account.
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6.5 Results and discussion

In this section, an analysis will be made of the numerical results obtained from the electrical

properties of a ZnPTPPdT molecule, such as transmission probability graph as a function

of the energy of the incident electron, current characteristic curve as a function of voltage,

and the variation of electrical conductance as a function of the Fermi energy for different

temperatures. A study will also be carried out on the variation that the following physical

quantities present with changes in temperature, thermal conductance, Seebeck coefficient,

and, finally, the figure of merit or ZT.

To validate the method used in this work, the transmission probability plot has been made

as a function of the energy of the incident electron (see Fig. 6-2), for all site energies equal

to 0 eV, and hopping of 1 eV, and will be compared with the eigenvalues of the molecular

system shown in Fig. 6-1.
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Figure 6-2: Transmission probability as a function of the energy of the incident electron

(black curve), and eigenvalues for a ZnPTPPdT molecule (red dash lines), with

site energy of 0 eV, hopping of 1 eV, and ΓI = ΓD = 0.2 eV.

Fig. 6-2 shows the plot of the transmission probability (black curve) and the eigenvalues

of a ZnPTPPdT molecule (red dash lines) connected to two metal electrodes for the system

shown in Fig. 6-1. The purpose of the previous graph is to show that the eigenvalues of the

molecule largely coincide with resonant peaks (26) and zeros (5) of the transmission, which

tells us that the method used for the decimation carried out gives very good results with

the test parameters. The graph shows 31 eigenvalues in eV, which are presented below (and

in parentheses how many times it appears degenerate) 2.8267, -2.7401, 2.4142 (2), -2.3546

(2), -2.3102, 2.2554, 2.1576, - 2.1565, 2.0759 (2), -2.0000 (2), 2.0000, -1.9650, 1.8009, 1.6322,

-1.6180 (4), -1.5843, 1.5247 (2), -1.3721, -1.3457 (2), 1.3255, 1.1147, - 1.0000 (4), 1.0000 (6),

-0.9688, 0.6180 (4), -0.5844, 0.5666, -0.4142 (2), 0.0996 (2), 0.0606, -0.0589, in total there
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Table 6-1: Comparison with results reported in the literature

HOMO LUMO I(µA)

V= −0.8 volt V = 0.8 volt

This work −0.51 1.32 −0.050 0.050

Souza et al. [44] −0.50 1.31 ——– ——–

Perrin et al. [43] ——– ——– −0.040 0.052

are 53 eigenvalues, which are related to the 53 atomic sites shown in Fig. 6-1.
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Figure 6-3: Transmission probability as a function of incident electron energy obtained

via the procedure described in this work (solid line). A comparison is made

with DFT calculations (solid symbols) [44]. The results are for a ZnPTPPdT

molecule.

Fig. 6-3 shows the comparison of the transmission probability obtained for a ZnPTPPdT

molecule by using the analytical method described here and theoretical results obtained by

Souza et al. using DFT [44]. For comparison effects, the reference site energy and hopping

parameters are from the works of Sadeghi et al. [50] and Ojeda et al. [51]. From Fig. 6-3,

the same energies of the HOMO and LUMO reported by DFT are obtained (see table 6-1),

which are around −0.51 eV and 1.32 eV, presenting an energy gap of approximately the same

order (Which is reflected in the graph of current vs. voltage in Fig. 6-4), which shows us

a very good agreement. To carry out the comparison, the following parameters were used:

EC = −6.03 eV (Carbon site energy), EN = −4.66 eV (Nitrogen site energy), EZn = −20.7

eV (Zinc site energy), ES = 0.98 eV (Sulfur site energy), tC = −2.40 eV (Carbon−Carbon

hopping), tN = −4.13 eV (Nitrogen−Carbon hopping), tZn = −2.50 eV (Zinc−Nitrogen hop-

ping), and tS = −0.83 eV(Sulfur−Carbon hopping). For the coupling of the molecule with

the electrodes, we use ΓI = 1 eV and ΓD = 2 eV.
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 Experimental MCBJ
  Our result (10 K)
 Our result (50 K)
  Our result (300 K)
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Figure 6-4: (a) Current-voltage characteristic curve for the ZnP system, compared with ex-

perimental results by the MCBJ method, at a temperature of 6K (black dots),

reported by Perrin et al. [43], with the obtained analytical results, at a tem-

perature of 10K (red curve), 50K (green curve), and 300K (blue curve). (b)

Transmission probability as a function of the energy of the incident electron, for

the new parameters ΓI = 0.07 eV, ΓD = 1.12 eV, and EC = −5.85 eV.

In Fig. 6-4(a), an additional comparison is made, but in this case with experimental results

of the current-voltage characteristic curve by the MCBJ method at a temperature of 6K

for a ZnPTPPdT molecule (see table 6-1), reported by Perrin et al. [43]. Solid symbols are

from Ref. [43], whereas solid lines are our findings for several temperature values. From the

experimental results, it can be seen that the value of the current increases as the voltage

increases, up to a voltage value of approximately −0.7 volt, then it presents a gap, that is,

the magnitude of the current is practically zero, up to a voltage value of +0.5 volt, from that

value onwards the current amplitude begins to grow. Our findings (solid lines) show the same

behavior since for voltage values of approximately −0.7 volt to +0.5 volt, the graphs present

that approximate gap. When the temperature is 300K, it presents the same behavior as the

experimental curve. The gap can be observed in the transmission probability graph, Fig. 6-

4(b), which presents values different from zero for HOMO and LUMO energies. It is worth

mentioning that the difference in the values of our model’s current amplitudes compared

to the experimental one at low temperatures maybe because it only considers transport by

electronic factors, ignoring the vibrational aspects of the system. Furthermore, the model

used is not the best to describe the system at low temperatures due to the behavior suffered

by the Fermi functions. To carry out the comparison, the following parameters were used:

Couplings between the molecule and the electrodes, ΓI = 0.07 eV, and ΓD = 1.12 eV, an
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adjustment is also made in the energy value of the Carbon site, which is at EC = −5.85 eV.

From now on, the other physical quantities will be made considering these parameters.
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Figure 6-5: (a) Electrical conductance in the ZnPTPPdT molecular system, as a function

of the Fermi energy for different temperature values. The vertical dashed line

represents the Fermi level. In (b), the L0-Landauer integral is shown as a tem-

perature function.

Fig. 6-5(a) shows the graph of the electrical conductance in the ZnPTPPdT molecular

system as a function of the Fermi energy for different temperatures. Note that as the tem-

perature increases, there is a decrease in the value of the electrical conductance, which cannot

be seen with the naked eye for energy = 1.5 eV. It is worth mentioning that the conductance

is proportional to the transmission of the molecular system (see Fig. 6-4b), in which it is

noticeable to see the HOMO and LUMO characteristic of the ZnTPPdT molecular system

at the same energies of the incident electron. The decrease in the amplitude of the conduc-

tance is related to the electronic properties of the system, which is reflected in the variation

that L0 undergoes with the increase in temperature; remember that this depends on the

subtraction of the Fermi functions of the electrodes (Eq. 6-11), which means that when

the temperature increases, the contribution to the amplitude of the electrical conductance

decreases (see Fig. 6-5(b)). Something to keep in mind is that when the properties due

to the vibrations present in these systems are considered, these also contribute greatly to

the decrease in the amplitude of the electrical conductance. This is because increasing the

vibrations due to the increase in temperature makes it difficult for electrons to pass through

the molecular system, causing the electrical conductance to decrease.

Figure 6-6(a) shows the graph of thermal conductance as a function of Fermi energy for

various temperatures with κ0 = 2/hT. In this figure, it is observed that as the temperature

increases, there is an increase in the magnitude of the thermal conductance, which is more

evident in the vicinity of the Fermi energy (0 eV), i.e., in the vicinity of the HOMO of the

molecule. Such a situation is opposite to that of the electrical conductance (see Fig. 6-
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Figure 6-6: (a) Thermal conductance in the ZnPTPPdT molecular system as a function

of the Fermi energy for different temperatures with κ0 = 2/h T . The vertical

dashed line represents the Fermi level. In (b) are shown the Landauer integrals

L1 and L2 concerning the temperature.

5). This behavior is associated with the variation that the Landauer integrals (L1 and L2)

present with increasing temperature (see Fig. 6-6(b)). They increase with the increase in

temperature, but this growth does not present a linear behavior, which would explain why for

an energy close to the HOMO, the change in the magnitude of the conductance is significant

for a temperature of 300K, compared to lower temperatures. It is worth mentioning that

this behavior would also be seen by the vibrations that the system would present when the

temperature increases, something interesting to study.
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Figure 6-7: Seebeck coefficient in the ZnPTPPdT molecular system as a function of the

Fermi energy for different temperatures with S0 = 1/e T . The vertical dashed

black line represents the Fermi level.

Fig. 6-7 shows the graph of the Seebeck coefficient as a function of the Fermi energy for
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different values of temperatures with S0 = 1/eT. From the graph, a higher value of the

Seebeck coefficient is observed at high temperatures, which indicates a greater conversion of

thermal energy to electrical energy. It is noted that around the Fermi energy, it goes from a

positive to a negative value, which indicates that the predominant charge carriers (electrons)

respond positively to the temperature gradient. The electrons tend to move towards a hotter

region, thus causing an electric current in the direction of the temperature gradient, which

generates the potential difference. It should be noted that when the transmission probability

is at a resonant peak (at an eigenvalue of the molecule), the Seebeck coefficient is zero; this

is because, as the electrons for that specific energy, they can move freely from an electrode to

another through the molecule, which means that when there is a high electrical conductivity,

a potential difference does not occur due to the difference in temperature of the electrodes.

Around the Fermi energy, close to the HOMO and LUMO, it can be seen that the Seebeck

coefficient has a positive value close to the HOMO (0.168), and the LUMO the maximum

positive value is 0.253. This behavior illustrates how the alignment of the HOMO and LUMO

levels concerning the electrodes influences the redistribution of electronic states under a

temperature gradient. As a result, thermally excited electrons tend to flow from the hotter

electrode toward the colder one, giving rise to a thermoelectric potential difference.
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Figure 6-8: The figure of merit (ZT) in the ZnPTPPdT molecular system as a function of

the Fermi energy for different temperatures. The vertical dashed line represents

the Fermi level. The inset represents the same graph of the ZT, but in a larger

range of EF .

Figure 6-8 shows the ZT, or figure of merit, of the ZnPTPPdT molecule as a function

of the Fermi energy for different temperatures. In this graph, it can be seen that as the

temperature increases, the ZT value increases, reaching a value close to 55, for T = 300K

and energies close to the Fermi energy (EF = 0 eV), which can give us indications that the

molecular system behaves as a good thermoelectric material and that its efficiency increases

with temperature. The above makes sense with what is observed in the graphs of the
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thermal conductance κ (Fig. 6-6), and the Seebeck coefficient S (Fig.6-7), since at higher

temperatures, the greater the magnitude of κ and S, which means that more thermal energy

will be converted into electrical energy, due to the potential difference generated by the

temperature gradient of the electrodes. These ZT values can give us a perspective that

the molecular system studied would present a very good efficiency when converting thermal

energy into electrical energy, which would postulate it as a good candidate to be used in

molecular electronic circuits.

6.6 Conclusions

The electrical and thermoelectric properties of a single ZnPTPPdT molecule connected to

two metal electrodes were investigated. The Dyson equations were employed for nearest

neighbors, and the non-equilibrium Green functions were used to renormalize the molecular

system into a linear system with eight effective sites, following the tight-binding approach.

The thermoelectric properties were computed by applying the Landauer–Büttiker formalism.

Our results indicate a favorable match between the calculated transmission probability and

the HOMO and LUMO levels as predicted by DFT. Additionally, the experimentally reported

current-voltage characteristic curve using the MCBJ method closely aligns with the gap and

amplitude values. Regarding the thermoelectric properties, notably high Seebeck coefficient

values and thermal conductance values were observed, leading to significantly high ZT values.

These findings suggest that the molecular system holds promise as an electronic device

capable of efficiently converting thermal energy into electrical energy.

6.7 Appendix

Decimation Procedure

This section shows in detail the process carried out to decimate the ZnTPPdT molecule

(Fig. 6-1). We will begin by making a new distribution in the molecule to start the renor-

malization process (Fig. 6-9).

First, the benzene rings on the left and right (Fig. 6-10a) will be decimated to two effective

sites (Fig. 6-10c).

To carry out the decimation process of the benzene molecule, using the system of Fig. 6-10

b, where the information enters the ring through the site 1a and leaves through the site

2a, following the process carried out by Toscano-Negrette et al. [47] takes the system to two

effective sites (see Fig. 6-10 c), and the effective functions of the two sites have the following

form:
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Figure 6-9: Reorganization of the molecule shown in Fig. 6-1, in order to carry out the

decimation process.

a) b) c)

Figure 6-10: a) Benzene molecule, b) benzene molecule rearranged for decimation, and c)

system decimated to two effective sites.

g4 =
gC(1− g2Ct

2
C)

1− 3g2Ct
2
C

, (6-16)

and

v4 =
2g2Ct

3
C

1− g2Ct
2
C

. (6-17)

Now we proceed to decimate two benzene rings, up and down, which are connected to two

Carbon atoms (see Fig. 6-11a).

To begin the decimation, we proceed to a reorganization of the molecule (see Fig. 6-11b),

where we already have the decimation of the benzene molecule, and there are two effective

sites connected to two carbon atoms, as shown in Fig. 6-11c. We want to send all the
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a) b) c)

Figure 6-11: a) Benzene molecule with two carbon atoms, b) molecule rearranged to deci-

mate, and c) system decimated to two effective sites and two carbon atoms.

information to site 1a; for that, we apply the Dyson equation to the first neighbors, obtaining

the following system of equations:

Ga
11 = gC + gCtCG

a
12 , (6-18)

Ga
12 = g4tCG

a
11 + g4v4G

a
13 , (6-19)

Ga
13 = g4v4G

a
12 + g4tCG

a
14 , (6-20)

Ga
14 = gCtCG

a
13. (6-21)

Solving the system of equations for the function Ga
11, which is the effective Green function

for an effective site g3:

Ga
11 =

gC(1− g4gCt
2
C − g24v

2
4)

1− 2g4gCt2C + g24g
2
Ct

4
C − g24v

2
4

= g3 . (6-22)

The decimation of the Pyrrole rings (Fig. 6-12a) will be done at three sites, where two will

be effective and the Nitrogen atom (Fig. 6-12c). For decimation, the system is reorganized

by placing the Carbon atoms linearly (Fig. 6-12b); the idea is to leave the information in

place 1a and 4a. Applying the Dyson equation, we have:

Ga
11 = gC + gCtCG

a
12 , (6-23)

Ga
12 = gCtCG

a
11 + gCtCG

a
13 , (6-24)

Ga
11 = gCtCG

a
12 + gCtCG

a
14 . (6-25)

Solving the previous system of equations for Ga
11 in terms of Ga

14, we can obtain

Ga
11 =

gC(1− g2Ct
2
C)

1− 2g2Ct
2
C

+
g3Ct

3
C

1− 2g2Ct
2
C

Ga
14 , (6-26)
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a) b)

c)

Figure 6-12: a) Pyrrole molecule, b) rearranged system for decimation, and c) system deci-

mated to two effective sites and one Nitrogen atom.

where the previous equation represents two effective sites, with effective Green equation g1
and effective coupling v1; they have the following expressions

g1 =
gC(1− g2Ct

2
C)

1− 2g2Ct
2
C

, (6-27)

and

v1 =
g2Ct

3
C

1− g2Ct
2
C

. (6-28)

Fig. 6-13 shows how the system looks with the decimations already made previously.

Figure 6-13: Partially decimated ZnTPPdT system.

Now we are going to decimate the central system of Fig. 6-13; for that it is reorganized

according to Fig. 6-14, where the information enters the system through site 1a and leaves

through site 5a. Applying the Dyson equation, the following system of equations is obtained:

Ga
11 = gC + gCtCG

e
11 + gCtCG

d
11 , (6-29)

Ge
11 = g1tCG

a
11 + g1v1G

e
12 + g1tNG

b
12 , (6-30)
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Figure 6-14: Reorganization of the central system of Fig. 6-13 to be able to perform the

decimation.

Ge
12 = g1v1G

e
11 + g1tNG

b
12 + g1tCG

e
13 , (6-31)

Gb
12 = gN tNG

e
11 + gN tNG

e
12 + gN tZnG

a
13 , (6-32)

Ge
13 = g3tCG

e
12 + g3tCG

e
14 , (6-33)

Ge
14 = g1tCG

e
13 + g1v1G

e
15 + g1tNG

b
14 , (6-34)

Ge
15 = g1v1G

e
14 + g1tCG

a
15 + g1tNG

b
14 , (6-35)

Gb
14 = gN tNG

e
14 + gN tNG

e
15 + gN tZnG

a
13 , (6-36)

Gd
15 = g1tCG

a
15 + g1v1G

d
14 + g1tNG

c
14 , (6-37)

Gd
14 = g1v1G

d
15 + g1tCG

d
13 + g1tNG

c
14 , (6-38)

Gc
14 = gN tNG

d
15 + gN tNG

d
14 + gN tZnG

a
13 , (6-39)

Gd
13 = g3tCG

d
14 + g3tCG

d
12 , (6-40)

Gd
12 = g1tCG

d
13 + g1v1G

d
11 + g1tNG

c
12 , (6-41)

Gd
11 = g1tCG

a
11 + g1v1G

d
12 + g1tNG

c
12 , (6-42)

Gc
12 = gN tNG

d
12 + gN tNG

d
11 + gN tZnG

a
13 , (6-43)

Ga
13 = gZntZnG

b
12 + gZntZnG

b
14 + gZntZnG

c
14 + gZntZnG

c
12 . (6-44)

By solving the system of equations for Ga
11 in terms of the function of Ga

15, we have:

Ga
11 = g2 + g2v2G

a
15, (6-45)

were
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g2 =− ((gC(1 +R)(−1 + 2FP +R)(2BM(−1 + FP )− (1 +R)(−1 + 2FP +R) + 4HL(−1 + 2BM +R2)))/

(−(1 +R)(−1 + 2FP +R)(2BM(−1 + FP )− (1 +R)(−1 + 2FP +R) + 4HL(−1 + 2BM +R2))

+ 2AB(−(−1 + FP )(1 +R)(−1 + 2FP +R) +BM(2 + FP (−4 + FP )− 2FPR−R2)

+ 2HL((2 + FP (−3 +R)− 2R)(1 +R) + 2BM(−2 +R2 + FP (3 + 2R)))))),

(6-46)

and

v2 =
2AB(BF 2MP 2 +B(1− 4HL)MR2 + 2FP (BMR +HL((1 +R)2 − 2B(M + 2MR))))

gC(1 +R)(−1 + 2FP +R)(2BM(−1 + FP )− (1 +R)(−1 + 2FP +R) + 4HL(−1 + 2BM +R2))
.

(6-47)

In the above expressions of g2 and v2, A = gCtC , B = g1tC , R = g1v1, P = g1tN , F = gN tN ,

H = gN tZn, L = gZntZn, and M = g3tC .

With what was done previously, the system of Fig. 6-14 is decimated to two effective sites,

and the entire molecular system is decimated to a linear system, with six effective sites and

the two sulfur atoms, as shown. shown in Fig. 6-15.

Figure 6-15: Decimation to a linear chain with effective sites for the ZnTPPdT molecule.

To find the Green function of site 1 and that of site 8, we must apply the Dyson equation

again.

G0
11 = gS + gStSG

0
12 , (6-48)

G0
12 = g4tSG

0
11 + g4v4G

0
13 , (6-49)

G0
13 = g4v4G

0
12 + g4tCG

0
14 , (6-50)

G0
14 = g2tCG

0
13 + g2v2G

0
15 , (6-51)

G0
15 = g2v2G

0
14 + g2tCG

0
16 , (6-52)

G0
16 = g4tCG

0
15 + g4v4G

0
17 , (6-53)

G0
17 = g4v4G

0
16 + g4tSG

0
18 , (6-54)

G0
18 = gStSG

0
17 . (6-55)
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When solving the system of equations, the expressions for G0
11, and G

0
18 are:

G0
11 =(gS(−1 + 2Q2 −Q4 + UV −Q2UV +W 2 − 2Q2W 2 +Q4W 2 − UVW 2 +Q2UVW 2 + 2JX

− 2JQ2X − 2JUV X + JQ2UV X − J2X2 + J2UV X2))/(−1 + 2Q2 −Q4 + 2UV − 2Q2UV

− U2V 2 +W 2 − 2Q2W 2 +Q4W 2 − 2UVW 2 + 2Q2UVW 2 + U2V 2W 2 + 2JX − 2JQ2X

− 4JUV X + 2JQ2UV X + 2JU2V 2X − J2X2 + 2J2UV X2 − J2U2V 2X2) ,

(6-56)

and

G0
18 =(−gSJQ2UVWX)/(−1 + 2Q2 −Q4 + 2UV − 2Q2UV − U2V 2 +W 2

− 2Q2W 2 +Q4W 2 − 2UVW 2 + 2Q2UVW 2 + U2V 2W 2 + 2JX − 2JQ2X

− 4JUV X + 2JQ2UV X + 2JU2V 2X − J2X2 + 2J2UV X2 − J2U2V 2X2) .

(6-57)

In the above expressions of G0
11 and G

0
18, V = gStS, U = g4tS, Q = g4v4, J = g2tC ,W = g2v2,

and X = g4tC . It should be noted that the system in Fig. 6-15, presents a symmetry if

looked from left to right; therefore, if the system from 1 to 8 is studied, it would give us the

same functions if studied from 8 to 1, in other words, G0
11 = G0

88 and G0
18 = G0

81.
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Conclusions

The nonlinear optical response of ZnS/CdS/ZnS quantum dots was studied, considering the

effects of geometry, external fields, and a donor impurity. The results show that these factors

influence absorption and refractive coefficients, with potential applications in the design of

optoelectronic devices in the terahertz region (1.5–20 meV).

We studied optical transitions in ZnTe/CdSe and CdSe/ZnTe quantum dots under elec-

tric/magnetic fields and varying internal radii. Transition energies and absorption spectra

shift with field strength and geometry, affecting oscillator strength. The model agrees with

experiments and shows potential for application in optoelectronic and photonic devices.

The electrical and thermoelectric properties of a diphenyl ether molecule connected to metal

electrodes were analyzed. Significant variations were observed depending on the coupling

site. Model (c) showed the best performance, with a high Seebeck coefficient and ZT ≥ 1.

The ZnPTPPdT molecule connected to metal electrodes was studied using non-equilibrium

Green’s functions and the Landauer-Büttiker formalism. The results agree well with DFT

and experimental I − V data, and show high Seebeck coefficients and ZT values, indicating

strong potential for thermoelectric applications.
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Appendix

This appendix presents a representative example of how to calculate thermoelectric proper-

ties in a system composed of a single molecule connected between two metallic electrodes.

In particular, the case of model (a) corresponding to a Diphenyl-Ether molecule is considered.

The calculation is carried out using a script written in the Python programming language.

This script employs the Landauer formalism to describe coherent electronic transport and

allows the computation of various quantities of interest as a function of the molecular energy

level and the system temperature.

Among the properties calculated are the current–voltage (I–V ) characteristic curve, electrical

conductance, electronic thermal conductance, the Seebeck coefficient, and the thermoelec-

tric figure of merit ZT. These quantities make it possible to evaluate the performance of the

system as a potential nanoscale energy conversion device.

This example is intended to illustrate the basic procedure followed in the more general stud-

ies presented in the main body of this thesis. Although the model is simplified, it provides

a conceptual and computational foundation for understanding the methods applied to more

complex molecular systems.

It is worth noting that this example can be extended to other molecular systems, provided

that the equations for the decimated Green’s functions are known. These functions effectively

describe the interaction between the molecule and the electrodes in terms of self-energies,

thus allowing the generalization of the approach to a wide variety of molecular architectures.



Dephenyl-Ether

1 Model (a)

[1]: import numpy as np
import cmath
import matplotlib.pyplot as plt
from scipy import integrate
import sympy as sp
import time

EC = 0.0 # Site energy for the Carbon atom (eV)
EO = -2.2 # Site energy for the Oxygen atom (eV)
tC = 1.0 # Carbon – Carbon hopping parameter (eV)
tO = -1.0 # Carbon – Oxygen hopping parameter (eV)
Gamm = 0.2 # Electrode–Molecule coupling energy (eV)
EF = 0.0 # Fermi energy (eV)
k = 8.617333262*10**-5 # Planck constant (eV/K)
T = 300 # Temperature (K)
ee = 1

[2]: # Local Green's Functions for Carbon and Oxygen

def gC(w):
return 1/(w-EC-0.0000001j)

def gO(w):
return 1/(w-EO-0.0000001j)

[3]: # Decimation at two effective sites of the Benzene molecule

def g1(w):
return (gC(w) - gC(w)**3 * tC**2) / (1 - 3*gC(w)**2 * tC**2)

def v1(w):
return (2*gC(w)**2 * tC**3) / (1 - gC(w)**2 * tC**2)

[4]: # Green's functions of sites 1 and 5

def G11a(w):
return (g1(w)*(1 - g1(w)**2*v1(w)**2 - 2*gO(w)*g1(w)*tO**2 +␣

↪→gO(w)*g1(w)**3*v1(w)**2*tO**2))/((1 - g1(w)**2*v1(w)**2)*(1 -␣
↪→g1(w)**2*v1(w)**2 - 2*gO(w)*g1(w)*tO**2))

def G15a(w):
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return (gO(w)*g1(w)**4*v1(w)**2*tO**2)/((1 - g1(w)**2*v1(w)**2)*(1 -␣
↪→g1(w)**2*v1(w)**2 - 2*gO(w)*g1(w)*tO**2))

[5]: # Total Green's function

def G(w):
return (G15a(w)) / ((1+(1j*Gamm*G11a(w))/2)**2 + ((Gamm*G15a(w))/2)**2)

[6]: # Transmission probability

def Tr(w):
return (Gamm*abs(G(w)))**2

1.1 Calculation of the probability of transmission

[7]: start_time = time.time()

# Generate an array for the incident electron energy values
w_values = np.linspace(-4, 3, 10000)

# Calculate Transmission values for each energy value
Tr_values = [Tr(w) for w in w_values] # Calcular los valores de gc1 para cada␣

↪→valor de x

# Make the graph of Transmission vs energy on a linear scale
plt.figure(figsize=(12, 4))
plt.subplot(1, 2, 1)
plt.plot(w_values, Tr_values, label='Transmission', color='red')
plt.xlabel('energy (eV)')
plt.ylabel('Transmission')
plt.title('T vs E')
plt.legend()
plt.grid(True)

# Make the graph of Transmission vs energy on a logarithmic scale
plt.subplot(1, 2, 2)
plt.semilogy(w_values, Tr_values, label='Transmission', color='red')
plt.xlabel('energy (eV)')
plt.ylabel('Transmission')
plt.title('T vs E')
plt.legend()
plt.grid(True)
plt.show()

end_time = time.time()
execution_time = end_time - start_time
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print("Process completed successfully")
print(f"The calculation took {execution_time:.4f} seconds.")

Process completed successfully
The calculation took 2.9160 seconds.

1.2 Calculation for current-voltage characteristic curve

[8]: # Expression for the chemical potential for the Left (L) and Right (R) electrode.

def muL(Vi):
return EF + ee*Vi/2

def muR(Vi):
return EF - ee*Vi/2

# Expression for the Fermi probability function for the Left (L) and Right (R)␣
↪→electrode.

def fL(w,Vi):
return 1/(1 + np.exp((w - muL(Vi))/(k*T)))

def fR(w,Vi):
return 1/(1 + np.exp((w - muR(Vi))/(k*T)))

# Expression to calculate the current-voltage characteristic curve

def I(w,Vi):
return (fL(w,Vi) - fR(w,Vi)) * Tr(w)

[9]: start_time = time.time()

Vii = np.linspace(-4, 4, 1000)
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wini = -4
dw = 0.01

def IC(Vi):
I0 = []
for i in range(0,2000):

wp = wini + i*dw
fun = I(wp,Vi)
I0.append(fun)

Resul = sum(I0)*dw
return Resul

IC_re = [7.75*10**-5*IC(i)/10**-6 for i in Vii]

plt.figure(figsize=(10, 6))
plt.plot(Vii, IC_re, label='IvsV', color = 'red')
plt.xlabel('V (volt)')
plt.ylabel('I ($\mu$A)')
plt.title('I vs V')
plt.legend()
plt.grid(True)
plt.show()

end_time = time.time()
execution_time = end_time - start_time

print("Process completed successfully")
print(f"The calculation took {execution_time:.4f} seconds.")
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Process completed successfully
The calculation took 76.2656 seconds.

1.3 Calculation for electrical conductance

[10]: start_time = time.time()

def df(w,Ef1):
return -(np.exp((w-Ef1)/(k*T)))/(k*T*(1 + np.exp((w-Ef1)/(k*T)))**2)

def L0(w,Ef1):
return -df(w,Ef1)*Tr(w)

Eff = np.linspace(-4, 3, 1000)

wini = -4
dw = 0.01

def L01(Ef1):
I1 = []
for i in range(0,910):

wp = wini + i*dw
fun = L0(wp,Ef1)
I1.append(fun)

Resul = sum(I1)*dw

175



return Resul

L0_re = [L01(i) for i in Eff]

plt.figure(figsize=(10, 6))
plt.subplot(1, 2, 1)
plt.plot(Eff, L0_re, label='Cond. Electrica', color = 'red')
plt.xlabel('E_F (eV)')
plt.ylabel('G/G_0')
plt.title('G vs EF')
plt.legend()
plt.grid(True)

plt.subplot(1, 2, 2)
plt.semilogy(Eff, L0_re, label='Cond. Electrica', color = 'red')
plt.xlabel('EF (eV)')
plt.ylabel('G/G_0')
plt.title('G vs EF')
plt.legend()
plt.grid(True)
plt.show()

end_time = time.time()
execution_time = end_time - start_time

print("Process completed successfully")
print(f"The calculation took {execution_time:.4f} seconds.")
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Process completed successfully
The calculation took 35.0941 seconds.

1.4 Calculation for the Seebeck Coefficient

[11]: start_time = time.time()

def L1(w,Ef1):
return -df(w,Ef1)*(w - Ef1)*Tr(w)

wini = -4
dw = 0.01

def L11(Ef1):
I2 = []
for i in range(0,910):

wp = wini + i*dw
fun = L1(wp,Ef1)
I2.append(fun)

Resul = sum(I2)*dw
return Resul

L1_re = [L11(i) for i in Eff]
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S = [(- b) / (a*T) for a, b in zip(L0_re, L1_re)]

plt.figure(figsize=(10, 6))
plt.plot(Eff, S, label='Seebeck', color = 'red')
plt.xlabel('E_F (eV)')
plt.ylabel('S/S_0')
plt.title('S vs EF')
plt.legend()
plt.grid(True)
plt.show()

end_time = time.time()
execution_time = end_time - start_time

print("Process completed successfully")
print(f"The calculation took {execution_time:.4f} seconds.")

Process completed successfully
The calculation took 34.0080 seconds.
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1.5 Calculation for thermal conductance

[12]: start_time = time.time()

def L2(w,Ef1):
return -df(w,Ef1)*(w-Ef1)**2*Tr(w)

wini = -4
dw = 0.01

def L21(Ef1):
I3 = []
for i in range(0,910):

wp = wini + i*dw
fun = L2(wp,Ef1)
I3.append(fun)

Resul = sum(I3)*dw
return Resul

L2_re = [L21(i) for i in Eff]

kk = [ (c*a - b**2)/(a*T) for a, b, c in zip(L0_re, L1_re, L2_re)]

plt.figure(figsize=(10, 6))
plt.plot(Eff, kk, label='Cond. Termica', color = 'red')
plt.xlabel('E_F (eV)')
plt.ylabel('k/k_0')
plt.title('k vs EF')
plt.legend()
plt.grid(True)
plt.show()

end_time = time.time()
execution_time = end_time - start_time

print("Process completed successfully")
print(f"The calculation took {execution_time:.4f} seconds.")
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Process completed successfully
The calculation took 33.2374 seconds.

1.6 Calculation for the figure of merit (ZT)

[13]: ZT = [ b**2 / ( a*c - b**2) for a, b, c in zip(L0_re, L1_re, L2_re)]

plt.figure(figsize=(10, 6))
plt.plot(Eff, ZT, label='ZT', color = 'red')
plt.xlabel('E_F (eV)')
plt.ylabel('ZT')
plt.title('ZT vs EF')
plt.legend()
plt.grid(True)
plt.show()

180



[ ]:

181


	Abstract
	Publications
	Event Participation
	List of Figures
	List of Tables
	Introduction
	General theoretical framework
	Quantum transport through a single molecule
	Time-independent Green's functions.
	Tight-Binding Hamiltonian
	Dyson equation
	Landauer-Büttiker formalism
	Transport at different temperatures

	Optical properties in semiconductor heterostructures
	Effective mass theory
	Electromagnetic field in the effective mass theory
	Optical absorption theory
	The Finite Element Method


	Optical Properties in a ZnS/CdS/ZnS Core/Shell/Shell Spherical Quantum Dot: Electric and Magnetic Field and Donor Impurity Effects
	Abstract
	Introduction
	Theoretical Model
	Results and Discussion
	Conclusions

	Effect of External Fields on the Electronic and Optical Properties in ZnTe/CdSe and CdSe/ZnTe Spherical Quantum Dots
	Abstract
	Introduction
	Theoretical Model
	Results and Discussion
	Conclusions

	Theoretical Study of Thermoelectric Properties of a Single Molecule of Diphenyl-Ether
	Abstract
	Introduction
	Model
	Method
	Results and Discussion
	Conclusion
	Appendix

	Theoretical study of the thermoelectric properties through a single-molecule junction of Zinc Porphyrin
	Abstract
	Introduction
	Model
	Method
	Results and discussion
	Conclusions
	Appendix

	Conclusions
	Appendix

